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PREFACE 


rpHK present woi^ is a oompiuiion hook to my Dynomks of a 
^ Partide and of JUgid Bodies. It is meant to cover the 
usnal coarse of Statics for Students who are reading for 
a Degree in Science or Engineering, i«and for Junior Students 
for Mathematical Honours. 

The hook starts with the elementary Principles of the 
subject, but a Student would profit more by its use if he had 
previously read some elementary work, such as my Elements 
of Statics. A knowledge of the ordinary processes of the 
Differential and Integral Calculus is assumed, and also, in 
some articles, of the notions of Solid Geometry. 

It will be evident that, in a book of this size, many parts 
of the subject must be quite untouched, but I have some hopM 
that, within the limits I have set to myself, the book is. fairly 
complete. 

The number of examples is large, and is intended to be 
useful for Students of very varying capacity. 1 have v^ified 
most of the questions, and hope that the number of important 
errors will be found to be small. 

For any corrections, or sug^^tions for improvement, I shall 
be gratefoL 

L. LOKEY. 

ROTAIi HotiliOWAV OOUBOS, 

RNernimi) Qrsbn, Susbbt. 

Jemmy fiS, 1811 
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STATICS 


CHAPTER I 

INTRODUCTION. COMPOSITION AND RESOLUTION 
OF FORCES ACTING AT ONE POINT 

n 

1. A Bom i$ a portion of matter limited in eveiy directi<m. 

Force is anything which changes, or tends to change, the 

state of rest, or uniform motion, of a body. 

A body is said to be at rest when it does not change its 
positicm with respect to surroanding objects. 

Statics is the science which treats of the action of forces 
(m bodies, the forces being so arranged that the bodies ate 
at rest. 

The science which treats of the action of force on bodies in 
motion is called Dynamics. 

2. A Particle is a portion of matter which is indefinitely 
small in size, or which, for the purpose of our investigations, is 
so small that the distances between its different parts may be- 
neglected. 

A body may be regarded as an indefinitely large numbm* 
of indefinitely small portions, or as a conglomeration of particles. 

A Rigid Body is a body whose pa^ always prewrve (tn 
invariable position with respect to one another. 

This conception, like that of a particle, is id<^listic. In 
nature no body is perfectly rigid. Every body yields, periraps 
(mly very slightly, if force be applied to it. If a rod, made of 
wo^ have one end firmly fixed and the other end bs pidled, 
the wood stretches slightly ; if the rod be made of iron fdie 
deformation is very much less. 

To simplify our enquiry we shall assume, unless it be 
otherwise stat^, that til the bodies with which we have to 
deal are perfectly rigid. 



2 


Statieg 


W 

8. Equal Fobcbs. forces are said to be equal when, 
if they act on a particle in opposite directions, the particle 
remaii^ at rest. 

4. : Mass. The mass of a body is the quantity of lii^tter 
in the body. The unit of mass used in England is a ^und 
and is defbed to be the mass of a certain piece of platinum 
kept in the Exchequer Office. 

In France, and other foreign countries, the theoretical unit 
of mass used is a gramme, which is equal to about 15*432 
grains. The practical unit is a kilogramme (1000 grammes), 
which is equal to about 2*2046 lbs. 

'^niQHT. The idea of weight is one with which everyone 
is fomiliar. We all know that a certain amount of exertion is 
required to prevent any body from felling to the ground. The 
earth attracts eveiy b^y to itself with a force which is called 
the weight of the body. 

6. Meamrement of force. We shall choose, as our unit of 
force in Statics, the weight of one pound. The unit of force is 
therefore equal to the force which would just support a mass of 
one pound when hanging freely. 

It is found in Dynamics that the weight of one pound is 
not quite the same at different points of the earth's surfece. 
In Statics, however, we shall not have to compare forces at 
different points of the earth’s surface, so that this variation in 
the weight of a pound is of no practical importance ; we shall 
therefore neglect this variation and assume the weight of 
a pound to be constant 

In practice the expression ‘'weight of one pound” is, in 
Statics, often shortened into " one pound.” The student will 
therefore understand that "a force of 10 lbs.” means “a force 
equal to the weight of 10 Iba” 

6. Forces represented by straight Unes, A force will be 
completely known when we know (i) its magnitude, (ii) its 
direction, and (iii) its point of application, is. the point of the 
body at which the force acts. 

Hence we can conveniently represent a force by a straight 
line drawn through its point of application; for a straight line 
baa both megi^tude and direction. 
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7. Suhdividcm of JForoe. Thefo are three (fiUbrent ibnea 
ander which a force may appear when applied to a masa, 

aa (i) an attobotion, (ii) a teDsion^ and (iii) a reaction, 

8. AUractiofu An attraction ia a force exerted by one 
body on another without the intervention of any visible in^ 
strument and without the bodies being necessarily in contact. 
The most common example is the attraction which the earth 
has for every body ; this attraction is (Art 4) called its weight. 

9. Tension* If we tie one end of a string to ai^ point of 

a body and pull at the other end of the string, we exert a force 
on the body ; such a force, exerted by means of a string rod, 
is called a tension. « 

If the string be light [i.e. one whose weight is so small that 
it may be neglected} the force exerted by the string is the same ‘ 
throughout its length. 

For example, if a weight W be supported by means 
of a light string passing over the smooth 
edge of a table, it is found that the same a ^ ^ — 

force must he applied to the string 
whatever be the point. A, B, or (7, of 
the string at which the force is applied, w 

Now the force at A required to 
support the weight is the same in each case ; hence it is clear 
that the effect at A is the same whatever be the point of the 
string to which the tension is applied, and that the tension of 
the string is therefore the same throughout its length. 

Again, if the weight W be supported by a light string 
passing round a smooth peg A, it is found 
that the same force must be exerted at the 
other end of the string whatever be the 
direction (AiJ, AG, or A2>) in which the 
string is pulled and that this force is equal 
to the weight W* 

[These forces may be measured by 
attaching the free end of the string to 
a spring balance.] 

Hence the tension of a light string passing round a smooth 
peg is the same througlwut its length* 
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1$ two or more striags ^ knotted togethor the tensioiui am 
not Ei^oeasarily the same in each striDg. 

IOl BeacHon. If one body lean, or be pressed, against 
anotiter body, each body experi^oes a fi>rce at the pomt of 
oontaet; sw^ a force is called a reactioa 

Hie force, or action, that one body exerts on a second body 
is eqnal and opposite to the force, or reaction, that the seoond 
body-iexerte on the first. 

Hiis statement will be found to be included in Newton's 
Thu4 of Motion. 

11, Tensions of Elastic Strings. All strings are ex- 
tensible, although the extensibility is in many cases extremely 
small, and practically negligible. When the extensibility of the 
.string cannot be neglected, there is a simple experimental law 
oojm^cting the tension of the string with the amount of exten- 
sion of the string. It may be expressed in the fonh 

The tension of an elastie string varies as the extension of the 
etring beyond its natural length. 

Suppose a string to bs naturally of length one foot ; its tension, when 
the len^ is 13 inoh^s, will be to its tension, when of loigth 10 inchee, as 

18~lS.16-lS,t:#. asl :a 

This law may be verified experimentally thus ; take a spiral spring, or 
an india-rubber band. Attach one end A to a fixed point and at the 
end B attach weights, and observe i^e amount of the extensions produced 
by the weights. These extensions will be found to be approximately 
proportional to the weights. The amount of the weights used must 
depend on the strength of the spring or of tite rubber band ; the heaviest 
must not be large enough to injure os permanently deform the spring or 
band. 

The above law was pubUshed in the year 1676 by Hooke 
(a.d. 1636 — 1703), and enunciated by him in the form Ut tensio, 
etc vis. From it we easily obtain a formula giving us the 
tension in any case. Let a be the unstretched len^h of a string, 
and T its tension when it is stretched to be of length x. Hie 
extension is now « — a, and the law states that T at x — a. 

This is generally expressed in the form TmX . ^ . 7 . 3 , 

€L 

The (piantity X depends only on thickness of the string 
and on the materiid of which it is made, and ia called the 



M<dulns of EloBticitjf of the String. It is eqnal to Jforoe 
whieii would stretch string, if placed on a smooth horisontsi 

table, to twice its natural length ; for, when 4 ? «• 2a, we have tW 
tension » X. No elastic stririg will however bear an unlimited 
stretching; when the string, through being stretched, is on the 
point of breshing,its tension then is called the breaking tension* 
Hooke’s Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small We cannot stretch a bar to twice its natural length; 
but X will be 100 times the force which will extend the bar 

by -ri^th of its natural length. For if then 



The value of T will depend also on the thickness of the bar, 
and the bar is usually taken as one square inch section. Thus 
the modulus of elasticity of a steel bar is about IS^OO tons per 
square inch. 

12. EqulUbrluin. When two or % more forces act upon a 
body and are so arranged that the body remains at rest, the 
forces are said to be in equilibrium. 

We shall assume that if at any point of a rigid body we 
apply two equal and opposite forces, they will have no effect on 
the equilibrium of the body ; similarly, that if at any point of a 
body two equal and opposite forces are acting they may be 
removed 

18. Principle of the Transmissibility of Force, If a force 
act at any point of a rigid body, it may be considered to act at 
any other point in its line of action provided that this latter povtt 
be rigidly connected with the body. 
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If two or moiN9 strings knotted together the tensions sxe 
not necessarily the same in each string. 

10. Reaotim. If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact; such a force is called a reaction. 

The force, or action, that one body exerts on a second body 
is equal and opposite to the force, or reaction, that the second 
body exerts on the first. 

This statement will be found to be included in Newton's 
Third Law of Motion. 

1^. Tensions of Elastic Strings. All strings are ex- 
tensible, although the extensibility is in many cases extremely 
sinall, and practically negligible. When the extensibility of the 
airing cannot be neglected, there is a simple experimental law 
connecting the tension of the string with the amount of exten* 
sicn of the string. It may be expressed in the form 

Tke tension of an elastic string varies as the eactension of the 
s^ng beyond its natural length, 

SuppcNse a string to be naturally of length one foot ; its tension, when 
ths le^h is Id inoh^ will be to its tension, when of length 15 inches, as 

13«-12 : 15-12, f.a as 1:3. 

This law may be verified experimentally thus ; take a spiral spring, or 
an india-rubber band. Attach one end .i to a fixed point and at the other 
end B attach weights, and observe the amount of the extensions produced 
by the weights. These extensions will be found to be approximately 
proportional to the weights. The amount of the weights used must 
depend on the strength of the spring or of the rubber band ; the heaviest 
must not be large enough to injure or permanently deform the spring or 
band. 

The above law was published in the year 1676 by Hooke 
(a.d. 1636 — 1703), and enunciated by him in the form Ut tensio^ 
sic vis* From it we easily obtain a formula giving us the 
tension in any case. Let a be the unstretohed len^^h of a string, 
and T its tension when it is stretched to be of length so. The 
extension is now ir a, and the law states that T cl 

This is generally expressed in the form i ? , 

€E' 

The quantity X depends only on the thickness of the string 
and on the material of which it is made, and is called the 
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Modul%9 of Ma»Hciiy of the String. I* in equ^l lo the force 
which would stretch the strings if placed ou a smooth homoutsl 
tahle» to twice its mtuml length ; for, when as » 2a» we have the 
tension X. No elastic string will however bear an unlimited 
stretching; when the string, through being stretched, is <m the 
point of breaking, its tension then is called the breaking teimon. 

Hookers I^aw holds also for steel and other bars, but the 
eittensions for which it is true in these cases are extremely 
small. We cazmot stretch a bar to twice its natural length; 
but X will be 100 times the force which will extend the bar 

by yj^th of its natural length. For if 



The value of T will depend also on the thickness of the bar, 
and the bar is usuaUy taken as one square inch section. Thus 
the modulus of elasticity of a steel bar is about 18500 tons per 
square inch. 

12. Equilibrium. When two or « more forces act upon a 
body and are so arranged that the body remains at rest, the 
forces are said to be in equilibrium. 

We shall assume that if at any point of a rigid body we 
apply two equal and opposite forces, they will have no effect on 
the equilibrium of the body ; similarly, that if at any point of a 
body two equal and opposite forces are acting they may be 
removed. 

13. Principle of the Transmissibility of Force, If a force 
act at any point of a rigid body, it may be considered to act ai 
my other point in its line of action provided that this latter poitU 
be rigidly connected with the body. 
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Let a force act ^ a poiat 4 of a Wly in a dindaon 
AH, Take any point if in AX and at B introdnoe two equal 
and opposite forces, each equal to F, acting in the dtrec^iiont BA 
and BX\ these will have no effect on the equilibrium of the 
body. 

The forces F acting at .d in the direction AB, and F at £ in 
the direction BA, are equal and opposite ; we shall assume that 
they neutralise one another and hence that they may be removed 
We have thus left the force F &t B acting in the direction 
BX and its effect is the same as that of the original force F at 
A. The internal forces in the above body would be differmit 

according as the force F is supposed applied at d or J?. 

* 

14. Smooth bodies. If we place a piece of smooth polished 
wood, having a plane &ce, upon a table whose top is made as 
smooth as possible* we shall find that, if we attempt to move 
the block along the sur&ce of the table, some resistance is 
experienced. There is always some force, however small, be- 
tween the wood and the surface of the table. If the bodies 
were perfectly smooth there would be no force, parallel to the 
sur&ce of the table, between the block and the table ; the only 
force between them would be perpendicular to the table. 

When two bodies, which are in contact, are perfectly smooth 
the force, or reaction, between them is perpendicular to their 
common tangent plane at the point of contact. 

In the case of an ordinary curved surface this direction is 
therefore along the normal to the surface at the point of contact, 
whose direction is definite. 

If one of the bodies be in the shape of a thin wire, or edge, 
then at any point P there are an infinite number of lines per- 
pendicular to its surfime; for any line through P in a plarift 
perpendicular to the tangent line at P satisfies this condition; 
but, if we have two edges in contact, the common perpendicular 
is a definite direction. For it must be perpendicular to each 
of the two edges and therefore to the plane passing through 
them, i.e, its direction is that normal to the plane through the 
two edges which passes through their point of contact. 
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OOMPOSmON* AifJi BXSOLimON OP Fobops 

* 

t8* Suppose a jflat piece of wood is resting on a amobtl^ 
table and that it is pulled by means of three strings attached 
to three of its comers, the forces exerted by the strings beir^ 
horizontal ; if the tensions of the strings be so adjusted that the 
wood remains at rest it follows that the three forces are in equi^- 
librium. 

Hence two of the forces must together exert a force equal 
and opposite to the third. Xhis force, equal and opposite to the 
third, is called the resultant of the first two. 

Besultant. Def. If two or more forces P, Q, S ... uct v/pon 
a rigid body and if a single force, R, can he found whose effgct 
upon the body is the same as that of the forces P,Q,S.., 
single force R is colled Ike resultant of the other forces and the * 
forces P,Q, 8 ... are called the components of R. 

It follows fii’om the definition that if a force be applied to the 
body equal and opposite to the force iJ, then the‘ forces acting 
on the body will balance and it be in equilibrium ; conversely, 
if the forces acting on a body balance then either of them is 
equal and opposite to the resultant of the others. 

16. If two forces act on a body in the same direction their 
resultant is clearly equal to their sum ; and if they act on the 
body in opposite directions their resultant is equal to their 
difference and acts in the direction of the greater. 

When two forces act at a point of a rigid body in different 
directions their resultant may be obtained by means of the 
following 

Theorem. Parallelogram of Forces. If two forces, acting 
at a pointy be represented in magnitude and direction by the 
two sides of a parallelogram drawn from one of its angular 
points, their resultant is represented both in magnitude and 
direction by the diagonal of the parallelogram passing through 
that angular point 

This fundamental theorem of Statics, or rather another form 
of it, vis* the Triangle of Forces (Art. 21), was fiist enunciated 
by Stevinus of Bruges in the year 1686. Before his time the 
science of Statics rested on the Fiinciple of the Lever as its 
basis. 
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19* * A force may be resolved into two componente in im 
infinite number of ways; foi*an mfinite number of parallelograms 
can be oonstructed having 00 as a diagonal and each of these 
parallelograms would give a pair of such components. 

, The most important case occurs when we resolve a force into 
two components at right angles to one another. 

Suppose we wish to resolve a force jP, represented by 00, 
into two components, one of which is in the direction OA and 
the other is perpendicular to OA. 

Draw CM perpendicular to OA and complete the parallelo- 
gram OMCN, The forces represented by Oif and ON are the 
required components. 

I^t the angle A 00 be a. 




Then Oil/ == 00 cos F cos a, and ON = 00 sin ol^F sin a, 

[If the point M lie iu OA produced backwards, as in the second figure^ 
the component of F in the direction OA 

*= — OM^ — OCcoB COMss OCcoBa’^FooB a. 

Also the component perpendicular io OA^ OF'^ MG^ OCnm COM^ i^sin a.] 

Hence, in each case, the required components are 
Fcma and Faina, 

The Besolved Part of a given force in a given direction is 
the component in the given direction which, with a component 
in a direction perpendicular to the given direction, is equivalent 
to the given force. 

Thus the resolved part of the force F in the direction OA is 
Fcosa, Hence the Resolved Part of a given force in a given 
direction is obtained by multiplying the given force by the cosine 
of the angle between the given force and the given direction. 
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20. A force way be resolved into two cewponenta in any two aseigned 
directions. * 

Let the components of a force represented by 00^ in the directions 
OA and OB be required and let the 
angles AOC md COB be a and p re* 

Bpeotively. / ^ ® 

Draw CM parallel to OB to meet / / 

OA in M and complete the parallelo- / 

gram OMCN. Then OM and ON are / 

the required components. O M A 

Since the sides of the triangle CMC are proportional to the sines of the 
opposite angles, we have 

OM ^MC ^ F 
sin^ sin a Bin(a+0)* 

Hence the required components are F . • 

^ ^ sin ( 0 + 3 ) sm(o+/3) • 

The student must carefully notice that the components of a force in 

two assigned directions are not the same as the resolved parts of the forces 

in these directions. For example, the resolved part of F in the direction 

OA is, by Art. 19, Fony&a* 


21. Triangle of Forces. If tiiree forces^ acting at a point, be 
represented in magnitude and direction by the sides of a triangle, 
taken in order, they will be in equilibrium. 

Let the forces P, Q, and It acting at the po^t 0 be 
represented in magnitude and direction by the sides AB, 
£C, and CA of the triangle ABO. Complete the parallelogram 
ABGD 



The forces represented by BC and AD are the same, since 
BO and AD are equal and parallel. 

Now the resultant of the forces AB and AD is, by the 
parallelogram of forces, represented by AC. Hence the resultant 
of AB, BC, and CA is equal to the resultant of forces AG and 
CA, and is therefore zero. 

Hence the three forces P, Q, and 22 are in equilibrium 

Oor. Since forces, acting at a point and represented by 
AB, BO, and OA, are in equilibrium, and since, when three 
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forced are in equilibrium, each ia equal and opposite to the 
resultant of the other two, it follows that the resultant of A B 
and BC is equal and opposite to CA, ie. their resultant is 
represented by AG, 

Hence the resultant of two forces, acting at a point and 
represented by the sides AB and BC of a triangle, is represented 
by the third side A G. 

22. The converse of the Triangle of Forces is also true, 
viz, that Jf three forces P, Q, and R acting at a point 0 be in 
equilibrium they can be represented in magnitude and direction 
by the sides of any triangle which is drawn so as to have its 
sides respectively parallel to the directions of the forces. 

Measure off lengths OL and OM along the directions of 
P and Q to represent these forces 
respectively. Complete the paral- 
lelogram OLNM and join ON. 

Since the three forces P, Qt 
and R are in equilibrium, R must 
be equal and opposite to the 
resultant of P and Q, and must 
therefore be represented by NO. 

Hence the three forces P, Q, and R are parallel and proportional 
to the sides OL, LN, and NO of the triangle OLN, 

Any other triangle, whose sides are parallel to those of the 
triangle OLN, will have its sides proportional to those of OLN 
and therefore proportional to the forces. 

Again, any triangle, whose sides ^e respectively perpen- 
dicular to those of the triangle OLN, will have its sides 
proportional to the sides of OLN and therefore proportional 
to the forces. 

Hence we have an easy graphic method of determining 
the relative directions of three forces which are in equilibrium 
and whose magnitudes are known. We have to construct 
a triangle whose sides are proportional to the forces, and this 
can always be done unless two of the forces added together are 
less than the third. 

23. Laml’s Theorem. If three forces oboting on a particle 
keep it in equilibrium, each is proportional to the sine of the 
angle between the other two. 
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Fully gim of Forces 

For, in the previoas article, since sides of the tria&gle 
OLN ore proportional to the sines of the opposite anglee, 
we have 

OL ^ LN NO 
6m LNO sin LON ™ sm OLN 

is. ^ ^ Q R 

mx^^OU sin ROP *" sin P()Q * 

24. Polygon of Forces, If any number of forces, acting 
on a particle^ be represented, in magnitude and direction^ by 
the sides of a polygon, taken in order, the forces shall be in 
equilibriunu 




Let the aides AB, BG, CD, DE, EF, and FA of the polygon 
ABGDEF represent the forces acting on a particle 0. Join 
AC, AD, and AE, 

By the corollary to Art 21, the resultant of forces AB and 
BG is represented by AG, Similarly the resultant of forces 
AC and CD is represented by AD\ the resultant of forces AD 
and DE by AE\ and the resultant of forces AE and EF 
by AF. 

Hence the resultant of all the forces is equal to the resultant 
of AF and FA, i.e. the resultant vanishes, and the forces are in 
equilibrium. 

A similar method of proof will apply whatever be the 
number of foroea It is also clear from the proof that the 
sides of the polygon need not be in the same plane. 

The converse of the Polygon of Forces is not true ; for the ratios of the 
sides of a polygon are not known when the directions of the aides are 
known. For example, in the above figure, we might take any point A* on 
AB and draw A*F* parallel to AF to meet EF in F' ; the new polygon 
A*BCDEF' has its sides respectively paralld to those of the polygon 
ABCBEF hut the corresponding sides are clearer not proportional 
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25. The resultant of two forces, acting a 0 in direo- 
tiohs OA and OB and represented in magnitude by \ . OA and 
p . OB, is represented by (X + p). OC, where O is a point in AB 
such that X . OA a» p . GB. 

For by the oorollaiy to Art. 21, the force X. OA is oquivaleot 
^ forces represented by X . OG and X , CA, and the force p « OB 
to forces p , OG and p . GB. 

Hence the given forces are together equivalent to forces 
(X + /a). 0(? together with forces X.CA and p.CB, Also the 
two latter balance. 

Cor. The resultant of forces represented by OA and OB is 
20G, where 0 is the middle point of AB, This is also clear 
from the fact that OG is half the diagonal OD of the parallelo- 
gram of which OA and OB are adjacent sides* 


EXAMPLES 

1. Shew that the system of forces represented by the lines joining 
any point to the angular points of a triangle is equivalent to the system 
represented by straight lines drawn from the same point to the middle 
points of the sides of the triangle. 

2. Find a point within a quadrilateral such that, if it be acted on by 
forces represented by straight lines joining it to the angular points of the 
quadrilateral, it will be in equilibrium. 

3. Four forces act along and are proportional to the sides of the 
quadrilateral A BOD ; three act in the directions AB, BO, and CD and the 
fourth acts from A U> D; find the magnitude and direction of their 
resultant, and determine the point in which it meets OD, 

/4. The sides BO and DA of a quadrilateral ABCD are bisected in F 
and AT respectively ; shew that if two forces parallel and equal to A B and 
DC act on a particle^ then the resultant is parallel to BF and equal to 
2.J7F. 


5. The sides AB, BO, OD, and DA of a quadrilateral ABCD are 
bisected at B, F, O, and ff respectively. Shew that the resultant of the 
forces acting at a point, which are represented in magnitude and direction 
by EO and HF, is represented in magnitude and direction by AO, 

6. From a point P, within a circle whose centre is fixed, straight 
lines PAi, PA^, PA%^ and are drawn to meet the eircumference, all 
being equally inclined to the radius through P \ shew that, if these Unas 
represent forces radiating from P, their resultot k independent of the 
magnitude of the radius of the oirola 
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7/ Two ooostiuot oqim! foroeo act at ih9 oentro C of an ^ 

to SP an4 PM, where P ia any point on the Wpea and 8 and M ate i^. 
foci; shew that the end of the straight Ihie which repreeenta thehr 
resultant lies on a circle which passes through 

B. Explain how a vessel is enabled to sail in a direc^on nearly 
opposite to that of the wind. If its sail be considered as a rigid plane, 
shew that it should be set so as to bisect the angle between the keel and 
the apparent direction of the wind in order that the force to urge ^ 
vessel on may be as great as possible. 

26. Parallelopiped of Forces. Three forcea acting at 
a point 0 and represented by straight lines OA, OB, 00 are 
equivalent to a force represented by OD, the diagonal of the 
parallelopiped whose edges are OA, OB, and 00. 

For the two forces OA, OB are equivalent to a force OB, 
where OA EB is a parallelogram. 

Also forces OE, 00 are equiva- 
lent to a force OD, since OEDO 
is a parallelogram. 

If the parallelopiped is 
rectangular, so that OA, OB, 

00 may be taken to be along 
rectangular axes of coordinates, 
and if the forces OA, OB, 00 
be X, F, and Z, their resultant 
iJ «= VJl*+ F* + .Z’*, and acts along a line whose direction 
cosines are cos A OD, cos BOD, and cos COD, 

. OA OB 00 . X 7 Z 

OB’ OD’ OD’ M’ 'B' R 

Conversely, a force R acting at the origin 0 along a line 
whose direction cosines are {I, m, n) has as components along 
the axes of coordinates X (=« IR), Y (= mR), and Z(^ nR). 

27. The ewm of the resolved parte of two forcee in a given 
direction %$ equal to the resolved part of their resultant in the 
saTne direction. 

For it is easily seen that if OA, OB represent the two forces, 
and if OACB he a parallelogram, then the sum of the projec- 
tions of OA and OB on any line OX is equal to the sum of the 
projections of OA, AC on the same line and is therefore equal 
to the projection of 00 on the same line* Hence the result* . 
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28. To find the resulpant of any number of/orees oeHny at a 
fftifen point 0, and the conditions thaJt thsy may he in equilibrium. 

Take any three mutually perpendicular axes Os, Oy^ Os 
through 0. Let the given forces be A acting along a line 
l^hose direction cosines are (li, nti, ni), acting along a line 
(L n«), eta 

By Art. 26, Jti is equal to the components ItRi, nhiti, niRg 
along the three axes, and similarly for the other forcea 

If the total components along these axes be X, Y, Z, then 
JT s» Zj]?! 4* Z 2 JZa + Z|i2t4.*«2 

Y = ftiiRi + + ifn%R^ 4 

Z^ ntii,4 nail* 4 n|iZa4.... 

Hence, by Art. 26, the resultant force R » VZ*4 F*4^*, 

and acts along a line whose direction cosines are 

If the forces are in equilibrium their resultant R must be 
aero, and thus 

X»4 F*4^* = 0. 

/. X«0, F==0, and ZsaO. 

Hence, if the forces acting at a given point are in equilibrium, 
the algebraic sum of their components in three directions 
mutually at right angles must separately vanish. 

Conversely, if the sum of the components along three such 
directions separately vanish, the forces are in equilibrium. 

If the forces of the previous article are coplanar, we need 
only resolve along two straight lines in their plane. 

When there are only three coplanar forces acting at a point 
the conditions of equilibrium are often most easily found by 
Lami’s Theorem (Art. 23). 

29. Equilibrium of a particle at rest in oontcuct mth a smooth 
material curve or surface. 

Let the pai ticle be at rest at a point P of the curve whose 
coordinates are (a?, y, e) and let s be the length of the arc OP 
measured from a fixed point 0. 

The direction cosines of the tangent to the curve are ’ 
dx dy ds 
ds' S* 

and are knovm if the form of the curve is known. 
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Sinot t|te eoire is smooth, the only acti<m it can exert on 
the perticle is in » direction norme3 to the curve ; h^ioe the 
resultant force tangential to the curve must vanish. If therefiM 
X, Y, Z be the components pwallel to the axes of the forces 
acting on the particle, we have 

rdy 




s-"- 


If the curve be in one plane this condition becomes 

+ U.X+Y^> 


0 . 


If the particle be in contact with a smooth surface f («, y, jr) a 0 
at a point P, the resultant foirce along cmy tangent line at P 
must clearly vanish. Hence the resultant force of the com- 
ponents X, Yt Z (which acts along a line whose direction cosines'* 
are proportional to JT, F, Z) must coincide with the normal at 

P whose direction 


cosines 


Hence we must have 


.. ^ . df df dj 

are proportional to ^ ^ 

^ dj ^ ^ 

dx dy dz 

T 


Also the normal reaction of the surface must be equal to 
the resultant force VJT* + F* + Z\ 


SO* Ez. 1. A head reziz on a tmooth mr$ m tho form of ths olitjne 
^ 1, betny acted on by foroee parallel to the axes. JF%nd its 

position of equilibrium and consider the case when n is unity. 

The position is given hj \x^ 



from the equation to the ellipse. 

X y 1 ' 

j-.* -i-* 

giving the position of equilibrium. 

If 9t be unity then (1) gives a*Xs&V as the only condition of equili- 
brium, and hence, if this condition holds, the pari^cle will rest at any 

point of the curve. Under forces proportional to ^ ^ parallel to the aaes 
the bead will theiofore rest any 
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Sx. 2. A partidtA P u w}Ud •in^pon towarda two cmtrmt at A aftd B 
fiftm 2 ^ and reape&Hvely. Show that it wUl root on any amaoth 
eorw whose equation is of the form 

(r - /ic) (ri - i^io ) « 
n^ere AP*^r^ BPm^rx and c is any constant. 

If she the length of the are OP measured from any fixed [>oint 0 on the 
arc of the required smooth curve, and PT be the tangent at we hare by 
resolving the forces along PT^ 


^ COB APT + ^ COB BPTwmQ, 


i*. 


ft dr lt\dr^ 


Hence, by integration, 

- + — » const. — i . 

r fi 0 




EXAMPLES 

1. A small bead P can slide on a smooth elliptic wire ; it is attracted 

towards the foci S and H by forces proportional to 8P^ and re- 

spectively ; find the position of equilibrium. 

2. ' A particle P is acted upon by forces ^ and ^ respectively towards 

two fixed points 0^ and 0|; shew that it will rest at any point of a 
smooth groove whose equation is constant, where 

and OaP-*r,. 

If it be acted on by constant forces Pi and P% towards the same points, 
the equation to the corresponding groove would be Pi ri+PtriA constant. 

3. A particle P is acted upon by an attractive force, towards 

a fixed point 0 and a repulsive force, from a fixed point O'. Shew 

that the equation of the curve on which P lies, if the attraction on it is 
always along the tangent at P, is given by cos d - cos lyso constant, where 
0 and 6* are the angles that OP and O'P make with O'O produced. 

If the forces be and shew that the curve is given by 
d— iS'^oonst., so tliat it is an arc of a cih^a 
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4i A tub* in tbe ftilm of » parabola ia plaoad with ita axil riar&Ml 
and vertex downwards, and a heavy partiok is placed within it ; shew that 
the particle can be kept at rest by a force along an ordinate, and outwards, 
which varies as the ordinate, and that the corresponding reaction of the 
tube varies as the square root of its distance from the focus of the 
parabola. 

6. Shew that the point on the smooth surface ^ ^ » 1, where a 

particle would rest if acted on by any force towards the origin, is given by 

o* ft* c® Va®+ft®4-^ ‘ 

6. A framework consisting of eight equal light rods, jointed so as to 
have the appearance of half a regular octahedron, is placed with its square 
base on a horizontal plane. When a weight IT is suspended from the 
vertex, shew that the stress in the slant rods is fT ^2, and that in tl^ 
horizontal rods is ^ FT ^2. 

7. Twelve equal light rods are smoothly hinged together so as to form 
a regular octahedron. One comer is fixed and the framework bangs 
freely with equal weights attached to each of the remaining comers. 
Shew that the tensions in the lower rods, the horizontal rods, and the 
upper rods cure in the ratios 1:3:5. 

8. Three poles, each 9 feet long, form a tripod from the vertex of 
which a weight W is hung ; the feet of the poles rest on a horizontal plans, 
rough enough to prevent any sliding, and form a triangle the lengths of 
whose sides are 5, 5, and 6 feet ; if 7i, 7i, and Tg be the thrusts of the 
poles, shew that 

J?iL_ 
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PARALLEL FORCEa MOMENTS. COUPLES 


81. To find the resultant of tm parallel forces acting upon 
a rigid body. 

\/ Case I. Let the forces be like, ie. let them act in the same 
direction. 


Let P and Q be the forces acting at points A and B of the 
body, and represented by the lines AL and BM. 

At A and B apply two eqnal and opposite forces, each equal 
to 8, and acting in the directions BA and AB respectively and 
represented by AD and BE. These two forces balance one 
another and have no effect upon the equilibrium of the body. 

Complete the parallelograms ALFD and BMOE] let the 
diagonals FA and OB be produced to meet in 0. Draw OC 
parallel to AD to meet AB in G. 

The forces P and iSf at A have a resultant Pi, represented 


l^AP. Let its point 
of application be re- 
moved to 0. So the 
forces Q and P at P 
have a resultant Q, 
rejaesented by BO. 
Let its point of appli- 
cation be transfened 
to 0. 

The force Pi at 0 
may be resolved into 
two foaxies, 8 parallel 
to AD, and P in the 
direction OCSi So the 



M 0 
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force Qi at 0 may be resolved into two forces^ S parallel to 
BS, and Q in the diieotion 00. Hence the original Hwoes P 
and Q are equivalent to a force (P + Q) acting along 00. 
acting at 0 parallel to the original directions of P and Q. 

By construction, OOA and ALF are similar triangles; 

"qA ™ TiF ^ "S ’ ^ ^hat P . OA m 8.00 (1), 

So, since the triangles OCB and BMO are similar, we have 
Q.OB^S.OO (2). 

Hence P.OA^Q.CB. so that ^ = 

i.9. 0 divides the line AB ifOemally in the inverse ratio of the 
forcea 

*^086 n. Let the forcea he unlike, i^e* let them act in 
opposite directions. 

Let P be the greater of the two forces. Making the same 
construction as before, the diagonals AF and BQ always meet 
in a point 0, unless they are pamillel in which case the forces P 
and Q are equal. 

As before, the original forces P and Q are now equivalent to 
a force P--Q acting in the 
direction CO produced, is. 
acting at 0 in a direction 
parallel to that of P. 

As in Case 1 we have 

0 divides the 

line AB externally in the in* 
verse ratio of the fonm . 

snm up ; If two paral- 
lel forces, P and Q,aot at points 
A and P of a rigid body, 

(i) their resultant is a force whose line of action is parallel 
to the tines of action of the component forces ; also, when the 
component forces are tike, its direction is the same as that of 
the two forces, and, when the forces are unlike, its direction is 
the same as that of the crreater component 
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(ii) the point of application is a point C m AB, such that 
P.AC^Q.BO. 

(iil) the magnitude of the resultant is the sum of the two 
component forces when the forces are like, and the difference of 
the two component forces when they are unlike. 

32. Case of failure of ike preceding construction. 

In the second figure of the last article, if the forces P and Q 
be equal, the triangles FDA and QEB are equal in all respects, 
and hence the angles DAF and EBO will be equal. In this 
case the lines AF and GB will be parallel and will not meet in 
any such point as 0 ; hence the construction fails. 

Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 

33. If we have a number of like parallel forces acting on a 
rigid body we can find their resultant by successive applications 
of Art. SI. We must find the resultant of the first and second, 
and then the resultant of this resultant and the third, and so 
on> The magnitude of the final resultant is the sum of the 
forces. 

If the parallel forces be not all like, the magnitude of the 
resultant will be found to be the algebraic sum of the forces 
each with its proper sign prefixed. 

84. Parallel forces Pi, P^ act at points Au A ^ ... whose 
coordinates referred to rectangular axes are 

(a?i, Jfi, -Ti), 

to find the point at which their resultant acts whatever be the 
directions in which the forces act. 

By Art. 31, the resultant of the forces at Ai, A^ cuts A^A^ 
at 0i such that 

P, _ (?i A, — GiNi 

where GiNi is perpendicular to the plane xOy* 

Pl^i -+■ P$Z2 



Omtre ^ PaaraJlU Ffirem . 

The xeedtant of ^ force P| + P* at (?i and P, at -d» ente 
QiAt at Q„ such that * 

P, + P, G^At 
Pi TO * - G!,iV,* 

so that 

P, + P, + P, P. + P, + P, * 

and so on, whatever be the number of the forceSs 



Hence, finally, the -s-coordinate of the point of action of the 
parallel forces is given by 


^ PiZi + Pj^a + S (Pz) 

Px + Pa^.. “ 2 (P)‘ 

So the other coordinates of the point of action are 




2 (Pa?) 
2(P) 


and y 


S(Py) 

S(P)- 


This poiat is called the ceatre of the System of Parallel 
Forces. 


EXAMPIiES 

L At the angular points of a square, taken in order, there act paralM' 
forces in the ratio 1 : 3 : 5 : 7 ; find the distance from the centre of the 
square of the point at which their resultant aota 
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' % df By C, and D are the angles of a paratlelogram Ulm in airdsr } 

like parallel forces proporti<Xnal to 6, 10, 14, and 10 rospectively act at 
df By C, and D ; shew that the centre and resultant of these parallel 
forces remain the same, if, instead of these forces, parallel foioes, pro^ 
portional to 8, 12, 16, and 4, act at the points of bisection of the sides AB, 
BO, CDy and DA respectively. 

8. Find the centre of parallel forces equal respectively to P, ip, 
tP, iP, 6P, »nd 6P, the points of spplicstion of tibe forces being st 
distances 1, S, 3, 4, B, and 6 inches respectiveljr from a given point A 
measured along a given line AB. 

4. Three parallel forces, P, and fi; set at tiie vertices d, P; and C 
«f 8 triangle and are proportional respectively to a, 6, <i Shew that their 
resultant passes through the in-centre of the triangla 

Moments 

85. Def. The moment of a force about a given point is lAe 
product of the force and the perpendicular drawn from the given 
point upon the line of action of the force. 

Thus the moment of a force F about a given point 0 is 
jPx OF, where ON is the perpendicular drawn from 0 upon 
the line of action of F. It will be noted that the moment of a 
force F about a given point 0 never vanishes, unless either the 
force vanishes or the force passes through the point about which 
the moment is taken. 

Suppose the force J* to be represented in magnitude, 
direction, and line of action by the line AB. 



Join OA and OB. 

The moment of F about 0 is .F x ON, i.e. AB x ON. But 
AB X ON is equal to twice the area of the triangle OAB. 

Hence the moment of the force F about tlie point 0 is 
represented by twice the area of the triangle whose base ie the 
line r^grmniing the force and whose verts* is the point about 
whvA' Uw moment is taken. 



MometU of a t'orea 

36. Physical meaning of iha moriient of a fores ahont a 

point. * 

Suppose the body is a plane lamina resting on a smooth 
tab^e and that the point 0 of the body is fix^ The effect 
of a force F acting on the body would be to cause it to 
turn about the point 0 as a centre, and this effect would not be 
zero unless (1) the force F were zero, or (2) the force F passed 
through 0, in which case the distance OF would v anish. 
Hence the product F x ON would seem to be a fitting measure 
of the tendency of J?” to turn the body about 0. This may be 
experimentally verified as follows : 

Let the lamina be at rest under the action of two strings 
whose tensions are F and JF*,, which are tied to fixed points 
of the lamina and whose lines of action lie in the plane o£ 
the lamina. Let ON and ON be the perpendiculars drawn 
from the fixed point 0 upon the lines of action of F and Fx. 

If we measure the lengths ON and ON and also the 
forces F and F^, it will be 
found that the product F. ON 
is always equ^ to the pro> 
duct Fx.ON. Hence the 
two forces, F and Fx, will 
have equal but opposite ten- 
dencies to turn the body 
about 0 if their moments 
about 0 have the same mag- 
nitude. 

These forces F and Fx may be measured by carrying the 
strings over light smooth pulleys and hanging weights at their 
ends sufficient to give equilibrium ; or by tying the strings to 
the hooks of two spring balances and noting the readings of tho 
balances, as in the oases of Art 17. 

37. Positive and negative moments. In Art. 36 the force 
F would, if it were the only force acting on the lamina, make 
it turn in a direction opposite to that in which the bands of 
a watch move, when the watch is laid on the table with its face 
upwards. The force Fx would, if it were the only force acting 
on the lamina, make it turn in the same direction as that in 
which the hands of the watch move. 
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The moment of F about 0, t.e. in a direction is saM to 
be positive, and the moment of Fi about 0, is. in a direction 
is said to be negative. 

The algebraic sum of the moments of a set of forces about 
a given point is the sum of the moments of the forces, each 
moment having its proper sign prefixed to it. 

38. The algebraic sum of the moments of any two forces 
about any point 0 in their plane is equal to the moment of ihmr 
resultant about the same point 

Oase I. Let the forces P and Q meet in a point A. 

From 0 draw OC parallel to the direction of P to meet the 
line of action of Q in the point 0. 

Let AC represent Q in magnitude and on the same scale 
let AB represent P ; complete the parallelogram ABDG, and 
join OA and OB. Then AD represents the resultant, i2, of 
P and Q. 

(a) If 0 be without the angle DAG, as in the first figure, 
we have to shew that 2 A OAB + 2 A OAC =» 2 A OAD. 

[For the moments of P and Q about 0 are in the same direction.] 



Since AB and OD are parallel, A OAB « ADiiB AilOD. 

2A0^5 + 2A0ilC7=2Ai4(7D-f 2AOilC'=^2A0^D. 

()8) If 0 be within the angle CAD, as in the second figure, 
we have to shew that 2Aul0jB — 2 A 00 = 2Ail OD. 

[For the moments of P and Q about 0 are in opposite directions.] 

As in (a), we have AAOD » ADAD = A AOD. 
hence 2AA0B - 2AA0C = 2A AOD - 2A0A0- 2A0AD. 

Case n. Let the forces P and Q be parallel. 

Prom 0 draw OACB perpendicular to the forces and their 
resultant JR ( * P + Q) to meet them in A, B, and 0 respec** 
tavely. 
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By Ark 31 we have P,AC^ Q, OB, (1). 

Hence the sum of the moments of P and Q about 0 

^Q.OB-¥F.OA^Q(OC^CB) + PiOC-^AO) 

» (P -f Q) * OC, by equation (1), 

» moment of the resultant about 0. 

The case when the point has any other position, as also the 
case when the forces have opposite parallel directions, are left 
for the student to prove for himselt 

89. If the point 0 about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the moments 
of the component forces about the given point vanishes, is. 
The moments of two forces about any point on the line of action 
of their resultant are equal and of opposite sign. 

40. Generalised theorem of moments. If any number 
of forces P, Q, R, 8 in one plane acting on a rigid body have 
a resultant^ the algebraic sum of their moments about any point 
0 in their plane is equal to the moment of their resultant. 

Let Pi be the resultant of P and Q, 

Pa the resultant of Pi and P, 

P, the resultant of Pa and P, 
and so on till the final resultant is obtained. 

Then the moment of P, about 0 ~ sum of the moments of 
P and Q (Art. 38) ; 

Also the moment of Pa about 0 = sum of the moments of 
Pi and R *= sum of the moments of P, Q, and IL 

So the moment of Ps about 0 

« sum of the moments of Pa and S 
« sum of the moments of P, Q, P, and S, 

and so on until all the forces have been taken. 

Hence the moment of the final resultant 

*= algebraic sum of the moments of the component foroea 

41. It follows, similarly as in Art. 89, that the algebraic 
sum of the moments of any number of forces about a point on 
the line of action of their resultant is zero; so, conversely, if 
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the algebraic sum of the momeuts of any number of forces 
about any point in their plane vanishes, then, either their 
resultant is sero (in which case the forces are in equilibrium), 
the resultant passes through the point about which tiie 
moments are taken. 

We can thus find points on the line of action of the 
resultant of a intern of forces. For we have only to find 
a point about which the algebraic sum of the moments of 
the system of forces vanishes, and then the resultant must 
pass through that point. 

If we have a system of parallel forces the resultant is known 
both in magnitude and direction when one such point is known. 



Ex. Forces equal to ZP, 7P, and 5P act along the sides AB^ BO, and 
XfA of an equ/CLaieral triangle ABC; find the magnitude, direction, and 
Uns of action of the resultant, 

Ii6t the side of the triangle be a, and let the reeultant force meet 
side B€ in Q, Then the sum of 
the moments of the forces about Q vanish. 

3Px(C<74-a)sin60*«6PxCCsmS0*, 

••• 2':->o 

B 7PC\ ® 

The sum of the components of the forces \ 

perpendicular to BC 

-6P sin 60* -3Psin 60“ » P 
Also the sum of the components in the direction BC 
- 7P - 6P cos 60“ - 8P cos 60“ - SP. 

Hence the resultant is Pd^2 inclined at an angle tan"^^, i.e, 30% 

3 

to BC and passing through Q where CQ^^BC* 




EXAMPLES 

1. Forces proportional to AB, BC, and 2CA act along the sides of 
a triangle ABC taken in order ; shew that the resultant is represented 
in magnitude and direction hj CA and that its line of action meets BC eh 
a point X where CX is equal to BC. 

2. ABC is a triangle and J), F, and F are the middle points of the 
sides ; forces represented by AD, fPX, and i CF act on a particle at the 
point where AD and BF meet ; shew that the resultant is represented in 
msgEiitude and direction by and that its line of action divides BO 
in the ratio 8 : L 



5. Three forbee aloDg the ddee of e ttiengle ; ehew th«t^ if the 
sum of two of the ^oroee he eqiu^ in magnithde hut opposite in sense to 
the third force, then the resultant of the three ibroes pasaes through the 
centre of the inscribed circle of the triangle. 

4 The wire passing round a telegraph pole is horizontal and the two 
portions attached to the pole are inclined at an an§^ of dO* to one another. 
The pole is supported hy a wire attached to the middle point of the pole 
and inclined at 60" to the horizon; shew that the tenrion of this wire is 
4 V 8 times that of the telegraph wire. 

6. At what height from the base of a pillar must the end of a rope 
of given length he fixed so that a man standing on the ground axid pulling 
at its other end with a given force may have the greatest tendency to make 
the pillar overturn 9 

6 . The magnitude of a force is known and also its moments abmtt 
two given points A and B. Find, by a geometricid constraction, its line 
of action. 

7. Find the locus of all points in a plane such that two forces given 
in magnitude and position shall have equal moments, in the same sense, 
round any one of these points. 

8. AB is a diameter of a circle and BF and BQ are chords at right 
angles to one another ; shew that the moments of forces represented by 
BP and BQ about A are equal. 

9. A man carries a bundle at the end of a stick which is placed over 
his shoulder ; if the distance between his hand and his shoulder be changed 
how does the pressure on his shoulder change Y 

10. A cyclist, whose weight is 160 lbs., puts all his weight upon one 
pedal of his bicycle when the crank is horizontal and the bicycle is 
prevented from moving forwards. If the length of the crank is 6 inches 
and the radius of the chain-wheel is 4 inches, find the tension of the 
chain. 

11. A letter-weigher oonsists of a uniform plate in the form of a 
right-angled isosceles triangle ABC, of mass 3 ozs., which is suspended 
by its right angle 0 from a fixed point to which a plumb-line is also 
attached. The letters are suspended from the angle A, and their weight 
read off by observing where the plumb-line intersects a scale engraved 
along AB^ the divisions of which are marked 1 oz., 2 oz., 3 oz., etc. Shew 
that the distances from A of the divisions of the scale form a harmonic 
progression. 

12. A pack of cards is laid on a table, and each card projects in the 
direction of the length of the pack beyond the one below it; if each 
project as for as possible, shew that the distances between the extremities 
of suooessive car^ will form a barmonioal progression* 
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A cylinder, whose length is h and (he diameter of whose base 
is e, is open at the top and rests on a horizontal plane ; a uniform rod 
rests partly within the cylinder and in eontact with it at its upp^ and 
lower edges ; supposing the weight of the cylinder to be times that of 
the rod, find the length of the rod when the cylinder is on the point 
of falling orer* 

Couples 

42. Def. Two equal unlike parallel forces, whose lines of 
action are not the same, form a Couple. 

A couple is by some writers called a Torque ; by others the 
word Torque is used to denote the Moment of the Couple, 

Examples of a couple are the forces applied to the handle 
of a screw-press, or to the key of a clock in winding it up, or by 
the hands to the handle of a door in opening it. 

The Arm of a couple is the perpendicular distJmee between 
the lines of action of the two forces which form the couple. 

The Moment of a couple is the product of one of the forces 
forming the couple and the arm of the couple. 

Thus the arm of the couple (P, P) is AB and its moment 
IS P X AB. 

From any point 0 in the plane of the couple draw OAB 
perpendicular to the lines of 
action of the forces to meet 
them in A and B respectively. 

The algebraic sum of the 
moments of the forces about 0 *o 
«P.OP-P.OA=P.AP 
= the moment of the couple, 
and is therefore the same 
whatever be the point 0 about which the moments are taken. 

43. Two couples, acting in one plane upon a rigid body, 
whose moments are equal and opposite, balance me another. 

Let one couple consist of two forces (P, P), acting at the 
ends of an arm p, and let the other couple consist of two forces 
iQ> Q\ acting at the ends of an arm q. 

Case L Let one of the forces P meet one of the forces 
Q in a point 0, and let the other two forces meet in O', 
From O' draw perpendiculars, O'M and O'N, upon the forces 
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which do not pass through O', so that the lengths of these 
perpendiculars are p and q respectively. 

Since the moments of the couples are e<}ual in magnitude, 
we have P.p^Q.q. 

Hence, (Art. 41), O' is on the line of 
action of the resultant of P and Q acting 
at Of so that 00' is the direction of this 
resultant. 

Similarly, the resultant of P and Q 
at 0' is in the direction O'O. 

Also these resultants are equal in 
magnitude; for the forces at 0 are respec- 
tively equal to, and act at the same angle as, the forces at O'. 

Hence these two resultants destroy one another, and therefore 
the four forces composing the two couples are in equilibrium. 

Case II. Let the forces composing the couples be all 
parallel, and let any straight line perpendicular to their 
directions meet them in the points A, B, 0, and O, as in 
the figure, so that, since the moments are equal, we have 

P.AB^Q.GD (i). 

Let L be the point of application of the resultant of Q 
at C and P at B, so that 
P.B/i«Q.<7L...(ii) 

(Art. 31% 

By subtracting (ii) from 
(i), we have P . AL ~ Q . LD, 
so that L is the point of 
application of the resultant 
of P at Af and Q at D. 

But the magnitude of each of these resultants is (P -f Q), 
and they have opposite directions; hence they are in equili- 
brium and therefore the four forces composing the two couples 
balance. 

44. Since two couples in the same plane, of equal but 
opposite moment, balance, it follows, by reversing the directions 
of the forces composing one of the couples, that 

Any two oouploa of eq^ml moment in the same plane are 


Pt 


Q 
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4^, Any numher of couples iv the same pUtm acting on 
a rigid body are equivalent to a single couple, whose moment is 
equal to the algebraic sum of the moments of the couples. 

For let the couples consist of forces (P, P) whose arm is p, 
(Q, Q) whose arm is q, (K, R) whose arm is r, etc. Replace the 
couple {Q, Q) by a couple whose components have the same 
lines of action as the forces (P, P), The magnitude of each of 
the forces of this latter couple will be X, where X .pm^Q.q, 
(Ark 44), so that 


X^Q^, 

P 


So let the couple (R, R) be replaced by a couple ^ » 

whose forces act in the same lines as the forces (P, P); similarly 
for the other couples. 

Hence all the couples are equivalent to a couplci each of 


whose forces is P -f -f P ^ -f ... acting at an arm p. 

The moment of this cohple iBP.p-hQ.}-fP.r+..M 

Hence the original couples are equivalent to a single couple, 
whose moment is equal to the sum of their momenta. 

If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same proof 
will apply. 


46. The effect of a couple upon a rigid body is unaltered 
if it he tromf erred to any plane parallel to its^ own^ the arm 
remaining parallel to its original position. 

Let the couple consist of two forces (P, P), whose arm is 
AB, and let their lines of action be , 

AC and BD, 


Let AiBi be any line equal and 
parallel to AB. Draw Afli and 
BiDi parallel to AC and BB respec- 
tively. 

At A, introduce two equal and 
opposite forces, each equal to P, 
acting in the direction Afii and 
the opposite direction AiE. At Pi 
introduce, similarly, two equal and 
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opposite forces, each equal to P, acting in the direction B^Dx 
and the opposite direction Ttfese forces will have no 

effect on the equilibrium of the body. 

Join ABx and AxB, and let them meet in 0; then 0 is the 
middle point of both ABx and A^B. 

The forces P at jB and P acting along AiE have a resultant 
2F acting at 0 parallel to BD, 

The forces P at 4 and P acting along have a resultant 
2P acting at 0 parallel to AG ^ 

These two resultants are equal and opposite, and therefore 
balanca Hence we have left the two forces (P, P) at Ai and 
Bi acting in the directions AxO^ and PiA» parallel to the 
directions of the forces of the original couple. 

Also the plane through AiCj and AA is parallel to the 
plane through AG and BD. 

Hence the theorem is proved. 

Cor. From this proposition and Art 44 we conclude that 
A couple may he replaced by any other couple acting in a parallel 
plane, provided that the moments of the two couples are Ae same. 


47. The Axis of a couple is a straight line OP drawn from 
a point 0 in the plane of a couple perpendicular to the plane 
of the couple and proportional to the moment of the couple. 
The direction in which this axis is to be drawn, i,e, its sense, 
is determined by the following convention: Suppose a watch 
to he placed in the plane of a couple ; if the couple would produce 
rotation in t}ve direction of the motion of the hands of the watch, 
the axis is drawn upwards through the face of the watch; whilst 
if the couple would produce rotation in the opposite direction the 
axis is drawn through the hack of the watch. 

In the case of the figure of Art. 84 an axis drawn along the 
positive direction of Ox would represent a couple in the plane 
of yz which would turn the body from Oy to Oz ; whilst an axis 
drawn in the direction xO produced would represent a couple 
in the plane yz tending to turn the body from Oz towards Oy. 
The directions of rotation of positive couples about the axes 


Ox, Oy, Oz thus follow the cyclical order 




From Alt 44 it follows that the effect of a couple n known 
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when its moment and its plane are known, i«. when its niomeht 

and the direction of the normal to its plane are known, ijt, when 
its ario is given in magnitude and direction. 

48. Resultant couple of two couples whose planes are not 
par<dlel. 

Let the planes of the two couples meet in a line AB. If 
the arm of each couple is not AB, replace each by a couple in 
its own plane of suitable moment whose arm is AB, as in 
Art. 45. 


r 



With this arm let the forces of the first couple be and 
DKu each equal to P, and those of the second couple AL 
and PZr,, each equal to Q, Complete the parallelograms 
AKMLf BKiM^Lx. Then clearly the forces P, Q at A com- 
pound into a force represented by AM ; and the forces P and Q 
at B into a force Pil/, which is equal, parallel, and in an 
opposite direction to AM, 

Hence the two couples compound into a couple. 

Draw Ap, Aq perpendicular to the planes KABKi, LABLx 
to represent the axes of the couples, so that 

Ap ^ moment of the couple (P, P) ,AB _AK 
Aq moment of the couple (Q, Q) Q . AB AL * 

Hence Ap, Aq ore perpendicular and proportional to APT 
and AL> Hence if we complete the parallelogram Aq^p, Ar 
is perpendicular and proportional to AM^ so that 
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mcmient of the couple (P, P) moment of the ^uple ( Q, Q) 

At 

moment of the couple {AM, BMi) ’ 

Hence Ar is the axis of the resultant couple. 

Therefore two given couples compound into a couple whose 
axis is obtained by compounding the axes of the given couples 
according to the parallelogram law. 


49 . The rule for the composition of couples is thus similar 
to that for the composition of forces, so that all theorems 
relating to the composition or resolution of forces apply to the 
composition or resolution of couples. 

Thus (Fig., Art 26) if we have three, component couples 
about the axes of w, y and z whose moments L, M, N are 
represented by OA, OB, OG, they compound into a couple 
whose moment is (?(=V£*4- + about a line whose 


direction cosines are 


(L M N\ 

\ 0 * (?* (?r 


Conversely, a couple 0 about a line OD whose direction 
cosines are {I, m, n) is equivalent to three couples about the 
axes whose moments are 10, mO, and nO. 


60 . We can now compound into one couple any system of 
couples acting in any planes whatever on a rigid body. For 
take any point 0 as origin and any three rectangular axes Ow, 
Oy, Oz, Any one of the given couples, if its plane does not 
pass through 0, can, by Art. 46, be replaced by an equivalent 
couple in a parallel plane through 0, and its axis may be taken 
to be a straight line through 0 perpendicular to this plane. 
Resolve this axis, by the parallelogram law, into axes along 
the axes of coordinates, and let the component couples be 
(ii, Mi, Ni), Similarly for all the other of the given couples. 
We thus have a component couple 

i = Aj + -ti -b ... =* 2 (A) about Ow, 

JIf - Jlfj + ilf* 4* ... =* 2 (Ml) about Oy, 
and A* « + i\r, 4 ■ . . « 2 ( abou t 0$. 


3-2 
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These compound int04e. couple of moment 
0 ( = V i/* -f + iV^*) 

about an axis whose direction cosines are ^ ^ 


61« A sivgle force and a couple acting in the same plam 
upon a rigid body cannot produce equilibrium, but are equivalent 
to the single force acting in a direction parallel to its original 
direction. 

liet the couple consist of two forces, each equal to P, their 
lines of action being OB and OxG respectively. 

Let the single force be Q. 

If Q be not parallel to the forces of the couple, let it be 
produced to meet one of them in 0. Then P and Q, acting 
at 0, are equivalent to some force R, acting in some direction 
OZ which lies between OA and OB. 

Let OZ be produced (backwards if necessary) to meet the 
other force of the couple in Ox, and let the point of application 
of i2 be transferred to Ox> Draw OxA^ parallel to OA. 

Then the force 22 may be resolved into two forces Q and P, 
the former acting in the direction OxAg, and the latter in the 
direction opposite to OjO. 

This latter force P is balanced by the second force P of 
the couple acting in the direction 

0x0. 

Hence we have left as the re- 
sultant of the system a force Q 
acting in the direction O^A^ parallel 
to its original direction OA. 

When Q is parallel to each of 
the forces P, it is clear by Art. 31 
that their resultant is parallel to P ^ 
and equal to Q. 



62. If three forces, acting upon a rigid body, be represented 
in magnitude, direction, and line of action by the sides of a 
triangle taken t» order, they are equivalmt to a couple whose 
moment is represented by twice the area of the triangle. 

Let ABO be the triangle and P, Q, and JS the forces, so 



that P, Q, and It ate represented bys the sides jBO, OA, and 
AB of the triangle. 

Through B draw LBM parallel to the side AG, and in- 
troduce two equal and opposite forces^ 
equal to at B, acting in the direo 
tions BL and BM respectively. By 
the triangle of forces (Art 21) the 
forces P, J?, and Q acting in the 
straight line BL are in equilibrium. 

Hence we are left with the two 
forces, each equal to Q, acting in the 
directions CA and BM respectively. 

These form a couple whose moment is Q x BN, where BN 
is drawn perpendicular to CA. Also Qx BN =:^ CA xBN ^ 
twice the area of the triangle ABC. 

Cor. In a similar manner it may be shewn that if a 
system of forces acting on one plane on a rigid body be 
represented in magnitude, direction, and line of action by the 
sides of the polygon, they are equivalent to a couple whose 
moment is represented by twice the area of the polygon. 

53. A couple and a force which does not lie in its plane 
cannot he in equilibrium. 

For let the force R meet the plane of the couple in 0 and 
replace the couple if necessaiy, by Art. 44, by a couple, one of 
whose forces P passes through 0, Then R and this force P 
compound into a force acting through 0 which does not meet 
the other force P of the couple. Hence they cannot be in 
equilibrium. 
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EQUILIBRIUM OP A RIGID BODY ACTED ON BY 
FORCES IN ONE PLANE 

54 In the present chapter we shall discuss the equilibrium 
of a rigid body acted upon by forces lying in a plane. 

By the help of the following theorem we shall find that, 
wh^ the forces are only three in number, the conditions of 
equilibrium reduce to those of a single pculiicle. 

If three forces, acting in one plane upon a rigid body, keep 
it in equdihrium, they must either meet in a point or be pavaUd. 

If the forces are not all parallel, at least two of them, P and 
Q, must meet in a point 0, and their resultant must be a force 
passing through 0. But, since the forces P, Q, and B are in 
equilibrium, this resultant must balance R Also two forces 
cannot balance unless they have the same line of action. 

Hence the line of action of M must pass through 0. 

By the preceding theorem we see that the conditions of 
equilibrium of three forces, acting in one plane, are easily 
obtained. For the three forces must meet in a point ; and by 
using Lami’s Theorem, (Art. 23), or by resolving the forces in 
two directions at right angles, (Art 28), or by a graphic 
construction, we can obtain the required conditions. 

55. Trigonometrical Theorems. There are two trigono* 
metrical theorems which are useful in Statical Problems, vie. 
If P U any point in the base AB of a triangle ABC, and if 
CP divides AB into two parts m and n, and the angle 0 into 
two parts a and B, and if the angle GPB be $, then 


{m + n) cat 0 <amcota - n cot B (1), 

and {m + n)cot$mnootA’~tnoatB .,.....(2). 



Three fore^ in one pUme 




m_AP_AP PO sm aCP tmPBO 

n *PS’“TU'PB‘~ ^pld’dnPCM 

8 sin ($ + /3) ^ cot 13^ oot0 

sm (0 — a) ■ sin /S cot et — oot^ * 


tn cot a — n cot /8 ■» + n) cot A 

Again 

m ain A CP sin PBO 


n am Pa G ' sin PCB 

sin { 0 — A) ainB 
* sin A * sin ((9 4- Jo 
_ cot A — cot ^ 

** cot B + cot d ‘ 

/. (m + n) cot cot A — m cot B. 



56. Ez. 1. A beam who$e centre of gravity dtvidee into two porthne^ 
a and U placed inside a smooth vphere ; shew that^ if 6 he its indination 
to the horison in the position of equilibrium and 2a be the angle subtended 
by the beam at the centre of the sphere^ then 


tan 6 


b-^a 

J+a 


tana* 


In this case both the reactions, R and 
pass through the centre, (?, of the sphere. 
Hence the centre of gravity, Of of the rod 
must be vertically below 0. Let 00 meet 
the horizontal lino through il in #. Draw 
OD perpendicular to 

Then 4. AOD= L BOD^a, 
and L DOO«^90^--LDOO^Ll)AN^e. 
The second relation of Art. 65 then gives 
(a-f b) cot OOB « 6 cot 0-d 5 - a cot OBAj 
i.e, (a+5)tan d=(6-o)taiia. 

R 
sin 

R 3 W 

sin (a +^7 


Sf at the ends of the rod 


Also, by Lami’s Theorem, 



sin (a — S) sin 2a 


BOO ** sin AOO sin AOB * 

, giving the reactions. 


Ex. 2. A heavy uniform rodf of length 2a, rests partly within emd 
partly without a fixed ^smooth hemispheric hovUf of radius r ; the rim of 
the hotel is horwontaly and one point of the rod is in contact with the rim / 
if 0 be the inclination of the rod to the fwrisony shew that 

2rcos2$^aeoiB* 
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I 4 I the figure repreeent that vertioiJ 8eotio& of the hemlepfaere which 
passob through the rod. Let AB 
be the rod, O ita oeutre of gravity, 
and € the point where the rod 
meet? the edge of the bowL 

The reaction at A is along the 
line to the centre, 0, of the bowl ; 
for ilO is the only line through A 
whi(^ is perpendicular to the sur- 
faoe of the bowl at A^ Also the 
reaction at C is perpendicular to 
the rod ; for this is the only direc- 
tion that is perpendicular to both the rod and the rfm of the bowl. 

Tlicse two reactions meet in a point D which lies on the geometrical 
sphere of which the bowl is a portion. Hence the vertical line through <?, ^ 
the middle point of the rod, must pass through Z). 

Through A draw A E horizontal to meet DO in E and join 0€* 

Then i.OAC^lOCA^lCAE^A 

ctcos d»i!l^»d2>cos 2dBB2rcoa2d. 



Also, by Lami’s Theorem, if R and S be the reactions at A and C, we 
have ^ 


^ ^ ^ ^ _jr 

sin d * sin d DO "* sin A DO^ 

R S ^ W 
sin $ 008 2d 008 d * 


EXAMPLES 

1. A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the rim makes 
an angle a with the vertical, whilst the radius drawn to a point A of the 
bowl makes an angle /9 with the vertical ; if a smooth uniform rod remain 
at rest with one end at A and a point of its length in contact with the 
rim, shew that the length of the rod is 

. . €L-'Q 

4a Sin /3 sec 

% A cylinder, of radius r, whose axis is fixed horizontally, touches a 
vertical wall along a generating line, A flat beam of uniform material, of 
length 2f and weight rests with its es^tremities in contact with the 
wall and the cylinder, making an angle of 45* with the vertical. Shew 

that, in the absence of friction, pressure on the wall 

is Wf and that the reaction of tbe cylinder is ^6 W, 
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3. A hemispWieal bowl, of vadina r, on a sndootb bot^aobial 
table and partl)^ inside it res1» a rod, of len^h and of wein^t equal, to 
that of the bowi Shew that the position of equilibrium ia giTen by the 
equation 

I sin (a +j8) «r sin am*^trcoB (a 2^), 

where a is the inclination of the base of the hemisphere to the horizon, 
and 2/9 is the angle subtended at tbe centre by the part of the rod within 
the bowl 

A A smooth rod, of length 2o, has one end resting on a plane of 
inclination a to the horizon, and is supported by a horizontal rail which is 
parallel to the plane and at a distance c from it. Shew that tbe inclina- 
tion 6 of the rod to the inclined plane is given by the equation 
e sin awo sin* d cos (d - a). 

5. A solid cone, of height h and semi-vertical angle a, is placed with 
its base against a smooth vertical wall and is supported by a string 
attached to its vertex and to a point in the wall ; shew that tbe greatest 
possible length of the string is A V^l H- tan* a. 

6. The altitude of a cone is h and the radius of its base is r ; a string 
is fastened to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg ; shew that, if the cone 
rest with its axis horizontal, the length of the string must be 4f^. 

7. Two equal circular discs of radius r, with smooth edges, are placed 
on their flat sides in the comer between two smooth vertical planes 
inclined at an angle 2a, and touch each other in the line bisecting tbe 
angle. 8bow that the radius of the smallest disc that can be pressed 
between them, without causing them to separate, is r (sec a - 1). 

8. A picttire frame, rectangular in shape, rests against a smooth 
vertical wall, from two points in which it is suspended by parallel strings 
attached to two points in the upper edge of the back of the frame, the 
length of each string being equal to the height of the frame. Shew that, 
if tbe centre of gravity of the frame coincide with its centre of flgure, the 

picture will hang against the wall at an angle tan*^^ to the vertical 
where a is the height and h the thickness of the picture. 

9. It is required to hang a picture on a vertical wall so that it may 
rest at a given inclination, a, to the wall and be suppoi ted by a cord 
attached to a point in the wall at a given height A above the lowest edge 
of tbe picture ; determine, by a geometrical construction, the point on the 
back of the picture to which the cord is to be attached and And the length 
of tbe cord that will be required. 

67. Any system of forces^ acting in one plane upon a rigid 
body, can be reduused to either a single force or a single couple. 
By the parallelogram oi forces any two forces, whose 





i2 

dirqotions meet, can be compounded into one force; also, hj 
Art^ 31, two parallel forces can be compounded into one force 
provided they are not equal and unlike. 

First compound together all the parallel forces, or sets of 
parallel forces, of the given system. 

Of the resulting system take any two forces, not forming 
a couple, and find their resultant jBi ; next find the resultant 
jBg of iii and a suitable third force of the system ; then determine 
the resultant of J2a and a suitable fourth force of the system ; 
and so on until all the forces have been exhausted. 

Finally, we must either arrive at a single force, or we shall 
have two equal parallel unlike forces forming a couple. 

68. 1/ a system of forces act in one plans upon a rigid 
hody^ and if the alge^aic sum of their moments about each 
of three points in the plane {not lying in the same straight line) 
vanish separately, the system of forces is in equilibrium. 

For any such system of forces, by the last article, reduces 
to either a single force or a single couple. 

In our case they cannot reduce to a single couple; for, if 
th^ did, the sum of their moments about any point in their 
plane would, by Art. 42, be equal to a constant which is not 
zero, and this is contrary to our hypothesis. 

Hence the system of forces cannot reduce to a single couple. 
The system must therefore either be in equilibrium or reduce to 
a single force F. 

Let the three points about which the moments are taken 
be A, JS, 0, Since the algebraic sum of the moments of a 
system of forces is equal to that of their resultant (Art. 40), 
therefore the moment of F about the point A must be zero. 
Hence F is either zero, or passes through A. 

Similarly, since the moment of F about B vanishes, F must 
be either zero or must pass through B, i,e. F is either zero or 
acts in the line AB, 

Finally, since the moment about 0 vanishes, F must be 
either zero or pass through C, 

But (since the points A, B, C are not in the same straight 
line) the force cannot act along AB and also pass through 0, 
Hence the only admissible case is that F should be zero, i.e. that 
the forces should be in equilibrium. 



43 


Farce* m cm pkme 

» • 

The eystem will also be in equilibrium ti^ (1) the sum of the momentB 
about eaofa of two points, A and jB, separately vanish, and if (2) the aum 
of the forces resolved along AB be aero. For, if (1) holds, the reaultaxit, 
by the foregoing article, is either zero or acts along AB, Also, if^^) be 
true, there is no resultant in the direction AB ; hence the resultant fcsrce 
is zero. Also,^ as in the foregoing article, there is no resultant oouple. 
Hence the system is in equilibrium. 

69c Any system of forces^ acting in one plane upon a rigid 
body, is equivalent to a force acting at an arbitrary point of ths 
body together with a couple. 

Let P be any force of the system acting at a point A of the 
body, and let 0 be any arbitrary 
point. At 0 introduce two equal 
and opposite forces, the magnitude 
of each being P, and let their line 
of action be parallel to that of P. 

These do not alter the state of 
equilibrium of the body. 

The force P at A and the opposite 
parallel force P at 0 form a couple 
of moment P.p, where p is the 
perpendicular from 0 upon the line of action of the original 
force P. Hence the force P at A is equivalent to a parallel 
force P at 0 and a couple of moment P.p. 

So the force Q at P is equivalent to a parallel force Q at 0 
and to a couple of moment Q . q, where q ia the perpendicular 
from 0 on the line of action of Q. The same holds for each 
of the system of forces. 

Hence the original system of forces is equivalent to forces 
P, Q, jR, ... acting at 0, parallel to their original directions, and 
a number of couples ; these are equivalent to a single resultant 
force at 0, and a single resultant couple of moment 

P.p + Q.g + .... 

60. Let the forces of the previous article be in equilibrium. 
By Art. 51 a force and a couple cannot balance unless each is 
zero. 

Hence the resultant of P, Q, E, ... at 0 must be zero, and 
therefore, by Art. 28, the sum of their resolved parts in two 
directims must separcUely vanish. 
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Also the moment Pj> 4* must be zero, ie, tAs algt^aic 

mm pf the momenta of the forces about an arbitrary point 0 must 
Danish also. 

The first csondition ensures that there shall be no motion of 
the body aa a whole ; the second ensures that there shall be no 
motion of rotation about any point. 

The above three statical relations, together with the 
geometrical relations holding between the component portions 
of a system, will, in general, be suflScient to determine the 
equilibrium of any system acted on by forces which are in 
one plane. 

Great simplifications can often be introduced into the 
equations by properly choosing the directions along which we 
resolve. In general, the horizontal and vertical directions are 
the most suitable. 

Again, the position of the point about which we take 
moments is important; it should be chosen so that as few of 
the forces as possible are introduced into the equation of 
moments. 

61. We have shewn that the conditions given in the 
previous article are sufficient for the equilibrium of the system 
of forces; they are also necessary. 

Suppose we knew only that the first two conditions were 
satisfied. The system of forces might then reduce to a single 
'couple ; for the forces of this couple, being equal and opposite, 
are such that their components in any direction would vanish. 
Hence, resolving in any third direction would give us no 
additional condition. In this case the forces would not be in 
equilibrium unless the third condition were satisfied. 

Suppose, again, that we knew only that the components of 
the system along one given line vanished and that the moments 
about a given point vanished also; in this case the forces might 
reduce to a single force through the given point perpendicular 
to the given line ; hence we see that it is necessary to have the 
sum of the components parallel to another line zero also. 

62. In solving any statical problem the student should 
proceed as follows: 

(1) Draw the figure according to the conditions given. 

(2) Mark all the forces acting on the body or bodies, 
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taking care to assume an unknown reaction (to be determined) 
wherever one body presses against another, and to mark 
h tension along any supporting string, and to assume a reaction 
wherever the body is hinged to any other body or fixed point. 

(3) For each body, or system of bodies, involved in the 
problem, equate to 25ero the forces acting on it resolved along 
two convenient perpendicular directions (generally horisontal 
and vertical). 

(4) Also equate to zero the moments of the forces about 
any convenient point. 

(6) Write down any geometrical relations connecting the 
lengths or angles involved in the figure. 




63. Resultant force and couple corresponding to any base 
point 0 of a system of coplanar forces. 

Through 0 take any pair of rectangular axes Ow and Oy. 

At Pi, the point (iPi, yi), let yj 
there act a force whose com* 
ponents parallel to the axes are 
Xi and Fi. , 

Then Xy at Pi is equivalent 
to a parallel force X, at 0 to-^ * 

gether with a couple yiX,^. So Fi at Pj is equivalent to 
a parallel force Fi at 0 together with a couple iVi Fj 5- [Art. 69.] 
Hence the force at P, is equivalent to components Xj, Fi 
along Ox, Oy and a couple a?iF, — yjXi^. 

So for the other forces at P,, P„ etc. 

Hence the system of forces is equivalent to components 
X, F along Ox, Oy, and a couple about 0, such that 
-X *= Xi -i- Xc4 4- X, -f « 2Xi, 

F= Fi + F.+ F, + ...*SFi, 

and 0 ” (xiY^i — yjXi) + (i*?aF | — yaXa) -f- ... « i (^iFi — yiXi). 
X and F compoimd into a single force R acting at 0. 


64. Equation to the resultant of a 
system of forces in one plane. 

As in the last article the system can 
be reduced to components X and F along 
any two rectangular axes Ox and Oy, and 
a couple Q about 0 ]). 
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JLet Q be any point (A, k) which lies on the resultant of the 
^ven system. By Art. 40 the moment of the system about it 
is ^uai to the moment of the resultant about it and is theie^ 
fore zero. 

Now the moment of the system about Q 

+ Y.ON^Q^hY^kX, 

so that (? — A F + kX « 0. 

Hence the locus of (A, k\ i.e. the resultant, is the straight line 
0 — aY + yX ^ 0. 

05. Bodies connected by smooth hinges. When two 
bodies are hinged together, it usually happens that> either 
a rounded end of one body fits loosely into a prepared hollow 
in the other body, as in the case of a ball-and-socket joint ; or 
that a round pin, or other separate fastening, passes through 
a hole in each body, as in the case of the hinge of a door. 

In either case, if the bodies be smooth, the action on each 
body at the hinge consists of a single force. 

Let the figure represent a section of the joint 
connecting two bodiea If it be smooth the 
actions at all the points of the joint pass 
through the centre of the pin and thus have 
as resultant a single force passing through 0- 
Also the action of the hinge on the one body is equal and 
opposite to the action of the hinge on the other body; for 
forces, equal and opposite to these actions, keep the pin, or 
fastening, in equilibrium, since its weight is negligible. 

In solving questions concerning smooth hinges, the direction 
and magnitude of the action at the hinge are usually both 
unknown. Hence it is generally most convenient to assume 
the action of a smooth hinge on one body to consist of two 
unknown components at right angles to one another; the 
action of the hinge on the other body will then consist of 
components equal and opposite to these. 

The forces acting on each body, together with the actions 
of the hinge on it, are in equilibrium, and the general conditions 
of equilibrium of Art. 60 will now apply. 

In order to avoid mistakes as to the components of the 
reaction acting on each body, it is convenient, as in the second 
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figure of the following example, not to produce the rods to 
meet hut to leave a space between tliieu^ 

66, Ex, l%re$ equal •timfarm rods^ each of weight eere emooMg 
jointed so as to form am equilateral triangle. If the sgetem ^ supporM al 
the middle point of one of the rods^ shew that the action at the hmst angle ie 

^ If, and thast at each of ike others is W 

het ABC be the triangle formed by the rods, and B the middle point 
of the side AB &t which the system is siipported. 

Let the action of the hinge at A on the rod AB consist of two 
components, respectively equal to T and X, acting in vertical and 
horizontal directions; hence the action of the hinge on AC consists of 
components equal and opposite to these. Since the whole system is 
symmetrical about the vertical line through Z>, the action at B will consist 
of components, also equal to T and X, as in the figure. 

Let the action of the hinge 0 on CB, consist of Xi vertically upwards, 
and Xi horizontally to the right, so that the action of the same hinge on 
CA consists of two components opposite to thes6| as in the figure 




For AB, resolving vertically, we have 

F+2r (1), 

where B is the vertical reaction of the peg at D, 

For OB, resolving horizontally and vertically, and taking moments 
about 0, we have 

Jr+Xi=0 (2), 

W= T ^ F\ *(3), 

and 1^- a cos 60* + X . 2a sin 60® =» F. 2a cos 60® (4), 

For CA, by resolving vertically, we have 

If so F- F I (5), 

Solving these equations, we have 

»r, Fi-O, W, F- ^ rand 
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Henee the ftction of the hinge et B constats of a force 
W I acting at an angle tan-* ^ (i€. tan* *2^/3), to thehoriaon ; 

also the action of the hinge at C oonsiata of a homontal force equal to 

wxr 
^ IT. 

J pnort reasoning would have shewn us that the action of the hinge at 
C mmt be honaontal ; for the whole system is symmetrical about the line 
CBf and, unless the component Fi vanished, the reaction at C would not 
satisfy the condition of symmetry. 


EXAMPLES 


1. A pair of compasses, each of whose legs is a uniform bar of weight 
W, is supported, hinge downwards, by two smooth pegs placed at the 
middle points of the legs in the same horizontal line, the legs being kept 
apart at an angle 2a with one another by a weightless rod joining their 
extremities ; shew that the thrust in this rod and the action at the hinge 
are each ^ W cot a. 

2« A gate weighing 100 lbs is hung on two hinges, 3 feet apart, in a 
vertical line which is distant 4 feet from the centre of gravity of the gate. 
Find the magnitude of the reactions at each hinge on the assumption that 
the whole of the weight of the gate is borne by the lower hinge. 


3. A gate, of weight FT, is hung by means of two circular headed 
staples driven into the gate at O', D and placed over two L shaped staples 
driven into the gate ix)st at A, B. Shew that the pressure at the upper 

hinge will be or FT. ^ according as CD is just a little less or 

greater than AZ?, where 2a is the horizontal length of the gate and h^CD 


4* A square board is hung flat against a wall, by means of a string 
fastened to the two extremities of the upper edge and hung round a 
perfectly smooth rail ; when the length of the string is less than the 
diagonal of the board, shew that there are three positions of equilibrium. 


fl, A square, of side 2a, is placed with its plane vertical between two 
smooth pegs, which are in the same horizontal line and at a distance e ; 
shew that it will be in equilibrium when the inclination of one of its edges 


to the horizon is cither 46® or J sin-* 


a*— c* 
0 * • 


8. An isosceles triangular lamina rests, with its plane vertical and 
vertex downwards, between two smooth pegs in the same horizontal line ; 
shew that there will be equilibrium if the base make an angle sin “* (cos* a) 
with the vertical, 2a being the vertical angle of the lamina and the length 
of the base being three times the distance between the pegs: 
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Ti A pristn, whom wm section k sn equilateral tiiang^, reati with 
two edges horizontal on smooth planes inoUribd at angles a and to the 
horizon. If d he the angle that the plane through these edges makes with 
the wtical, shew that 

inn diTT ^s/^siDoeinj94-sin (o*f ff) 

“ VS sin ' * 

8« A triangle, formed of three rods, is fixed in a horizontal position 
and a homogeneous sphere rests on it ; shew that the reaction on each rod 
is proportional to its length. 

9* An elliptic lamina is acted on at the extremities of pairs of conjugate 
diameters by forces in its own plane tending outwards and normal to its 
edge ; shew that there will be equilibrium if the force at the end of each 
diameter is proportional to the conjugate diameter. 

10. A step-ladder in the form of the letter A, with each of its legs 
inclined at an angle a to the vertical, is placed on a horizontal fioor, and 
is held up by a cord connecting the middle points of its legs, there l^ing 
no friction anywhere ; shew that, when a weight W is placed on one of the 

steps at a height from the fioor equal to ^ of the height of the ladder, the 

increase in the tension of the cord is - fT tan a. 

n 

11. Three uniform beams A By and CDy of the same thibkness, and 
of lengths I, 2i, and I respectively, are connected by smooth hinges at B 
and Cy and rest on a perfectly smooth sphere, whose radius is %ly so that 
the middle point of BC and the extremities, A and i), are in contact with 
the sphere shew that the pressure at the middle point of BC is of 
the weight of the beams. 

12. Three uniform rods A By BCy and CDy whose weights are pro- 
portional to their lengths a, b, and c, are jointed at B and C and are in a 
horizontal position resting on two pegs P and Q ; find the actions at the 
joints B and C7, and shew that the distance between the pegs must be 

^ .fi 

2a-f-6 

13. AB and AC are similar uniform rods, of length a, smoothly 
jointed at A, BD is a weightless bar, of length smoothly jointed at By 
and fastened at /) to a smooth ring sliding on A C, The system is bung 
on a small smooth pin at A. Shew that the rod AC makes with the 
Vertical an angle 


a + — i* 

14. A square figure A BCD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint A , and kept 
in the form of a square by a string connecting A and C ; shew that the 
tension of the string is half the weight of the four rods, and find the 
direction and magnitude of the action at either of the joints B or D. 

JL8 
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15. Three uniform roda A BC^ 0J>^ of lengtha iSe, 25, 2a reapet^vetj^ 
reat symmetrically on a snfbotb parabolic arc whose axis m vertical and 
ver^ upwards ; the rods all touch the parabola and.ant hinged at B and 
0, If If be the weight of either of the slant rods, shew that the reaction 

of the parabola on it is 4a is the latue rectum of the 

paxibola. 


16. A light wire, in the shape of a quadrant of an ellipse cut off by 
the principal axes, has two equal weights fixed at its ends and rests on a 
smooth peg ; shew that the eccentric angle of the point of contact with 
the peg lies between 46* and 60*. 


17. Two equal smooth spheres, each of weight IT and radius r, are 
placed inside a hollow cylinder open at both ends which rests on a 
horizontal plane; if a, (<2r), be the radius of the cylinder, shew that 

the least weight it can have so as not to be upset is 2lf — 

18. A tipping basin, whose interior surface is spherical, is free to 
turn round an axis at a distance c below the centre of the sphere and at a 
distance a above the centre of gravity of the basin, and a heavy ball is laid 
at the bottom of the basin ; shew t^t it will tip over if the weight of the 

ball exceed the fraction - of the weight of the basin. 

0 


19, A circular disc, of weight W and radius a, is suspended hori- 
zontally by three equal vertical strings, of length b, attached symmetrically 
, to its perimeter. Shew that the magnitude of the horizontal couple 
required to keep it twisted through an angle 6 is 


Ifa* 


sin 3 




4a® sin* : 


87. Astatic equilibrium. When forces in one plane act 
at given points of a body, and keep it in equilibrium, it is not 
in general true that these forces keep the body in equilibrium 
when they are turned about their points of application about 
any angle (the same for each). When this is the case the 
equilibrium is said to be Astatia 

68. If all the forces in a coplanar system are rotated abotii 
their points of application through the same angle in their own 
plane, their resultant passes through a fixed point in the body. 
Let Pj be any force of the system acting at a point (a?i, yi) 
in a direction inclined at to the axis of x, and let Xi, Yg 
be its components parallel to the axes ; so for the other forces. 
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Let X, The the components of t]ic system along the axes 
Oatt Py and Q the moment of the forces about the origin, so 
that 

JC«2PiCos5,, ' 

T «= 2P, sin 01, 

and 6 SPj (wi sin 0i - cos 0i), 

As in Art. 64, the equation to the resultant of the sjrstem is 

— j?F = 0 •••(!)• 

Let all the forces be turned through an smgle a about their 
points of application so that 0i becomes 0i + a, and lienee 
Pi cos 01 becomes Pj cos cos a — Pj sin sin a, 

Pj sin 01 becomes P, sin 0, cos a + P^ cos 0i sin a* 
and P, (a?! sin 0i — y, cos ^i) 

becomes pA (si" + cos sin a)| 

I*” Vi (cos 01 cos a — sin sin «)] 

i.e. cos a . P, (a?, sin 0i — y, cos ^i) 4* sin a . Pi (a?! cos ^i + yj sin 0i). 
Hence X becomes X oos « — F sin a, 

Y becomes X sin a + F cos a, 
and 0 becomes G cos a + F sin a, 

where F s 2 (Xia?i + i'lyi) and is called the Virial of the 
system. 

The equation to the new resultant of the system then 
becomes 

0 cos oc + Fsin a + y (X cos a — F sin a) — a? (X sin a + F cos a) = 0, 
i.a cos a [ff + yX — xY] 4- sin a [ F— y F — xX] ~ 0. . . . . .(2X 

Whatever be the value of a, (2) always pas^ through the 
point whose coordinates are given by 

G + yX — xY = 0 , 

F-.yF--^X = 0, 

i.e. through the point whose coordinates are 
<?F4-FX VY^OX 
XmTT* ^ X*+F» • 

This point is called the Astatic Oentreu 
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$8. Suppose the foipes to be in eqailibrium before their 
displacement so that 

X =* 0, » 0, and ^ 0* 

Iben they are in equilibrium after displacement if 
Xcosa — FsinamO, Xsina+FcosaasO^ 
and 6 cos a -t- F sin a « 0. 

They are thus in equilibrium after being rotated through 
any angle if F “ 0, i.e. if 2 + Fi^i) » 0, which is thus 

the condition that the equilibrium is astatic. 

It also follows that if the original forces are in equilibrium 
and each is turned through the same angle a> they axe then 
equivalent to a couple whose moment is Fsina 

70. The quantity X^a>x is equal, as we shall see in Chapter V, 
to the work that would be done in a displacement in which the 
point of application of Xi is moved from the origin to the point 
(pi, yO, and XiSOx 4- F,.yi is the work done by the force as 
its point of application is moved from the origin to (api, yi). 

Hence the virial of the system is the work that would be 
done by all the forces of the system as their points of applica- 
tion are moved from the origin to their actual positions. 

71. It may be easily seen geometrically that if each of 
a system of forces is turned through 
the same angle a, then their re- 
sultant always passes through a 
definite point whatever a may be. 

For let two of the forces, Pi and 
Pa acting at Ai and meet in 0 
and let OBi be the direction of their 
resultant meeting in Pi the circle 
through 0, Aif and A^. 

Let Pi be turned through any 
angle a into the position AiO' cutting 
this circle in O'. Then clearly OA^O' =* O-diO' * «, so that .4*0' 
is the new direction of P*, when it has been turned through 
the same angle cu 

Also ^ BjO'A ^ » /: BiOA^, so that O'Sj is the new position 
of the resultant of the new forces Pi and P^ acting along AiO^ 
and AtO". 


O' 
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Hence the point ^ is a point thrqpgh which the resnltant 
o( P, and Pf acts, whatever he the angle throngh which the 
forces Pi and P, are turned about At and A^. the angle 
OP, O' ■■ ^ OAfi' o a, so that the resultant has turned through 
the same angle as the component forcea Similarly, taking 
another of the given intern P, acting at A^, we find a point 
Bt through which always acts the resultant of P, and the 
resultant of P, and P, acting at P,, ie. Bt u the point through 
which always acts the resultant of P„ P„ and P,. 

By continuing in this manner until all the forces have been 
exhausted, we find a point throngh which the resultant of all 
the forces act wlmtever be the angle through which they have 
been turned. 

If the forces P, and P* are parallel then 0 is at infinity and 
the dxcle becomes a straight line through At and At, P, being 
the point where the resultant of the parallel forces P, and P, 
meets AiAt is, by Art 31, then such that 

P, . il,P, =* P(. BiAt. 

Ex. Shew that three ooplanar foroee Pt, Pf, Pt acting at point 
At, At, At are in astatic equilibrium if they meet in a point 0 situated on 
the circomcircle of A\, At, At, and if 

PilPtiPt’.iAtAtiAtAi lAiAf, 



CHAPTER IV 


FRICTION 

72. In Art 14 we defined smooth bodies to be bodies such 
that, if they be in contact, the only action between them is 
perpendicular to both surfaces at the point of contact With 
smooth bodies, therefore, there is no force tending to prevent 
one body sliding over the other. If a perfectly smooth body be 
placed on a perfectly smooth inclined plane, there is no action 
between the plane and the body to prevent the latter from 
sliding down the plane, and hence the body will not remain at 
rest on the plane unless some external force be applied to it. 

Practically, however, there are no bodies which are perfectly 
smooth; there is always some force between two bodies in 
contact to prevent one sliding upon the other. Such a force 
is called the force of friction. 

Friction. Def. If two bodies he in wntad with one 
another, the 'property of the two bodies, by virtue of which 
a force is exerted between them at their point of contact to 
prevent one body sliding on the other, is called faction; also 
the force exerted is called the force of friction, 

73. Friction is a self-adjusting force; no more fiiction is 
called into play than is sufficient to prevent motion. Let 
a heavy slab of iron with a plane base be placed on a hori- 
zontal table. If we attach a piece of string to some point of 
the body, and pull in a horizontal direction passing through 
the centre of gravity of the slab, a resistance is felt which 
prevents our moving the body ; this resistance is exactly equal 
to the force which we exert on the body. If we now stop 
pulling, the fotce of Motion also ceases to act; for, if the force 
of finction did not cease to act, the body would move. 
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The mkom% of ftiotion which can be exexted between two 
bodies is hot, however, unlimited, if we continually increase 
the force whioh we exert on the slab, we find that finally the 
Motion is not sufficient to overcome this force^ and the body 
moves. 

74. Friction plays an important part in the mechanical 
problems of ordinary life. If there were no Motion between 
our boots and the ground, we should not be able to walk; 
if there were no Motion between a ladder and the ground, 
the ladder would not rest, unless held, in any position inclined 
to the vertical; without Motion nails and screws would not 
remain in wood, nor would a locomotive engine be able to 
draw a train. 

76. The laws of statical friction are as follows : 

Law I. When two bodies are in contact, the direction of the 
friction on one of them at its point of contact is opposite to the 
direction in which this point of contact wovld commence to move. 

Law II. The magnitude of the friction is, whm there is 
equilibrium, just sufficient to prevent the body from moving. 

The above laws hold good, in general; but the amount of 
Motion that can be exerted is limited, and equilibrium is 
sometimes on the point of being destroyed, and motion often 
ensues. 

Limiting Friction. Def. When one body is just on the 
point of sliding upon another body, the equilibrium is said to be 
limiting, and the friction then exerted is called limiting friction. 

The direction of the limiting Motion is given by Law I. 
Its magnitude is given by the three following laws: 

Law III. The magnitude of the limiting friction always 
bears a constant ratio to the normal reaction, and this ratio 
depends only on the substances of which the bodies are composed. 

Law IV. The limiting friction is independent of the extent 
and shape of the surfaces in contact, so long as the normal 
reaction is unaltered. 

Law V. Wh&n motion ensues, by one body sliding over the 
other, the direction of friction is opposite to the direction of 
motion; the magnitude of the friction is independent of ihs 
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hwt the rtOio of lihe fnctwn to iShs no/mx£t roaoHon «• 
ali^Uy less than when iAo body is at rest and jttat on the point 

of fwtion. 

The above laws are experimental, and are by no means 
rigorously accurate, though they represent, however, to a hix 
degree of accuracy the facts under ordinary conditions. 

For example, if one body be pressed so closely on another 
that the surfaces in contact are on the point of being crushed, 
JmW III is no longer true; the friction then increases at 
a greater rate than the normal reaction. 

76. Coefficient of Friction. The constant ratio of the 
limiting friction to the normal pressure is called the coefficient 
of friction, and is generally denoted by fi ; hence, if F be the 
friction, and R the normal pressure, between two bodies when 

F 

equilibrium is on the point of being destroyed, we have^®;*, 
and hence F « fiR 

The values of /a are widely different for different pairs of 
substances in contact; no pairs of substances are, however, 
known for which the coefficient of friction is so great as unity. 

Angle of Friction. When the equilibrium is Emiting, if 
the friction and the normal reaction be compounded into one 
single force, the angle which this force makes with the normal 
is called the angle of friction, and the single force is called the 
resultant reaction. 

Let A be the point of contact of the two bodies, and let AB 
and AG he the directions of the normal 
force R and the friction fiR Let AD he 
the direction of the resultant reaction 8^ ® 
so that the angle of friction is BAD. Let 
this angle be 

Then S cos X » JJ, and S sin X « fjbR 
Hence 8^ R tan X /a. 

Hence we see that the coefficient of friction is equal to the 
tangent of the angle of friction. 

Since the greatest value of the friction is fiR, it follows that 
the greatest angle which the direction of resultant reaction can 
make with the normal is X, tan*^ /bu 
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Henee, if two bodi^ be m oemteet imd if, with tW common 
non^ m ascie, and the point of cental aa Vertex, we describe a 
cone whose semi-vertical angle is ton*'* fi, it is possible for the 
resultant reaction to have any direction lying within, or upon, 
this cone, bat it cannot have any direction lying without the 
cone. 

This cone is called the Cone of firiotlon. 

77. The following table, taken from Prof. Rankine’a Mdohmery and 
MiUworky gives the coefficients and angles of frriction for a few substances. 


SUBBTANOfiS 

A* 

X 

Wood on wood —Dry 

,, ,, ,, — Soapsd 

Metals on metals — Dry 

1 * f» i» —Wet 

Leather on metals — Dry 
,, „ ,, —Wet 

ft i« ft — Oily 

^ 

•25 to *6 
•04 to *2 
to *2 
•8 
•56 
•86 
•15 

14° to 261° 
r to Ui° 

81° to 111® 

16J® 

291® 

20J® 

8J® 


^8. Equllibriam on a rough inclined plane. A body 
is placed on a rough plane inclined to the horizon at an angle 
greater than the angle of friction, and is supported hy a force, 
acting in a vertical plane through the line of greatest slope; to 
find the limits between which the force must lie. 

Let a be the inclination of the plane to the horizon, W the 
weight of the body, and B the normal 
reaction. 

If the force P act at an angle 0 
with the inclined plane when the 
body is on the point of motion down 
the plane, and the friction therefore 
/acts up the plane, the equations of 
equilibrium are 



and 

Hence 


P cos d + pR » Tf sin tt 

P sin d -f .B = IT cos « 

P w P ^ sin (tt — \) 

cos d — /* sin d * cos (d H- X) 


(IX 

(2X 

(3X 


and B id easily found. 

When the body is on the point of motion up the plane, the 
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friction fiR acts doym the plane. Hen^, on changing the sign 


of we have 




_sm(aj^ 
cos(d — X)' 




por any value of the force, between P and Pi, there is 
equilibrium, but the body is not on the point of motion in 
either direction. 

The force that will just be on the point of moving the body 
up the plane is least when (4) is least, 

i,e. when cos (^ — X) is unity, i.e. when ^ « X. 

Hence the force required to move the body up the plane will 
be least when it is applied in a direction making with the 
inclined plane an angle equal to the angle of friction. 

From (3) it follows that P is zero if X a, a body will 
rest on an inclined plane and be on the point of motion if the 
inclination of the plane to the horizon is just equal to the 
angle of friction. On account of this property the angle of 
friction is sometimes called the angle of repose. 

From this result also the coefficient of friction between two 
substances may be experimentally obtained. For let the in- 
clined plane be made of one substance and let the body be a 
slab, with a plane face, of the other substance. Zf the angle of 
inclination of the plane be gradually increased until the slab 
just slides, the tangent of the angle of inclination is the 
coefficient of friction. By this method the laws of Art. 76 may 
also be verified; Coulomb used it in the year 1785. 


79- The results of the previous article may be found by 
geometric construction. 

Draw a vertical line KL to represent W on any scale that 
is convenient (e,g. one inch per lb. or one inch per 10 lbs.). 

Draw LO parallel to the direction of the normal reaction R, 
Make OLF, OLFi each equal to the angle of friction X, as in 
the figure. Then LF, LF^ are parallel to the directions jDjET, 
DHy of the resulting reaction at D according as the body is on 
the point of motion down or up the plane. 

Draw KMMi parallel to the supporting force P to meet 
ZP, LFi in M and Jlf,. Then clearly KLM and KLM^ are 
respectively the triangles of forces for the two extreme 
positions of equilibrium. Hence, on the s^e scale that KL 
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repreewts TP’, KM and KMi repres^ tiia i*' aiM| P| qS. tbe 
previous article. 


H 


Clearly OLK « /. between J? and the vertical « a, jso that 
Z jJfiJSr** a — \ and JfiiJST = « -f- X, 

Similarly ^ JTQO Z between the directions of 22 and 
P s 90® — 80 that 

and Z KML = 90° + ^ + X. 

Hence 

P _ iTil/ _ sin KLM sin (a — X) _ sin (a — X) 

W iTX sin KML sin (90° -f ^ + X) * cos {0 -i- X) ' 

oT>/i ^ _ Bin KLMi _ sin (« + X ) _ sin (a H- X) 

TT KL ^ sin /Ti/iX sin (90° + 0 — X) * cos (^ — X) ’ 

It is clear that KMi is least when it is drawn perpendicular 
to LF^, i.e. when Pi is inclined at a right angle to the direction, 
LKj, of the resultant reaction, and therefore at an angle X to 
the inclined plane. 

80. A pariicle is placed on a ro%gk plam, whose inclination to the 
horizon is a, and is acted upon by a force P acting parallel to the plane 
and in a direction making an angle with the line of greatest dope in the 
fdane; if the coefficient of friction be p and the equilibrium be limiting ^ 
find the direction in which the body wiU begin to move. 

Let W be the weight of the particle, aod M the normal reaction. 

The forces perpendicular to the inclined 
plane must vanish. 

.*• i2- IT cos a (1). 

The other component of the weight will be 
W sin a, acting down the line of greatest 
slope 

Let the hiotion, act in the direotion 









m 


AJIfJj making m ang^ 0 with the line of greatest slope^ ao that the 
parllGle would begin to move in the direction BA produced. 

f inoe the forces acting along the aur&ce of the plane are in equilibriiup^ 
we havei^ by Land’s Theorem, 

fjilt Wsina JP . 

sin ^ sin (d+/3) sin B ^ ^ 

From (1) and (2), eliminating jR and VT, we have 


Henoe 

givmg the angle B, 


R 

sin(d+/3) 


si n g sin 
/isin(^+/3)’ 
tan g sin jS 

M 


(3), 


81, Eguilibritm of a particle constrained to rest on a 
rough curve tmder any given forces. 

Let the curve be plane, and X, T the component forces 
parallel to the . axes of co- 
ordinates. 

Let R be the normal re- 
action and ^the friction along 
the tangent PT which makes 
an angle d with the axis of x. 

Resolving along and per- 
pendicular to the tangent, we 
then have 


X cos ^ + F sin 0 ■■ JP (1), 

and X sin ^ — F cos ^ « fZ (2). 


If fi be the coeflScient of fnotion, there will be equilibrium 
provided that F is not greater than /J.R or less than — fiR, 
i.e. provided the numerical value, without regard to sign, of 
X cos d -f F sin ^ is equal to or less than that of 
(X sin ^ — Fcos ^), 

i.0. if (X -I- F tan 6f ^ /i* (X tan 0 — Tf^ 

dy . , 

where ^ is given by the known equation of the curve. 



82. If the curve is not a plane curve let {I, m, n) be the 
direction cotines of its tangent at any point P, Then since the 
resultant reaction at any point of a rough curve cannot make 
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tttt augid greater tlum X with die n^noai^ and t^os net |^l 
angle less than 2 ~ ^ with the tangent, there can be eqnilibiiiun 
if the angle that the resultant force makes with the tangent ijs 
equal to or greater than ^ — X, 


«.& if 


cos~’ 


» + OTF-KnZ\ . w _ ^ 
VVZ*+ F» + Z*/*'2 


t.e. 


if 


F> + Z* 
IX + mF + nZ 


VX'+ F' + X* 

(IX + mF+ mF)*__ 

x*+r*+ir* " 14 ^*’ 


^<fflnx, 

M* 


is. if 

since tan X <■ /a 

83. If the particle rest in contact with a rough snr&ce, 
whose equation is ^ (®, y, a) •= 0, under forces whose components 
are X, F, Z, the conditions of equilibrium are easily found. For 
the direction cosines of the normal to the sur&ce at the point 
{x, y, z) are proportional to (pg, py, and py. 

There will be equilibrium if the resultant force makes with 
the normal an angle not greater than 

i.e. if XPg+TPy + ZPy 


?] 


ie. if 


u$. 


VX*+ T‘ + Z>'^pg*+Py>+P, 

(Xpa + Ypy + Zpi)* 

(X‘ + F* + F») {Pa* + Py* + Pa^) 


5 ? cos* X, 


1 + 


EXAMPLES 

1. Shew that the least force which will move a weight W along a 
rough horusontal plane is W sin <t>, where <f> is the angle of friction. 

2. At what angle of inclination should the traces be attached to a 
sledge that it may be drawn up a given hill with the least ezertion ? 

3. A weight W is laid upon a rough plane , inclined at 

45^ to the horizon, and is connected by a string passing through a smooth 
ring, Af at the top of the plane, with a weight P hanging vertically. 
If WmmSP^ shew that, if d be the greatest possible inclination of the 
string AW to the line of greatest slope in the plane^ then 

Find also the direotion in which W would commence to move* 
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4. weight W rats on a rough plane inclined at an angle a to 
th^ horiaon, and the coefiScieut of friction is 2 tan a, Shew that the 
lealst horisontal force along the plane which will move the body is 

sin a, and that the body will begin to move in a direction inclined 
at W* to the line of greatest slope on the plana 

5. A heavy particle is placed on a rough plane inclined at an angle a 
to the bori2on, and is connected by a stretch^ weightless string AjP to 
a ftxed point A in the plane. If A B be the line of greatest slope and d 
the angle FAB when the particle is on the point of slipping, shew that 

sin d« /I cot a. 

Interpret the result when p cot a is greater than unity. 


6. Two weights, A and B^ are connected by a string and placed on 
a horizontal table whose coefficient of friction is /i. A force (A *f i?), 

is applied to A in the direction BA and its direction is gradually turned 
round an angle d in the horizontal plane. If F be gi'eater than 
shew that both B and A will slip when 


cos^ 


2fiBF 


but if JP be less than fi s/a^B^ and greater than fiA, then A alone will 
slip when sind*^. 


7. A cycloid is placed with its axis vertical and vertex downward. 
Shew that a particle can rest on it at any point which is not higher than 
2asin^ t above its lowest point, where t is the angle of friction and a is the 
radius of the generating circle of the cycloid. 


8. A particle rests on the surface xyz^<? under the action of a 
constaut force parallel to the ails of s; shew that the curve of inter- 

\ \ V? 

section of the surface with the cone ^ + -2 ^ separate the part 


of the surface on which equilibrium is possible from that on which it is 
not possible. 

9. The ellipsoid ^ placed with the axis of x vertical 


and its surface is rough. Shew that a heavy particle will rest on it any- 
where above its intersection with the cylinder 

y V (^*6* -f a*) + (fi V + o?) * 
where /x is the coefficient of friction. 

10. The paraboloid is placed with its axis vertical and 

its vertex uppermost ; if /ix be the coefficient of friction, shew that a particle 
will rest on it at any point above its curve of intersection with the cylinder 
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tL A surlftce is formed hy the rorolutfon of a rectangtiliur liyperl;K>ta 
about a vertical ae^mptote ; shew that a particle tdll rest on it anj^wbm 
beyond its intersectiim with a certain circular cylinder. 

12. A rough paraboloid of revolution, of latua rectum 4a and of 
coefficient of friction cot revolves with uniform angular velocity about 

its axis which is vertical; if or < 

that a particle can rest anywhere except within a certain bdt, but that for 
auy angular velocity between these Hmiting values eq^uilihrium is possible 
for all positions of the particle. 

[The problem is the same as if the surface were at rest if we put on an 
additional centrifugal ” force, outwards along a perpendicular from 
the particle upon the axis of the paraboloid.] 

84. Bougli Joints or hinges. In the figure of Art 65 
the resultant reaction will not be normal 
to the joint at A if there be friction. 

In this case the reaction P at A is 
equivalent to a parallel force P through 
the centre 0 together with a couple whose 
moment is P x the perpendicular from 0 
upon the line AP. Similarly for the re- 
actions at any other points of contact. Thus 
the resultant actions consist of a set of forces acting through 0 
together with a number of couplea These compound into 
a single force through 0 and a single couple. Hence, when 
there is friction at a joint and there is contact at more than 
one point, we must, in addition to the unknown force of Art. 65, 
or unknown component forces in known directions, assume also 
an unknown couple. 

If the joint be rough but contact take place at only one 
point, such as A in the above figure, then, just as in the case 
of a smooth joint, the reaction may be assumed to consist of 
one force only, which passes through the point of contact. 

85. We give some examples illustrative of the applications of the 
laws of friction. 

£x.l. A uniform rod rests in limiting equUtbrium within a rough hollow 
sphere ; if the rod subtend an angle 2a at the centre of the ^kere, and if 
\ he the angle of friction^ shew ikai the angle of indination of the rod to 
the korisonis 
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be the pod, <? its middle point, 0 the centre of the sphere^ 

00 tiiat * 

caoAmLOos^o. 

Through A and B draw linaa 
AO and BO making an angle X 
with the lines joining A and B to 
the centre. By Art. 76, these are 
ihi directions of the resultant 
reactions, R and 8^ at A and B 
respectively. 

Since these reactions and the 
weight keep the rod in equilibrium, 
th^ vertical line through G must pass through 0, 

Let AZ> be the horizontal line drawn through A to meet CO m D ao 
that the angle GAD is 

, The angle X“90*— a— X, 

and the angle CBGr^LOBG^Xmt^^^a^X. 

Hence theorem (2) of Art. 55 gives 

Stand-tan(a+X)-tan(o-X)- — t - ^ (1). 

^ ^ ' cos(cr+X)cos(a-X) 

Otherwise thus ; The solution may be also obtained by using the 


conditions of Art. 60. 

Kesolving the forces along the rod, we have 

R fiin {a+ X) — iS" sin (a — X) »= fV sin ^ (2). 

Resolving perpendicular to the rod, we have 

i<cos(a+X)-fiS'cos(a^X)=a W cos 6 (3). 

By taking moments about A, we have 

2^C08(a*-X)« FT cos d (4). 

From equations (3) and (4), 


/foos (a4-X)wj5?cos (o-X)« J TFcos 6. 

Substituting these values of R and 8 in (2), we have 
tan (a-i-X)-tan (a-X)**2 tan d. 

’Ex, 2. A beam AB re$U with one end A in contact with a rough 
horizontal floor^ and the other end B in contact with a rough vertical wall^ 
tho vertical plotne through AB being perpendicular to the wall ; to discUM 
its equilibrium^ the inclination of the beam to the horizontal being given. 

Let the normal reaction and friction at A be ^ and and those at 
B\)e 8 and F\ as in the figure. 

By resolving in two directions and taking moments about a point we 
obtain three, and only three equaticms, between the four unknown 
quantities Jt, 8^ F^ and F\ They are thus indeterminate. 

This may be also seen geometrically. For draw AL and BM inclined 
to the normals AO and BC at angles X and X', equal to the angles of 
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frictioti At A aisd Jt, and let the irertioal thwgigh the centre of mvltj 
of the beam, meet them in (7 and F. Thani provided F ia^within 
the Bp^ QAZ and U within the space CBIf tLS in the fignte, ia provided 
that the vertical through ^ cuts the space OQKNf we may take ahy point 
F between U and F and the resultant reactions at A and B may have 
the directions AF, BP and still give equilibrium. If F were at IT, tiie 
equilibrium would be limiting at A and not so at JT; if /» were at F, the 
equilibrium would be limiting at B and not so at ^ ; and there could be 
any arrangement of forces betwe^ these two extreme <sas&^ 




If the vertical through G were to the right of Ky then there could be 
found no point P on k such that A P was within the cone of friction. at d, 
and at the same time BP within the cone of friction at P. Hence equi- 
librium would be impossible. 

If the ladder be in such a position that the equilibrium was limiting, 
and hence the ladder on the point of sliding down, the points tl and V 
would coincide with /i, the point of intersection of AL and BMy as in the 
second figure. If AG^Oy GB^hy then, by the theorem of Art. 55, we 
have 

(a + 6) cot KGB^a cot A KG — 5 cot GKBy 
(a+6) tan d=:a cotX— 5 tanX', 

80 that 


£x. 3, A uniform heavy elliptical tvirey whose semiaxce are a and 5, is 
hung over a small rough peg. Shew thaiy if the wire can be in equilibrium 
with any point of it in contact with the pegy the coefficient of friction must 


not be less than 


2a6 


Suppose that the wire is in limiting equilibrium when the point of 
contact is F, Let FN be perpendicular to the major axis ; let PG be the 
normal and C the centre. The resulting reaction at P, which makes an 
angle X with the normal at P, must then just balance the weight Hence 
CP must be vertical and t,,VFGm\, 


LS 


5 
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If ^ be the oooentr jo angl^ of P, we hftTH 
tan PCO^^ tan d, 

and ton jtan d, 

* fr — 

tan X - tan CPg-tan (PgiT-PCiT) « > ^ 

Hence sin 2d « gives the limiting position of equilibrium. 

If there is no real value for d, tla there is no HmiHng 

pomtion of equilibrium, and hence the wire will rest with any point of it 
in contact with the peg. 


Ex. 4. The handles of a drawer are equidistant from the sides of the 
drawer and are distant from each other ; if fi be the coefficient of friction 
at the sides of the drawer^ and its base be smooth, ehew that tt is impossible 
to pull it out by pulling one handle straight outwards unless the length of 
the drawer from front to hack exceeds 2/*e. 

Let ABCD be the drawer and let its length and depth, AB and BC^ 
be 2a and 26. If bo the handle 
nearest B, the effect of the pull P at 
E will be to jam the comers C and 
A against the fitment, so that the 
thrusts on the sides A D and BC will 
be R and /S' at if and C, as marked. 

The maximum resistance to the 
motion of the body will be when 
the frictions at A and C are pR 
and fiS, 


Besolving parallel to AB, R^S (l)u 

Taking moments about A, we have 

P(a4^c)-/;t5^.2a-f^. 26 (2). 


Also, if there is to be motion in the direction BA, we must have 
P>^(R+S), i.e. 

sothat (b-fte).F>0. 

Thia rwjuires that 6>^, and Ihen the magnitude of P is immatoisL 
^ns if 6>fie, any pull P, however small, wiD move the drawer ; whilst, 
if 5<^ no pull P, however great, will move it 
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5. 9%i hn0h of Unojoininff tko^ hwoa fmnu of 0 m i0mU of 

a hmds u So, tU eeniro of gravi^ u of a ho^M h o&otw 0U(^ ^ 
at u ddttaiMO x in fr&i^ of iiE« fniddlo point, account ^^^cing taken of 
aide friction, find the dope of the greatett iwMnc on uikiek the Uegde ce^ 
rett without dipping, according as the back or front whed i$ braked. 

The bind wheel being braked, the friction at it is fuSL If be the 
oentre of gravity then O'D^a^x ; D(J^a~-xi CO^h, 



Resolving along and perpendicular to the inclined plane and taking 


moments about we have 

W sin a (1), 

jS-f-iS'n fFcoso, (2), 

and fi^[fiA+o4-4?]«*i2(a— jf) (3)* 

(2) and (3) give ki [fiA + 2a] « (a - j?) If cos a. 

Hence from (1) tana«s 


If the front wheel be braked, the friction is fxR ckcting at A, and, H 
be the corresponding inclination of the plane, we have similarly 

pi?— Ffsinft 
R^Sm. If cos ft 

and R{a—x^ph1^S(a+s). 

Hence, as before, tan (5)* 

It is dear that ^>a, i.e. the bicycle can rest on an incline of greater 
slope when the front wheel is fixed than when the back wheel is fixed, 

Ex, 6. A fiat hcavg circular disc lies on a rough plane and can turn 
freely about a pin in its oircmnference ; shew that it wiU rest in a/ny 

position if the coefficient of friction is where a is the indination 

of the piane to the horison, it being assumed that the weight of the disc is 
uniformly distributed over its curecL. 

Assume that the equilibrium of the disc is limiting when the diameter 
OA of the disc through the pin 0 is inclined at an angle to the line of 
greatest slope through 0. Let w be the weight of the disc per unit of 
area, and a its radius, so that its weight is 
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|[f bft Any point of the diae^ ouch that OPmr and i. AOPm$^ tha 
ele^ient area at ia rdd.dr* The friotion on this element i» thne 
. cos a and acta through P at right angles to OP, ainoe P 
moye^ if it did move, at right angles to OP. llenc«|| by t^ng moments 
ab(>ut 0| we have 


aa^wsino.aein^ 


/‘fiaoottf r +g 

Jo J 


fiw.rdfidrcoBa.r 


B/iW COBa* 


8a» 

■ ® i -? 




32a> 


-/AW COBS} 


sin ^ 


32fi 

Btt tan a * 


This gives the limiting position of equilibrium. There is no limiting 
poaition, i.a. the disc will rest in any position, if 32/i > 9ir tan a. 


T 
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Ex. 7. Turn uniform rods AB, BC^ of weights W and W\ are smoathlg 
jointed €U B, and are placed eo 04 to he in a straight line on a rough 
korizofUcd table; the end A is acted on by a graduaUy increaeing force P in 
a direction perpendicular to the rode. Find how the equilibrium is broken. 

Assume that, when equilibrium is on the point of being broken, the 
rod AB is on the point of turning 
about a point 1 of itself and the 
rod BC about where 
A/»x, Br^y^ AB^a^ BC^b. 

Then the frictions on A I and 
IB are in opposite directions as marked and similarly for PP, PO. 

Lot A be the reaction at B which is clearly perpendicular to each rod. 

The fiiction on AI i& g, IT. - and acts at a distance f from /; so that 

W jJ 

on IB is fjL W- — - and acts at a distance from /. 
a 2 

BoBolving perj^udicular to the rodJfi and taking moments about 7, 


"f; 


17. 


we have (1), 

and 

+ H— j^**-aar+ ^*J ...(2). 

Bo for lie we have 

(2y-b) (3), 

( 4 ). 

(8) and (4) givey-^^ and 
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Akp (1} and <S) give 

And P is found from (1). 

O Wf 

This is true so long ss :r <a, 1$. so long as 1)^L 

d w* 

^ ^)>l 9 4?>a, the above solution no longer holds 

and the frictions at the difierent points of J Bate all in the same direction^ 

We then easily have so that in this case X is less than 

M W' (^2 — 1), which we have found above to be the force requisite to move 
B0» The latter rod is therefore not on the point of motioni but only AB* 


EXAMPLES 

1. A uniform rod i/W has its ends in two fixed straight rough grooves 
OA and OB, in the same vertical plane, which make angles a and /S with 
the horizon ; shew that, when the end if is on the point of slipping in the 
direction AO, the tangent of the angle of inclination of ifW to J^e horizon 

is „ . - A — V , where t is the angle of friction. 

2sinO + €)sin(a-f)* ® 

2. A vertical rectangular beam, of weight W, is constrained by guides 
to move only in its own direction, the lower end resting on a smooth 
floor. If a smooth inclined plane of given slope be pushed under it 
by a horizontal force acting at the hack of the inclined plane, find the 
force required. 

If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of /a so that the inclined 
plane may remain, when left in a given position under the beam, without 
being foit^ outf 

3. A heavy rod, of length 2a, lies over a rough peg with one extremity 
leaning against a rough vertical wall ; if c be the distance of the peg from 
the wall and X be the angle of friction both at the peg and the wall, shew 
that, when the point of contact of the rod with the wall is above the peg, 

then the rod is on the point of sliding downwards when 8in^d«»~ cos^X, 

where d is the inclination of the rod to the wall 

If the point of contact of the rod and wall be below the peg, prove that 
the rod is on the point of slipping downwards when 

sin* d sin (d 2X)«*'^ oos* X, 

and on the point of slipping upwards when sin* d sin (d* 2X) - cos* X. 
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4. If a uniform beam, of length SA, can rest with one end on a rough 
horizontal plane, and against the top of a wall of height A, in a vertioa} 
plz^e [)e^ndicular to the wall and at any inclination to the wall which 
is geometrically possible, shew that the angle of friction between the be^m 
and both wall and ginund, supposed to be equally rough, must be not leas 
thhn 



5. Two equal uniform rods, of length 2a, are smoothly jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed ephme 
of radius a Find the limiting position of equilibrium, and shew that, if 
th0 coefficient of friction be the limiting inclina^tion of each rod to 
the Tertioal is tan“^ 


6* If a pair of compasses rest across a smooth horizontal cylinder of 
radius c, shew that the frictional couple at the joint to prevent the legs 
of the compasses fh>m slipping must be 

W {c cot a cosec a —a sin a), 

where W is the weight of each leg, 2a the angle between the legs, and 
a the distance of the centre of gravity of a leg from the joint. 

7. A rod, resting on a rough inclined plane, whoso inclination a to 

the horizon is greater than the angle of friction is free to turn about 
one of its ends, which is attached to the plane ; shew that, for equilibrium, 
the greateAt( possible inclination of the rod to the line of greatest slope is 
Bm~'^(tanXo0^a). ** 

8. Prove that' an ordinary drawer cannot be pushed in by a force 
applied to one handle until it has boen pushed in a distance 2^c by 
forces applied in some other manner, where 2c is the distance between 
the handles and fi is the coefficient of friction. 

9. If one cord of a sash-window break, find the least coefficient of 
friction between the sash and the window-frame in order that the other 
weight may still support the window. 

10. A hemispherical shell rests on a rough plane, whose angle of 
friction is X j shew that the inclination of the plane base of the rim 
to the horizon cannot be gi‘eater than sin (2 sin X). 

[The centre of gravity bisects the radius perpendicular to the base of 
the shell] 

ll« A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall Shew that, if the coefficient 
of friction be greater than J, the hemiHt)here can rest in any position 
and, if it be less, the least angle that the base of the hemisphere can 

make with the verticai is 

3 
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If the wa31 he rough (eoeSoient of fiiotion ehew that thia 

{The centre of gravity divides the radius perpendicular to the base of 
the hemisphere in the ratio 3:6.] 


12* If a hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horison at an angle % shew 
that the inclination of the plane base of the hemisphere to the horizontal 
is sin* ^ (§ sin a), provided that a is less than sin**^ f and also is leas than 
the angle of friction. 


13* A uniform hemisphere, of radius a and weight Wl rests with its 
spherical surface on a horizontal plane, and a rough particle, of weight 
rests on the plane surface; shew that the distance of the particle fh>m 

the centre of the plane face is not greater than where is the 

coefficient of friction. 


14. A sphere, whose radius is a and whose centre of gravity is at 
a distance c from the centre, rests in limiting equilibrium on a rough 
plane inclined at an angle a to the horizon ; shew that it may be turned 
through an angle 

o /aeinoX 

and still be in limiting equilibrium. 

15. A uniform rectangular board, whose sides are Sa and 26, rests in 
limiting equilibrium in contact with two rough pegs in the same horizontal 
line at a distance d apart. Shew that the inclination d of the side 2a to 
the horizontal is given by the equation 

d cos X cos (X +2d)i-a cos ^ - 6 sin d, 
where X is the angle of friction. 

16. A rigid framework in the form of a rhombus, of side a and acute 
angle a, rests on ^ rough peg whose coefficient of friction is p. Shew that 
the distance between the two extreme positions which the point of contact 
with the peg can have is a/i sin a, 

17. A boy, of weight w, stands on a sheet of ice and pushes with his 
hands against the smooth vertical side of a chair of weight nw. Shew that 
ho .can incline his body to the horizon at any angle greater than cot’ll 2fi 
or cot 2fi«, according as the chair or the boy is the heavier, the coefficient 
of friction between the boy and the ice, or the chair and the ice, being /i 

18. A uniform heavy rod lies on a rough horizontal table and is pulled 
perpendicularly to its length by a string attached to any point. About 
what point will it commence to turn 1 

Shew also that the ratio of the forces, required to move the rod, when 
applied at the centre and through the end of the rod perpendicular to the 
rod, is 4* I ; 1* 





1 . 

; 19. A tukifomi rough AB ikg horirontalty upon two othem «,t 
pdbtfi A and C*, ahew that the least horieoutal force applied at in a 
direction perpendicular to which is able to move the beam, is the 

lesser of the two forces ifiW and where AB is 8c^ AO is 

W is the weight of the beam, and ft the coefficient of friction. 

20. A uniform rough beam AB^ of length 2a, is placed hcaiisontally 
on two equal and equally rough balls, the distance between whose centres 
is i&, touching them in C and D; shew that, if 6 be not grea^^er than 

a position of the beam can be found in which a force P eterted at 

B perpendicular to the beam will cause it to be on the point of motion 
both at C and D at the same time. 

21. A uniform plonk, of length 2a and weight rests with its middle 
point upon a rough horizontal cylinder, whose axis is perpendicular to the 
plank ; shew that the greatest weight that can be attached to one end of 

the plank, without its sliding off the cylinder, is where h is the 

radius of the cylinder and X the angle of friction. 

22. A surface is generated by the revolution of an ellipse, of eccen- 
tricity 0 and foci 8 and JB^ about its major axis. On the surface is placed 
a rough particle P which is attracted towards the foci by forces which 
vary directly as the distances PS and PH respectively ; shew that the 
particle will rest anywhere on the surface if the coefficient of friction be 

> .. ■■ 

23. A circular disc, of weight rests in a vertical plane with a 
point A in contact with a rough table, and is pressed at a point B by 
a man’s finger. If the line AB make an angle a with the vertical, and if 
X and X' be the angles of friction at A and B, prove that if o>X’ the ring 
rolls along the table immediately, however small the pressure that is 
applied at B, that if X">a>X the ring will slip at A when a normal 
pi'essure W cos a sin X cosec (a - X) is applied by the man, and that if a is 
l^s than both X and X' no force applied by the finger will make it mova 

24. Two uniform beams, AC and BO^ are connected by a smooth 
hinge at C and placed in a vertical plane with their lower ends resting on 
a rough horizontal plane. If equilibrium is broken, shew that the end of 
the longer beam will slide and that the other beam will rotate. 

25. Shew that the least force which when applied to the surface of a 
heavy uniform sphere will just maintain it in equilibrium against a rough 
vertical wall is 

ITcosf or W tan t [tan # — Vtan* t - 1 j, 

according as t < or > cos"* — , where W is the weight of the sphere 
and e is the angle of firiction. 
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28* Sbew two i^lindricml logs, of eq^ iwdCi bot iiiieqttA! weigbto 
W &nd W * , where W*> fT, c#«3 rest in oontaot on aii inoliiM^d |iliube with 
their axes horizontal and the heairler log uppern^osti if Ihe ooeffiotent of 
friction fi (supposed the same at each of the linen of oontaot) exceeds 

jjW 1 ^ 

inclination of the plane is less than 
^ <J»+I)(W^'+ 

If the inclination of the plane is gradually increased beyond this valnO) 
how is the equilibrium broken i 


27. An easel has its front legs and its back legs inclined at SO* to the 
vertical Each set of logs is uniform and of weight W» A blackboard of 
weight W just covers the top half of the f^ont legs. A lecturer presses 
normally on the central point of the blackboard with a force equal to 
f times the weight of the board. If the coefficient of friction between the 
legs and the floor, is prove that equilibrium will be broken by the back' 
legs slipping. 


28. Three uniform rods, of lengths a, 6, and c, are rigidly connected 
to form a triangle ABC which is hung over a rough peg so that the side 
BO may rest in coutact with it ; find the length of the portion of the rod 
over which the peg may range, shewing that if 




aja + b^c) 


C+tan^.^* 


6 ( 6 + 0 ) 

where 0>Bf the triangle will rest in any position. 


29. A perfectly rough plane is inclined at an angle a to the borison ; 
shew that the least eccentricity of the ellipse which can rest on the plane is 



2 sing 
1 +8in a* 


50. An elliptic cylinder rests in limiting equilibrium between a roi^h 
vertical and an equally rough horizontal plane, the axis of the cylinder being 
horizontal and the major axis of the ellipse inclined to the horizon at an 

Vl + V— a* — 1 

angle of 46* ; shew that the coefficient of friction is > 


e is the eccentricity of the cross section of the cylinder. 




where 


31. Three equal cylindrical rods are placed symmetrically round s 
fourth of the same radius, and the bundle is then surrounded by two equal 
elastic strings symmetrically placed with respect to the ends ; if the un- 
stretohed length of each string be equal to the circumference of each rod, 

shew that the force necessaiy to pull out the middle rod is , where a 

is the coefficient of friction and X is the modulus of elasticity. 




S^atiea 

« 


9SL Three eqfixal epheree^of raditts a, are |daced io ocmtaist on A ren^ 
hoH^otital plane and a fourui sphere^ of radiue b, is placed on them ; If 
thcdfe is equilibrium, shew that the least angle of firtotion between the 


upper and loMver iq>heres is ^ mn 




1 


2(Z 

U3(a+*)J' 


The length of the line joining the lowest points of the wheels of a 
bicjde is a, and the centre of gravity is at a height h above this line and 
at a distance s in front of its middle point. Ko account being taken oi 
asle fnctioD or of road resistance to rolling, shew that when the brake is 
hard on the back wheel the slope of the greatest incline on which the bicycle 


can be held up without slipping back is a, where tano «(^~ — ^ and p is 
the coefficient of friction between the tyres and the ground. 


M Two wheels, A and J5, of equal radius a and of weights W and ITj, 
are connected by a light bar of length b which is attached to their centres ; 
' the wheels are placed on a rough plane with their common plane vertical, 

A being the higher, and the inclination of the plane is gradually increased ; 
shew that, if slipping commenced at the same inclination, whichever wheel 

bo looked, then | = -^--^1 . 


35. A reel, consisting of a spindle of radius c with two circular ends 
of radius a, is placed on a rough inclined plane and has a thread wound on 
it which unwinds when the reel rolls downwards. If be the coefficient 
of fHction and a be the inclination of the plane to the horizontal, shew 
that the reel can be drawn up the plane by means of the thread if be not 

lew than . If u be just equal to this value, shew that the cor- 

a— ccosa fan 

responding direction of the thread is horizontal. 


86. The cylindrical axle of a wheel is supported on two parallel rails 
which constitute an inclined plane ; a thread is wound round the circum- 
ference of the wheel; under what ciroumstances will pulling the thread 
downwards parallel to the plane cause the wheel to roll up the planet 

37. A reel of thread, whose rim and spindle have radii a and h 
respectively, rests on a rough horizontal table and the loose end of the 
thread passes under the s]>indle and lies along the table. The whole 
system is symmetrical about a plane perpendicular to the axis of the reel. 
Shew that, if the loose thread ^ raised to an single B with the horizoatal, 
the slightest tension in it will in general cause the reel to roll, and the 
motion will be towards or from the hand of the experiments according as 
B is less or greater than a certain value. When B has this critical val^ie, 
shew that there will be no motion unless the tension exceeds a certain 
finite limit 



Mxamplei on Fiii^ion fi' 

88. Whan <he shafts of a dog-oait are horiiontal its centra of gravity 
is just over the axle of the wheel. Tke wheSl is <rf radius a, and it turns 
fieely on a rough axle, of radius 6, and the ground is rough enough to 
prevent any slipping. Shew that the least force which, mhm applied at 
the end of the abaft of length I, will just move the dog-cart passes through 
the point of contact of the wheel with the ground and is equ^ to 

Vl -i** 

h 

sin t , r is the angle of friction between the wheel and its axle, 
and w is the weight of the dog-cart 

39. A heavy carriage wheel is to be dragged over an obstacle, which 
touches the wheel at Cy by means of a rope which is tied to a spoke of the 
wheel and pulled horizontally. Shew that the wheel will roll round Cy and 
not slip both at C and the ground, if the height of the rope above € is less 
than a sin a cot(a-*f}, where a is the radius of the wheel, t the angle of 
friction at (7, and a is the angle made with the vertical by the radius of 
the wheel through C 

40. A solid circular cylinder is placed with its base on rough 
horizontal plane and is capable of free motion about its axis ; if If be its 
weight, and d the radius of its cross-section, shew that the moment of the 
least couple that will move it is a, assuming that its weight is borne 
uniformly by the plane. 

41. A heavy elliptic ^isc, placed on an imperfectly rough table and 
acted on by a horizontal force F, is on the point of motion. Prove that^ 
if its weight be equally distributed over the area and if it begin to tom 
about a focus, the force F must act along an ordinate at a distance 

^ from the centra 

3 4 

42. A uniform disc in the shape of a oardioid lies on a rough plane 
inclined at o to the horizon, and is capable of turning freely round a pin 
at its pole. When just about to slip, its axis makes an angle with the 
line of greatest slope ; shew that sin ^ coto, where p, is the coefficient 
of friction. 

Prove also that the direction of the action at the pin makes an angle 
tan*~^ (i tan fi) with the axis of the cardioid. 

43. A hoop is placed upon a rough horizontal plane and a string 
fastened to it at any point P is pulled in the direction of the tangent at 
P. Shew that the hoop will b^n to turn about the other end of the 
diameter through P. 



CHAPTER V 


WORK. VIRTUAL WORK 


86. Work. A force is said to do work when its point 
of application moves in the direction of the force. 

The force exerted by a horse, in dragging a waggon, does 
work. 

The pressure of the steam, in moving the piston of an 
migine, does work. 

When a man winds up a watch or a clock he does work. 

The measure of the work done by a force is the product of 
the force and the distance through which it moves its point 
of application in the direction of the force. 

Suppose that a force acting at a point A of a body moves 
the point A to D, then the work done by P is measured by the 
product of P and AD. If the point D be on the side of A 
toward which the force acts, this work is positive; if D lie on 
the opposite side, the work is negative. 



B 



B 


Next, suppose that the point of application of the force is 
moved to a point C, which does not lie on the line AB, Draw 
CD perpendicular to AP, or AB produced. Then AD is the 
distance through which the point of application is moved in 
the direction of the force. Hence in the 6rst figure the work 
done is P X AD; in the second figure the work done is —FxAD. 
When the work done by the force is negative, this is sometimes 
expressed by saying that the force has work done against it. 

In the case when A O' is at right angles to AP, the points 
A and P coincide, and the work done by the force P vanishes. 
Thus if a body be moved about on a horizontal table the work 
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done lyy ita weight is sem So, egam^if a body be moved on 
an iticj^ed pkne^ no work is done by the normal reaoti[oii of 
the plane* 

87* Ibe unit of work, used in Statics, is called a Foot* 
Pound, and is the work done by a force, equal to the weight of 
a pound, when it moves its point of application through one 
foot in its own direction. A better, though more clumsy, term 
than ** Foot-Pound would be Foot-Pound-weight* 

88. It will bb noticed that the definition of work, given in 
Art. 86, necessarily implies motion. A man may use great 
exertion in aUempting to move a body, and yet do no work on 
the body. For example, suppose a man pulls at the shafts of a 
heavily-loaded van, which he cannot move. He may pull to the 
utmost of his power, but, since the force which he exerts does 
not move its point of application, he does no work (in the 
technical sense of the wprd). 

89. To shew that the work done in raising a number of 
partides from one position to another is TfA, where* W is the 
total weight of the particles, and his the distance through which 
the centre of gravity of the particles has been raised. 

Let Wx, u/a, w ^, ... Dt/n be the weights of the particles; in the 
initial position let Xi, be their heights above a 

horizontal plane, and x that of their centre of gravity, so that. 


as in Art. 34, we have 

+ (IX 

In the final position let Xx\ be the heights of the 

different particles, and ^ the height of the new centre of 
gravity, so that 

W .x' ^ WiWi + + .(2X 

By subtraction we have 


+ — W(£'‘-x). 

But the left-hand member of this equation gives the total 
work done in raising the different particles of the system from 
their initial position to their final position ; also the right-hand 
side 

^Wx height through which the centre of gravity has been 
raised 

« WJu 
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90. It will be noted that the result of the last article does 
not in any way depend on the initial or final axrang<^ment of 
the particles amongst themselves, except in so &r as the initial 
aiid final positions of the centre of gravity depend on these 
arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the top 
of the hola We only want the positions of the c.a. of the soU 
initially and finally, and then the work done is known. This 
work is quite independent of the path by which the soil went 
irom its initial to its final position. 

91. Power. Def. The power of an agent is the amount 
of work that would be done by the agent if it worked uniformly 
for the wnit of time. 

The unit of power used by engineers is called a Horse- 
Power. An agent is said to be working with one horse-power 
when it performs 33,000 foot-pounds in a minute, i,e, when it 
would raise 83,000 lbs. through a foot in a minute, or when it 
would raise 330 lbs. through 100 feet in a minute, or 33 lbs. 
through 1000 feet in a minute. 

This estimate of the power of a horse was made by Watt, 
but is above the capacity of ordinary horses. The word Horse- 
Power is usually abbreviated into h.p. 

92. Oraphio representation of the work done by a force. 

It is sometimes difficult to calculate directly the work done 
by a varying force, but it may be quite ^ 
possible to obtain the result to a near 
degree of approximation. 

Suppose the force to always act in 
the straight line OX, and let us find 
the work done as its point of applica- 
tion moves from A to B. At A and B 
erect ordinates AO and BD to represent the value of the force 
for these two points of application. For each intermediate 
point of application L erect the ordinate LP to represent the 
corresponding value of the acting force ; then the tops of these 
ordinates will clearly lie on some such curve as CPD, 

Take M a veiy near point to so near that the force may 
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be considered to hq.ye remained constar^t as its point of applica- 
tion moved through the small distance XJf. 

Then the work done by the force 

ms its magnitude x distance through which its point of 

application has moved 

ms LP X LM ms area PM very nearly. 

Similarly whilst the point of application moves from M to 
N the work done 

» area QN very nearly, and so on. 

Hence it follows that the work done as the point of applica- 
tion moves from ^ to jB is, when the lengths LM, MN, ... are 
taken indefinitely small, equal more and more nearly to the 
area ACDB, 

93. As an example of the above construction let us find 
the work done in stretching an elastic string from length 
J ( sa OB) to length c ( = 00), the unstretched length of the 
string being a(»OA)i 



When the length is OP the tension = - {OP - a) = - . PA, 

0/ CL 


by Hooke's Law, the modulus of elasticity being X. 

At P erect a perpendicular PQ to represent this tension. 

Then is constant, and hence Q lies on a straight line 


AEF passing through A. If this straight line meet the per- 
pendiculars through B and G m E and F, the required work 
is, as in the last article, represented by the area BEFG, and 
hence is ^BO x (BE + CF), Le, it 

=« Extension produced multiplied by the mean of the initial 

cmd final tensions. 
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Or, by using Integra^ Calculus, the work done 

94. As another example let us take the ease of the Indi- 
cator Diagram of a steam-engine. 

Suppose OA to represent the 
distance traversed by the piston 
of an engine. When it is af the 
position M in its forward motion, 
erect a perpendicular MP to de- 
note the pressure of the steam 
on it, so that the curve (yPA' 
represents the steam pressure during the forward motion. 
Similarly during the backward motion of the piston, when the 
steam has been cut off, let the curve A*P'0* represent the 
pressure on the same face of the piston as before. Then 
during the forward motion the area of the curve 00' PA* A 
gives the work done by the steam on the piston. So during 
the return motion the area of the curve A'P'O'OA represents 
the work done by the steam against the piston. 

Hence, during the complete stroke, the net work done by 
the steam on one face of the piston is given by the area 
0*PA'P*0\ and hence can be found. 

A curve, like the one in the figure, is called an Indicator 
Diagram and can be automatically found from the motion of 
the piston, i.e, by suitable contrivances the engine can be made 
to draw its own Indicator Diagram. 

96. The work done by a force is equal to the sum of tiie 
works done by its components. 

Let the components of iJ in two directions at right angles 
be X and F, 22 being inclined at an 
angle <f> to the direction of X, so that 
X =5 72 cos and F = 22 sin 

Let the point of application Q of 22 
be removed to a point Q' in the plane of 
the paper, and diaw perpendicular to 22 and let A NQQ ' ^ a. 
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Work dom hy a CowpU 

The sum of the works done by X and F 
^X.QL^T.QM 

cos ; QQ' cos (^ + «) + U sin ^ • QQ'sin -f a) 
w R . QQ* cos a a® U . QN^ the work done by 

96. If the forces and displacement be not in one plane 
the same result easily followa For let the direction cosines of 
QR referred to any three rectangular axes Qa, Qy, Qs be 
(I, m\ n) so that X^IR, Y ^mR, and Z^nR, Let the dis- 
placement QQ* be through a distance hs along a line whose 
direction cosines are (ii, Wj, th) so that Sa?®* 

and Ss Bs ni . Ss. The work done by the component forces 

» X&» + Yhy Zhz ^Rtaillx *f mrrii + nnj) 

= JB . Ss X cos Q*QR i2 x projection of QQ' on the direction of R 
= the work done by i 2 . 

If a particle move along a smooth curve in space, and if the 
force acting on it at any point (a?, y, z) have as components 
X, F, Z, it follows that the total work done on the particle as 

tB 

it moves from a point il to a point (Xcte-fFdy-l- Zdz). 

97. Work done hy a couple. Let the forces of the couple 
be each P and let its arm be AB of length a. 

Suppose the couple to be moved into another position so 
that AB goes to A*B\ the angle between AB and A*B' being 
the small angle 80. 

First, move the forces parallel to themselves so that the 
arm AB takes up the parallel position A'O. The work done 
by the equal and opposite forces P during this displacement 
is zero. 

Now turn the forces through the angle Bd about A', The 
force P acting at A' has no displacement and thus does no work. 
The displacement of the point of application of the other force 
P is a. 80, and the total work done is thus P .a. 80, i.e. the 
moment of the couple multiplied by the elementary angle turned 
through. If the total angle turned through by the couple be a, 

the corresponding work P.a. 8 ^«P.a-a ,80 that in ail 

cases the work done by a couple^ when it is rotated about an 

6 


L8 
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ATifi perpendicular to it» own plane, is equal to the moment of 
the couple multiplied by the angle of rotation. 

98. Potential Energy. The potential energy of a body 
due to a given system of forces is the w6rk the system can do 
on the body as it passes from its present configuration to some 
standard configuration usually called the zero position. 

Thus the potential energy of a particle of weight TT at a 
hmght k above the ground is Wh, 

If however we take into consideration the variation of 
gravity and assume that the attraction of the Earth, supposed 

to be a sphere of radius a, is ^ at a distance x from its centre, 

the potential energy at a height A, when the Earth’s surface is 
taken to be the zero position, 

W, 

since = the attraction of the Earth at a point on its 
surface. 

Again, if one end of an elastic string of natural length a be 
tied to a fixed point, the potential energy of a particle tied to 

its other end is, by Art. 93, when the stretched length is 
a + a* 


j a+fc \ L® a + aj a (a + A) a + A 


99. Ex, 1, A tpkerical shoty of weight W lbs, and radius a feet, lies ai 
the bottom of a cylindrical huckety of radius h feet y which is filled up to a depth 
hfeety (A>2a), with water. Shew that the work dom in lifting the shat just 

clear of the water must exceed W W' foot-powndSy 

the weight of the water displaced by the shot being W lbs. 
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If V be the weight of a unit volume of the water, and cr the apecihe 
gravity of the ahot, we have * 

a^trw and TT'w f «■«%, 

o O 

The work done must at least be equal to the increase in the potential 
energy of the system. 

In the first case the potential energy 

aethat of (a cylinder .4 sphere) of water 

+ a that of the sphere of water equal to the given sphere 

» potential energy of a cylinder A BOD of water 
+((r — 1) that of the sphere of water 

-^6«Air.g+|,ra«(»-l).aw-g?^ W'+{W- W’)a (1). 

When the sphere has been lifted out let hf be the depth of the water, 
so that irb ^ . h' ■■ volume of the water nb'^h - 

u 

In the second case the potential energy 

-,r6»A'io. + ir{A'+«) - 1 ^ W‘+ fFiA'+a) (3). 

The increase in the potential energy 

-I ~ (A'>-A»)+ TrA'+ Wa 

O <1* 


w 



2a*\ 
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Ex. 2. A quantity V of gas at a pressure n is contained in a cylindrical 
vessel; if it be allowed to expand so that the l&ngth alters from Xq to Xi, the 

temperature remaining constant, shew that the work done is n F log^ ^ , 


If it expand adiahatically, i.e, so that no heat passes into or out of the 
gas and the relcuion between the pi'essure p and the volume v is therefore 

constant, shew that the correspondxng work is j j I 1 - J' 


Let p be the pressure when the length occupied by the gas is x, so that 
by BoyieV Law px^^UxQ. Whilst the length changes from x to 
the work done 


•p . Ahx, where A is the section of the cylinder^ 

V . 

— 1 

X Xq 




Hence the work required Flog*^ , 


6-2 
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'in tihe second case we have and the work done 

* t 


/: 


p. - 

mo 




-/: 


dx 




T^t. 3. If in the previous question the gas be contained in a vessel 
of any shape,* and be allowed to expand from a volume V at pi*essure n to 
any volume Fi, shew that the work done is 

according to the condition under which the expansion takes place. 


EXAMPLES 

1. A steamer is going at the rate of 15 miles per hour ; if the effective 
R.p. of her engines be 10,000, what is the resistance to her motion ? 

[lim tons wt.] 

2. A man is cycling at the rate of 6 miles per hour up a hill whose 
slope is 1 in 20 ; if the weight of the man and the machine be 200 lbs., 
prove that he must at the least be working at the rate of *16 h.f. 

3. A man rowing 40 strokes per minute propels a boat at the rate of 
10 miles an hour, and the resistance to his motion is equal to 8 lbs. wt. ; 
find the work he does in each stroke and the h.p. at which he is working. 

[176 ft.-lbs. ; '213 h.pJ 

4 . An elastic cord, whose natural length is 10 inches, can be kept 

stretched to a length of 16 inches by a force of 6 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 16 inches. [|^ ft.4b.] 

5. A spiral spring requires a force of one pound weight to stretch it 
one inch. How much work is done in stretching it three inches more ? 

[f ft..lb,] 

6. A force acts on a particle, its initial value being 20 lbs. wt. and its 
values being 25, 29, 32, 31, 27, and 24 lbs. wt. in the direction of the 
particle’s motion when the latter has moved through 1, 2, 3, 4, 5, and 
6 feet respectively ; find, by means of a graph, the work done by the 
force, assuming that it varies uniformly during each foot of the motion. 

[166 ft -lbs.] 

7. If the axis of a screw be vertical and the distance between the 

threads 2 inches, and a door, of weight 100 lbs., be attached to the screw 
as to a hinge, find the work done in turning the door through a right 
angle. [4J ft. Jba.J 
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8. ProTB that the teneiftto of a stay Is equal to 9 tons' weight i/ K be 
set up hj a ibroe of 49 lb& at a leverage of 2«fe6t acting on a double screw 
having a right-handed screw of 6 threads to the inch and a left-handed 
one of 6' threads to the inch. 

[For one complete turn of the screw its ends are brought nearer Igr a 
distance of () Hh }) inch. Hence the principle of work gives 

+ . 2 , 

where T is the tension of the stay in lbs. wt.] 


9. A Venetian blind consists of n thin bars, besides the top fixed bar, 
and the weight of the movable part is W, When let down the length of 
the blind is a, and when pulled up it is 5 ; shew that the work done 
against gravity in drawing up the blind is 


^ 4-1 

•“ 2 » 


(a-b\ 


10. A solid hemisphere, of weight 12 lbs. and radius 1 foot, rests with 
its flat face on a table. How many foot-lbs. of work are required to turn 
it over so that it may rest with its curved surface in contact with the 
table 1 [Use the results of Arts. 69 and 148.] [3 ft. -lbs.] 

IX. A uniform log weighing half a ton is in the form of a triangular 
prism, the sides of whose cross section are 1^ ft., 2 ft., and ^ ft. 
respectively, and the log is resting on the ground on its narrowest face. 
Prove that the work which must be done to raise it on its edge so that it 
may fall over on to its broadest face is approximately ’27 ft-tons. [Use 
Art, 137.] 

12. A cyclist always working at the rate of ^ of a horse-power rides 
at 10 miles an hour on level ground and 8 miles an hour up an incline of 
1 in 150. Suppose the man and his machine to weigh 180 lbs., and the 
resistance on a level road to consist of two parts, one constant and the 
other proportional to the square of the velocity, shew that when the 
velocity is v miles per hour the resistance is 

13. A cylindrical cork, of length I and radius r, is slowly extracted 

from the neck of a bottle. If the normal pressure per unit of area between 
the bottle and the unextracted part of the cork at any instant be constant 
and equal to /*, shew that the work done in extracting it is where 

is the coe£&cient of friction. 

14. A weight W is drawn up along the surface of a rough cone, whose 
height is h and whose vertical angle is 2<i, and the path cuts all the lines 
of greatest slope at the same angle If the ooeflicient of friction is ft, 
shew that the work done when the weight arrives at the vertex of the 
cone is lFA(l4-ptana86c^). 

[ The work« IT, A+ f piif. ^ , where 1^!= IT sin a, 1 

y 0 008 p coe a J 
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15. A. particle, of weight W, is at the bottom of a rough hemiaphertcal 
bowl which in 5a:ed with it^ vertex at its lowest point The particle ie 
fastened to a string which passes over the rim of the bowl and the 
jiai^cle is slowly drawn by the string up the bowl in a vertical plane 
through the axis of the bowl ; prove that the work done in drawing the 
particle up to the rim is 

ITa 1^1 sin* c -ein 2e log 


where a is the radius of the bowl and e is the angle of friction. 

[If R be the reaction of the bowl when the radius to the particle is 
inclined at d to the horizontal, we have, by resolving perpendicular to the 
string, 




W cos € sin 5 sec 



Hence the work done against friction in dragging the particle up 


«* <fd)« Wa sin c /: 

i 

w w 

wmSWaamej ain (</> + €) sec 2 WdameJ [ainr+cos € tand>]c?i^, 

Also the work done against the weight* W. a.] 


etc. 


16. A solid bomogenoouB cone of height A, radius r, and specific 
gravity « is placed inside a vertical cylinder, of radius r, their bases 
being in contact, and water is poured into the cylinder to the height A 
so that the cone is just immersed. Shew that to raise the cone vertically 
so as to be just clear of the water work must be done equal to 

where FT is the weight of the cone, s being greater than unity. 


100. Virtual Work. When we have a system of forces 
acting on a body in equilibrium and we suppose that the body 
undergoes a slight displacement, which is consistent with the 
geometrical conditions under which the system exists, and if a 
point Q of the body, with this imagined displacement, goes to 
Q', then QQ' is called the Virtual Velocity, or Displacement, of 
the point Q, The word Virtual is used to imply that the dis- 
placement is an imagined, and not an actual, displacement. 

If a force JB act at the point Q and if Q'AT be the perpen- 
dicular from Q' on the direction of li, then the product JB . QN 
is called the Virtual Work or Virtual Moment of the force J2. 
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* * • * 

As in Art. 86 tins work is positive, or negative, atscording as 

QN is in the same direction as iS, or in the opposite direction. 

101. The principle of virtual work states that If a system 
of forces acting on a body he in equilibrium and the body undergo 
a slight displacement consistent with the geometrical conditions of 
the system, the algebraic sum of the virtual works is zero ; and 
conversely, if this algebraic sum be zero, the forces are in equilu 
brium. In other words, if each force P have a virtual displace- 
ment Sp in the direction of its line of action, then, to the first 
order of small quantities, S (P . bp) = 0 ; also conversely, if 
2 (P . bp) he zero, the forces are in equilibrium. 

If the body be a single particle then, by Art. 90, it follows 
that, if the sum of the virtual works of all the forces which act 
on a particle is zero, the virtual work of the resultant is zero, 
and hence that the resultant vanishes and the particle is at rest. 

In the next article we give a proof of this theorem for 
coplanar forces. In Art. 176 will be found a proof for forces in 
three dimensions. 

102. Proof of the principle of virtual work for any system 
of forces in one plane. 

Take any two straight lines at right angles to one another in 
the plane of the forces and let the body undergo a slight dis- 
placement. This can clearly be done by turning the body 
through a suitable small angle a radians about 0 and then moving 
it through suitable distances a and b parallel to the axes. 

[The student may illustrate this by moving a book from any position 
on a table into any other position, the book throughout the motion being 
kept in contact with the table.] 

Let Q be the point of application of any force 22, whose co- 
ordinates referred to 0 are x and y 
and whose polar coordinates are r 
and 0y so that OQ — r and XOQ = 0. 

When the small displacement 
has been made the coordinates of 
the new position Q' of Q are 

r cos (^ + a) 4“ a and rsin 6, 

ia rcos^ — a.rsin^-ha and rsin^-f a.r cos 6, 

if squares of the small angle a be neglected. 
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The changes in the (joordinates of Q are therefore 
a-a.ram^ and 6-fa.rco8i9, 
a — ay and 5 + a«. 

If then X and F be the components of JB, the virtual work 
of which is equal to the sum of the virtual works of X and F> 

» Z(a-«y) + F(6+ aK)=aa.X + 6. F+a(Ftfr-Xy). 

Similarly we have the virtual work of any other force of the 
system, a, and a being the same for each force. 

The sum of the virtual works will therefore be zero if 

a2(X) + 62(F)-l-aS(Fir— Xy) be zero. 

If the forces be in equilibrium then 2 (X) and 2 (F) are, by 
Art. 60, separately equal to zero. 

Also 2 (Ffl?^ Xy) tt=8um of the moments of all the forces 
about Ofand this sum is zero, by Art. 60. 

It follows that if the forces be in equilibrium the sum of 
their virtual works is zero. 

103. Conversely, if the sum of the virtual works be zero for 
any displacement whatever, the forces are in equilibrium. 

With the sam<^ notation as in the last article, the sum of the 
virtual works is 

a2 (X) + 62 (F) + a2 ( Fr - Xy) (1), 

and this is given to be zero for all displacements. 

Choose a displacement such that the body is moved only 
through a distance a parallel to the axis of x. For this dis- 
placement b and a vanish, and (1) then gives 

a2(X)-0, 

t.s. the sum of the components parallel to OX is zero. Similarly, 
choosing a displacement parallel to the axis of y, we have the 
sum of the components parallel to OF zero also. 

Finally, let the displacement be one of simple rotation round 
the origin 0. In this case a and b vanish and (1) gives 

2(F^-Xy)-0, 

so that the sum of the moments of the forces about 0 vanish. 

The three conditions of equilibrium given in Art. 60 there- 
fore hold and the system of forces is in equilibrium. 
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104. Forces which may be omitted in Jormina the eqwt^ion 
of Virtiial Work, 

(1) The tendon of an inetd&ndble string. 

For let OA be such a string whose tension is T. In the 
displaced position let O' A' be the string, 
and draw perpendiculars O'M and on 
OA. It is easy to shew that, to the first 
order of small quantities, OJf= AN. 

For, taking 0 as origin and OA as axis of a?, let ff be the 
point («i, yi, Si) and A' the point (a + where OA^a, 

and «?i, yi, Zu a?*, y,, Ta are all small quantities. 

Since O'A' ^ OA, the string being inextensible, 

(a + /Fj~^i)*+(y,~yi)* + (r,--^i)*«a» 

2a (rj — oci) 4- sqs. of small quantities « 0. 

•. *» fl?i, to the first order of small quantities, 

ie. 0M==^AN. 

Hence the virtual work of the tension 

^T.0M+T(- AN)=r.O. 

Similarly for any other force along the line joining two 
particles, P and Q, of the system, the distance between which 
remains invariable. 

(2) The reaction R of any smooth surface with which the 
body is in contact. 

For if the surface be smooth the reaction R is normal to 
the surface at the point of contact P, so that if P move to a 
neighbouring near point P', PP' is at right angles to the force ; 
its virtual work is thus zero. 

If the surface be rough the work done by the friction P, viz. 
P.(— PP'), must come into the equation, since it is not in 
general zero. 

(3) The reaction at any point of contact P with a faced 
surface on which the body rolls without sliding. 

For the point of contact P of the body is for the moment at 
rest, and so its displacement is zero. The normal reaction at P 
. the friction at P have then zero displacementa 
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(4) The reacHone ifhveen any two hodtee o/ the material 
syetem considered. 

For these reactions are equal and opposite on the tTro bodies. 
Hence provided we write down the equation of virtual work for 
the two bodies taken together the virtual work of any such 
reaction comes into the equation twice, with opposite signs, and 
thus disappears. Thus if we are considering a system of jointed 
rods, the reactions at the joints can be omitted from the 
equation, as in the examples of Art. 106. 

106. We may, if we please, choose a displacement which 
does not satisfy the geometrical conditions of the system, and 
it is often convenient to choose such a displacement. But if 
we do make such a choice we must bring into the equation the 
corresponding force. 

Thus if we assume such a displacement as will make a 
string vary in length, as in Ex. 2 of the next article, we must 
bring into the equation the term tension x increase in length 
of the string. 

106. Ex. 1. Six equal rode AB^ CDy DE^ EFy and FA are each of 
weight W and are freely jointed at their extremities 
so a» to form a hexagon; the rod AB is fixed in a 
horizontal position and the middle points of AB 
and DE axe joined by a string; prove that its 
tension is ZW. 

Let Oi, Oi, and be the middle 

points of the rods. Since, by symmetry, BO and 
Cl) are equally inclined to the vertical the depths 
of the points (7, 0^ and /> below AB are respec- 
tively 2, 3, and 4 times as great as that of 

Let the system undergo a displacement in the vertical plane of such a 
character that D and E are always in the vertical lines through B and A 
and JOE is always horizontal. If descend a vertical distance x, then 0$ 
will descend 3^, G^ will descend 4a;, whilst G^ and G^ will descend Zx and 
X respectively. 

The sum of the virtual works done by the weights 

«■ W.x-h IF. 307+ W. 4o 7+ Fr.3o7+ W.X‘^12W.x. 

If The the tension of the string, the virtual work done by it will be 
Tx (-40?). 

For the displacement of is in a direction opposite to that in which 
T acts and hence the virtual work done by it is negative. 

The principle of virtual work then gives 

121F.ar+r(-4o7)«0^ ue. TmZW, 
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Ex. 2. jPbur t^putd vni^arm rodt are jointed to farm a rAombue ABCB, 
which is^aced in a vertical plane with A 0 vertical 
and A rwting tm a horizontal piane. The rhombus 
ie kept in the position in which ioBAG^B ^ a light 
string joining B and D. Shew that its tension ie 
2 IV tan B, wJ^te W ie the weight of a rode 

Let X be the height above A of the middle 
points of AB and AJO^ so that 3x is clearly the 
height of the middle points of BC and CD. 

Let BO^p’^OD, where 0 is the centre of the 
rhombus. 

Choose as our displacement one in which B becomes B+bB, and hence 
X becomes x+dx and g becomes y+dy. 

Then, T being the tension of BD, the equation of virtual work is 

2 !r( - &y) + If ( - + IT ( - a:F) + If { - a (3x)} + If {- a (ar)} - a 

ay 

Now, if AB:^2a^ we have x^^a cos B and y — 2asin ai 
dx — a sin B .M ^ ^ ^ 

ay* 2i"55[d.ad 

3r'»2Tftana. 

[The reaction at ^ is omitted because it has no displacement; the 
reaction at B is omitted because it comes in twice, for the rod AB and 
for the rod BC, with opposite signs in the two cases.] 

Ex. 3. Eoberval's Balance. This balance, which is a common form 
of letter- weigher, consists of four rods AB, BE, ED, and DA freely jointed 
at the corners A, B, E, and D so as to form a parallelogram, whilst the 
middle points, Cand F, of AB and ED are attached to fixed points (7 and 
F which are in a vertical straight line. The rods AB and DB can freely 
turn about G and F, 




To the rods AD and BE are attached equal scale-pans. In one of 
these is placed the substance If which is to be weighed and in the 
other the counterbalancing weight P, 
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W« ahall the Principle of Virtaai Work to prove that U ie 

umnateria! on what part (ff the scale-pans the weights F and W are 
pUoed. 

Since CBEFbxi^ CADFh,T& parallelograms it follows that, whaterer be 
the angle through which the balance is turned, the rods BE and AD arh 
always parallel to €F and therefore are always vertical. 

If the rod be turned through a small angle the point B rises as 
much as the point A falla The rod BE therefore rises as much as AD 
fslls) and the right-hand scale-pap rises as much as the left-hand one falls. 
In such a displacement the virtual work of the weights of the rod BE and 
its scale-pan is therefore equal and opposite to the virtual work of the 
weights of AD and its scale-pan. These virtual works therefore cancel 
<me another in the equation of virtual work. 

Also if the displacement of the right-hand scale-pan be p upwards, 
that of the left-hand one is p downward^ The equation of virtual work 
therefore gives 

i.e. W. 

Hence, if the machine balance in any position whatever, the weights 
F and W are equal, and this condition is independent of the position of 
the weights in the scale-pans. The weights therefore may have any 
position on the scale-pans. It follows that the scale-pans need not have 
the same shape, nor be similarly attached to the machine, provided only 
chat their weights are the same. 

Ex. 4. A uniform beam rests tangentwlly upon a smooth curve in a 
vertical plane and one end of the 
becm rests against a smooth vertical 
wall ; if the beam is in equilibrium 
in any position^ find the equation 
to the curve. 

Take the wall as the axis of y 
and any point 0 on it as the 
origin. 

If y be the height of the centre 
of gravity of the beam above Ox^ 
the equation of virtual work becomes W . 

[For the other forces, viz. the reactions of the wall and curve, do not 
enter into the equation, by Art 104.] 

y«sconst.«A 

Hence G is the point (acoa A),* where 2a is the length of the rod, and 
6 is its inclination to the horizontal 

Hence the equation to AG ia 

y - tan d(^x-a cos 6) «x tan ^ - a sin d. 

For its envelope, differentiating with respect to wo have x^acxx^B 
and y—h^ — asin®^. 

SO that the required carve is a portion of a four- 

cttsped hypocycloid. 
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EXAMPLES , 

1. Four equal heavy uniform rods are freely jointed so as to form a 
rhombus which is freely suspended by one angular point, and the middle 
points of the two upper rods are connected by a light rod so that the 
rhombus cannot collapse. Prove that the tension of this light rod is 
4 If tan a, where W is the weight of each rod and SSa is the angle of 
the rhombus at the point of suspension. 

2. A string, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length b and weight If, which are 
hinged together. If one of the rods be supported in a horizontal position, 
prove that the tension of the string is 

a* 

S* A regular hexagon ABCDEF consists of six equal rods which are 
each of weight W and are freely jointed together. The hexagon rests in a 
vertical plane and AB is in contact with a horizontal table ; if C and F be 
connected by a light string, prove that its tension is W sTz* 

4. A square framework, formed of uniform heavy rods of equal 
weights W jointed together, is hung up by one comer. A weight W is 
suspended from each of the three lower corners and the shape of the 
square is preserved by a light rod along the horizontal diagonal Prove 
that its tension is 4 IT. 

6. Four equal jointed rods, each of length a, are hung from an 
angular point, which is connected by an elastic string with the opposite 
point. If the rods hang in the form of a square, and if the modulus of 
elasticity of the string be equal to the weight of a rod, shew that the 

unstretched length of the string is . 

o 

6* Four rods are jointed together to form a parallelogram, the 
opposite joints are joined by strings forming the diagonals, and the whole 
system is placed on a smooth horizontal table. Shew that their tensions 
are in the same ratio as their lengths. 

7. Six equal heavy beams are freely jointed at their ends to form a 
hexagon, and are placed in a vertical plane with one beam resting on a 
horizontal plane ; the middle points of the two upper slant beams, which 
are incliiied at an angle & to the horizon, are connected by a light cord. 
Shew that its tension is 6 IT cot d, where W is the weight of each beam. 

8. A regular hexagon is composed of six equal heavy rods freely 
jointed together, and two opposite angles are connected by a string, which 
is horizontal, one rod being in contact with a horizontal plane ; at the 
middle point of the opposite rod is placed a weight If, ; if TT he the 

311 ^ 4 ' W 

weight of each rod, shew that the tension of the string is — - . 
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9. Six equal heavy rods, freely hinged at their ends» form a regular 
hexagon ABCDEF which •When hung up by the point A is kept from 
altering its shape by two light rods BF and CE, Prove that the thrusts 

ML /O #0 

of these rods are ~ W and ~ where W is the weight of either rod. 

[First give the system a virtual displacement in which AB and AF 
remain fixed and BC and FE become equally inclined to the vertical, and 
so obtain the tension of CB\ then give the system a displacement in 
which BC and FE both remain vertical, and the rest of the rods are still 
equally inclined to the vertical.] 

10. A fiat semi-oircular board with its plane vertical and curved edge 
upwards rests on a smooth horizontal plane and is pressed at two given 
points of its circumference by two beams which slide in smooth vertical 
tubes. If the board is in equilibrium, find the ratio of the weights of the 
beams. 


11. Two equal uniform rods AB and AC^ each of length 26, are freely 
jointed at A and rest on a smooth vertical circle of radius a. Shew that, 
if 2d be the angle between them, then 

6sin^d«>acosd. 

[The weights, Wy are the only forces that come into the equation of 
virtual work, and the height of the centre of gravity of each rod above the 

CL 

centre of the circle is - 6 cos A . 

Bind 

. 2Wd - 6 cos dj*0, t,«. - cos d . dd+6 sin d . 6d»0, etc.] 

12. A prism whose cross section is an equilateral triangle rests with two 
edges on smooth planes inclined at angles a, /S to the horizon. If d bo the 
angle which the plane containing these edges makes with the vertical, 
shew that 

^ ^ 2/^3sin osin^-fsin (a+^S) 

tand 

13. Two small smooth rings of equal weight slide on a fixed elliptical 
wire, whose major axis is vertical, and they are connected by a string 
which passes over a small smooth peg at the upper focus ; shew that the 
weights will be in equilibrium wherever they are placed. 

14. Four equal uniform rigid rods, each of weight Wy jointed together 
at their ends so as to form a rhombus are hung from one corner and kept 
approximately in the form of a square by means of weightless rods which 
form the diagonals. Assuming that the very small extensions or 
compressions, whichever the diagonals undergo, are proportional to the 
tensions or thrusts they exert, prove that these forces are each equal 
to W* 
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15. Two flzoall rings, of oqual weight, slide on a smooth wire in the 
shape of a parabola, whose axis is vertical and vertex upwards, and 
attract one another with a force which varies as the distance ; if they can 
rest in any symmetrical position oh the wire, shew that they will rest in 
all symmetrical positiona 


16. A smooth rod passes through a smooth ring at the fbous of an 
ellipse whose major axis is horizontal, and rests with its lower end on the 
quadrant of the curve which is furthest removed from the focus. Find its 
position of equilibrium, and shew that its length must at least be 


^ o 
4 *^4 


where 2a is the major axis and e is the eccentricity. 


17. One end of a beam rests against a smooth vertical wall and the 
other end on a smooth curve in a vertical plane perpendicular to the wall ; 
if the beam rests in all positions, shew that the curve is an ellipse whose 
major axis lies along the horizontal line described by the centre of gravity 
of the beam. 


18. A heavy rod AB, of length 2^, rests upon a fixed smooth peg at 
0 and with its end B upon .a smooth curve. If it rests in all positions, 
shew that the curve is a conchoid whose polar equation, with C as origin, 
a 
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19, A small heavy ring P slides on a smooth wire whose plane is 
vertical, and is connected by a string passed over a small pulley 0 in the 
plane of the curve with another weight W which hangs freely. If the ring 
is in equilibrium in any position on the wii'e, shew that the form of the 
latter must be that of a conic section whose focus is at the pulley. 

[If in the position of equilibrium OP is r and is inclined at d to the 
vertical, the equation of virtual work gives 

Pd(rco8d)+ 

/Vco8d+ ltr(f-r)ssconHt. etc.] 

20. is a heavy beam which can turn about a horizontal axis at A; 
a cord fastened to B passes over a smooth pulley <7, vertically above A, 
and is tied at the other end to a given weight P which moves on a given 
smooth curve ; find the form of the curve if there is equilibrium in all 
positions. 

[If X be the depth of the middle point of the beam below A, and W be 
its weight, then 

P3(r cos d)+ Tf8a?«0, 
so that Pr cos d 4- IFar— const. 

Also (^-r)*«fl* 4 - 4 a 24 - 4 ca 7 , where AP«2a, A(7»c, and I is the length 
of the cord. Eliminate j;.] 
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GRAPHIC SOLUTIONS 

107. The resultant of a system of forces acting at a point 
may be obtained graphically by means of the Polygon of 
Forces. For, (Fig. Art. 24,) forces acting at a point 0 and 
represented in magnitude and direction by the sides of the 
polygon ABCDEF are in equilibriumu Hence the resultant of 
forces represented by AB, BG, CD, DE, and EF must be equal 
and opposite to the remaining force FA, ie. the resultant must 
be represented by AF. 

It follows that' the resultant of forces P, Q, R, 8, and T 
acting on a particle may be obtained thus ; take a point A and 
draw AB parallel and proportional to P, and in succession BC, 
CD, DE, and EF parallel and proportional respectively to Q, B, 
S, and T; the required resultant will be represented in magni- 
tude and direction by the line AF. The same construction 
would clearly apply for any number of forces. 

Many problems which would be difficult or, at any rate, 
veiy laborious to solve by analytical methods are comparatively 
easy to solve graphically. These questions are of common 
occurrence in engineering and other practical work. There is 
generally little else involved besides the use of the Triangle of 
Forces and Polygon of Forces. 

108. Ex. 1. ACDB i$ a string whose ends are attached to two points, 
A and B, which are in a horisowtal Km and are seven feet apart The 
lengths of AC, CD, and DB are 3J, 3, and 4 feet respective^, and at C is 
attached a one-pound weight. An unknown weight is attached to D of such 
a magnitude that, in the position of equilibrium, CJ)B is a right angle. 
Find the magnitude of this weight and the tensions of the strings. 

Let Tj, 7j, aod be the required teueions and let « lbs. be the 
weight at D. Take a vertical line OL, one inch in length, to represent the 
weight, one pound, at C. Through 0 draw OM parallel to AO, and 
through L draw LM parallel to CD. 
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By the triangle of forces OM represents T^ and ZJf represents 
Produce OL vertically downwatxis and through M draw parallel to 
BD. Then, since LM represents T9, it follows that Tg is represented by 
MNf and x by LN, By actual measurwent, we have 

(7ifw3‘05 ina, Zi/'«2*49 ins,, ins., and 5*63 ina 

Hence the weight at 2) is 6*63 lbs. and the tensions are respectively 
3 05, 2*49, and 5-1 lbs. wt. 


O 



Bx. 2. The Orane. The essentials of a Crane are represented in the 
annexed figure. is a vertical post ; dC a beam, called the jib, capable 
of turning about its end d ; it is supported by a wooden bar, or chain, 
C2), called the tie, which is attached to a point D of the post AB, At C 





is a pulley, over which passes a chain one end of which is attached to a 
weight to be lifted and to the other end of which, is applied the force 
which raises PF. This end is usually wound round a drum or cylinder. 
The tie CD is sometimes horizontal, and often the direction of the chain 
Ls 7 
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CS oofncidns wHTi it. In the above crane tlie ectione in the jib and tie 
miiy be determined graphicafly as foDows. 

Draw KL vertically to represent W on any scale, and then draw ZM 
equal to KL and parallel to CE ; through M draw MN parallel to AC and 
through K draw /TiT parallel to DQ, 

Then KLMN is a polygon of forces for the equilibrium of C\ for we 
assume the tension of the chain to be unaltered in passing over the pulley 
(7j and hence that the tension of CE is equal to W, Hence, if T be the 
thrust oi AC and T* the pull of CD, we have 

T T* W 
MN'" EE’" KL' 

Hence T and T' are represented by ME and EE on the same scale 
that EL represents W. 

Ex. 3. Shew how the forces which <tct on a kite maintain U in equili^ 
hrittm, proving that the ^perpendicular to the kite must lie between the 
direction of the string and ths vertical. 

Let be the middle line of the kite, B being the point at which the 
tail is attached ; the plane of the kite is perpendicular to the plane of the 
paper. Let Q be the centre of gravity of the kite including its taiL 



The action of the wind may be resolved at each point of the kite into 
two components, one perpendicular to the kite and the other along its 
surface. The latter components have no eflbct on it and may be neglected. 
The former components comiwiud into a single force E perpendicular to 
the kite which acts at a point // which is a short distance above O. B 
and W meet at a point 0 and through it must pass the direction of the 
third force, vis. the tension T of the string. 

Draw EL vertically to ropre.sent the weight TT, and LM parallel to 
HO to represent R. Then, by the triangle of forces, ME must represent 
the tension T of the string. 

It is clear from the figure that the line ME must make a greater angle 
with the vertical LE than the line LM^ i.e. the perpendicular to the kite 
must lie between the vertical and the direction of the string. 

From the triangle of forces it is clear that both T’ and IF must be 
smaller than the force R exerted by the wind. 
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EXAMPLES* 

[Tbe following examples are to Im solved grapbloally.] 

1. A heav 7 beam, AB, 10 feet long is supported, A uppermost, by two 
ropes attached to it at A and B which are respectively inctiiied at 56® and 
50® to the horizontal j if ^J3 be inclined at 20® to the horizontal, find at 
what distance from A its centre of gravity is. Also, if its weight be 
200 lbs., find the tensions of the two ropes. 

[316 ft.; 133 and 118*8 lbs. wt.] 

2. if i? is a uniform beam turning on a pivot at (7 and kept in equilibrium 

by a light string AD attached to the highest point A and to a point D 
vertically below C. If AB^Z ft., ACm^i ft., CD ft., and 2>il«2*7 ft., 
and the weight of the beam be 10 lbs., find the tension of the string and 
the reaction of the pivot. [6*76 and 16*6 lbs. wt.] 

3. A cantilever consists of a horizontal rod AB hinged to a fixed support 

at il, and a rod DC hinged at a point (7 of AB and also hinged to a fixed 
point D vertically below A. A weight of 1 owt. is attached at B ; find the 
actions at A and C, given that AB^^ ft., AC'n2 ft, and AZ>n3 ft, the 
weights of the rods being neglected. [2*83 and 3‘61 cwt] 

4. The plane of a kite is inclined at 60® to the horizon, and its W'eight is 
10 lbs. The resultant thrust of the air on it acts at a point 8 inches 
above its centre of gravity, and the string is tied at a point 10 inches 
above it h'ind the tension of the string and the thrust of the air. 

[26*8 and 32*1 lbs. wt.] 

109. Funicular, t.e. Rope, Polygon. If a light cord have 
its ends attached to two fixed points, and if at different points 
of the cord there be attached weights, the figure formed by the 
cord is called a funicular polygon. 

Let 0 and 0i be the two fixed points at which the ends of 
the cord are tied, and let Ai, A^, ... An be the points of the 
cord at which are attached bodies whose weights are Wi, Wj, ... 
tOn respectively. 

Let the lengths of the portions OAj, AjA^, A^A^, ... AnOi 
be tti, Oj, 0 ,, ... an+i respectively, and let their inclinations to 
the horizon be 

Ofj, ... 

Let k and A? be respectively the horizontal and vertical 
distances between the points 0 and Ox, so that 

Oi cos Cl -h a* cos + ... -f Un+i cos ttn+i « A (1), 

and Oi sin ai -f a* sin a, 4- ... -f- a»H-i sin Oih-i f= (^)- 

Let Tx, Ti, ... Tn+i be respectively the tensions of the 
portions of the cord. 
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Resolving vertically and horizontally for the eqailibriom of 
the different weights in succession, we have 

Tasinoj — risinai = Wi,and Tgcosaa — TiCosaissO; 

sin a, — Ta sin Og ~ and cos a, — iTg cos Og = 0 ; 


IVf 1 sin On+i - Tn sin Oft = W^y and Tn+i cos On+i - Tn cos ttn * 0, 

These 2n equations, together with the equations (1) and (2), 
are theoretically suflScient to determine the {n + 1) unknown 
tensions, and the (n + 1) unknown inclinations 

••• 

From the right-hand colunm of equations, we have 
T, cos fli = cos Oa = ^8 cos Oi = .•. = Tn+i COS On+i —K (say) ...(3), 

so that the horizontal component of the tension of the cord is 
constant throughout and equal to JT. 



From (3), substituting for T^y T^y ... in the left-hand 
column of equations, we have 

tan Oj - tan — 


tan 0 , 


— tan Og = 


Wa 


tana^+,-tanan=^^. 

If the weights be all equal, then tanoi, tanOj, ... tanogi^i 
are in arithmetical progression. 
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Hence when a set of equal weights,^ attached to different 
points of a cord, as above, the tangents of inclination to the 
horizon of successive portions of the cord form an arithmetical 
progression whose constant difference is the weight of any 
attached particle divided by the constant horizontal tension of 
the cords. 


110. Graphic construction. If, in the Funicular Poly- 
gon, the inclinations of the different portions of cord be given 
we can easily, by geometric construction, obtain the ratios of 


Wu Wa, 

For let G be any point and CD the 
horizontal line through G. Draw 67^, 
(7P,, ... CPn+i parallel to the cords OAi, 
AiA^y ... so that the angles FfiD, 

P^GD^ ... axe respectively «!, Oj, .... 

Draw any vertical line cutting these 
lines in D, Pj, P*, .... 

Then, by the previous article, 



K 


K 


tan Oj — tan = 


tan OL^ — tan Og = 


DP, 

CD 

DPj 

CD 


DP, P,P, 

W CD * 

DP,_PJ\ 

CD ^ CD ' 


and so on. 

Hence the quantities ... Wn are respectively pro- 

portional to the lines CD, PjP*, PaP», ... PnPn^u a^d hence 
their ratios are determined. 

This result also follows from the fact that GP,P, is a triangle 
of forces for the weight at Jj, (7P,P, similarly for the weight at 
A,, and so on. 

Similarly, if the weights hung on at the joints be given and 
the directions of any two of the cords be also known, we can 
determine the directions of the others. We draw a vertical line 
and on it mark off PiPg, PaPa* ••• proportional to the weights 
.... If the directions of the cords OA,, A,A, are given, 
we draw Pi(7, Pfi parallel to them, and thus determine the 
point C. Join G to P,, P 4 , ... etc., and we have the directions of 
the rest of the cords. 
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111. To findf by a gfaphic constmctiont the resultant of any 
number of coplanar forces. 

Let the forces be P, Q, iJ, and 8 whose lines of action are as 
in the left-hand figure. 

Draw the figure ABODE having its sides AB, BG^ CD, and 
DE respectively parallel and proportional to P, Q, P, and & 
Join AE, so that by the Polygon of Forces AE represents the 
required resultant in magnitude and direction. 



Take any point 0 and join it to A, B, C, D, and E; let the 
lengths of these joining lines be a, 6, c, d, and e respectively. 

Take any point a on the line of action of P ; draw a^S parallel 
to BO to meet Q in /3, j3y parallel to CO to meet P in 7, and 
yS parallel to DO to meet 8 in S. Through S and a draw lines 
parallel respectively to EO and OA to meet in e. 

Through e draw eZ parallel and equal to AE. Then eZ shall 
represent the required resultant in magnitude and line of action, 
on the same scale that A B represents P. 

For P, being represented by AB, is equivalent to forces 
represented by -40 and OB and therefore may be replaced by 
forces equal to a and b in the directions €a and ySa, So Q may 
be replaced by b and c in directions and y/3, P by c and d in 
directions /S7 and by, and S by forces d and e in directions 78 
and eS. 

The forces P, Q, P, and S have therefore been replaced by 
forces acting along the sides of the figure a/SySe, of which the 
forces along /S7, and 78 balance. Hence we have left forces 
at € which are parallel and equal to AO and OE, whose re- 
sultant is AE. 

Since eZ is drawn parallel and equal to it therefore 
represents the required resultant in magnitude and line of action. 
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Such a figure aa A BdDE is called a Force Polygon and one 
such as uBySe is called a Link or Funicular PolygoUi^ because it 
represents a set of links or cords in equilibrium, 

112. If the point E of the Force Polygon coincides urith 
the point .d it is said to cloaa> and then the resultant force 
vanishes. 

If the Force Polygon closed, but the Funicular Polygon did 
not close, %.e. if Sea was not a straight line, we shduld have left 
forces acting at S and a parallel to OE and AO, t.a we should in 
this case have two equal, opposite, and parallel forces forming a 
couple. 

If however the Funicular Polygon also closed, then Sea would 
be a straight line and these two equal, opposite, and parallel 
forces would now be in the same straight line and would balance. 

Hence, if the forces P, Q, R, 8 are in equilibrium, both their 
Force and Funicular Polygons must close. 

113. If the forces be parallel the construction is the same 
as in the previous article. The annexed figure is dra^ for the 
case in which the forces are parallel and two of the five forces 
are in the opposite direction to that of the other threa 



Since P, P, and S are in the same direction we have ABy 
CD, and DE in one direction, whilst BC and EF which 
represent Q and T are in the opposite direction. 

The proof of the construction is the satne as in the last 
article. The line equal and parallel to AF, represents the 
required resultant both in magnitude and line of action. 

This construction clearly applies to finding the resultant 
weight of a number of weights. 

Ex. A tcni/orm beam RK, of length 12 feet and weight 5 cwt, is 
supported at R and K so as to be horizontal ; at points L and Mon it, such 
that RL^^ft. and RM^Z ft,, weights of 4 cwt, and 3 awt are placed; find 
graphiooU^ the reactums at II and K, 
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Measure A B, BC^ CD vertically on a scale fn which 1 cwt. is represented 
by half an inch, so that in&, ins., and CD^l^ ins. 




Take any convenient pole 0. 

From any point a on the vertical through L draw ae, aj9 parallel to 
OAi OB to meet the verticals through H and in ^ and /3 ; draw jSy 
parallel to CO, yS parallel to DO, and join dc. Draw OE parallel to dc to 
meet ABinE. Then DE, EA clearly represent S and R. On measure- 
ment| we have fEs=6'83 cwt. and #$«6*I7 cwt. 

114. There is another system of lettering (known as Bow's 
or Henrici’s system) that may be used conveniently in the work 
of Art. 111. 

Let the space between the forces P and Q be called J5; 
that between Q and R be called G and so on. 

Then the line of action of P is the boundary between the 
spaces A and B, and hence in the second figure the line that 
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. • 

represents it may conveniently be called oft. The Force Polygon 
therefore is named abcde, * 

When the pole o has been taken and the Funicular Polygon 
a^yBe has been drawn, the space within the latter is then con- 
veniently called 0 . 




Thus a small letter attached to an angle of the Force 
Polygon corresponds to a big letter attached to a space of the 
Funicular Polygon. 

The point of application, a, of the force P is the meeting 
point of the spaces A, B and 0 and hence may be called the 
point A BO ; the corresponding triangle of forces for this point 
is abo. Similarly for the other forces. 

115. If any two funiculars of a given system of forces 
corresponding to two poles 0 and 0' be drawn, the locus of the 
intersection of their corresponding sides is a straight line which 
is parallel to 00\ 

Let a'^SV - be the funicular, constructed as in Art. Ill, 
corresponding to the second pole O'. Reverse all the forces 
P, Q, i{, ... acting at /3', y, ... 

Resolve Q at ^ into forces, equal to BO and 00, along ot/S 
and 7 ) 8 ; and the reversed Q at into forces, equal to 0'J5 and 
00', along fi'oL and fi’y ; and take moments about U, the inter- 
section of a/3 and 

Then since these four components are in equilibrium the 
sum of their moments about U is zero Also two of them pass 
through U. Hence the moments of the forces along yfi and B'y 
(equal to 00 and 00' respectively) about U is zero. 

Hence their resultant passes through U. But it clearly also 
passes through F, the intersection of fiy and 13' f/. Hence their 
resultant is in the line UV. 
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But by the right-hand figure the resultant of forces repre^ 
setited by 0(7, 00' is p^allel to 00\ so that UV is parallel 
to 00\ 

Similarly the line YW, joining Y to the intersection, TT, of 
the lines yh and y'h\ is parallel to 00\ 

Hence all the points ?7, F, TT, clearly lie on a straight 
line which is parallel to 00\ 

116 . Given one funicular of a given system of coplanar 
forces, to construct all the funiculars. 

This may be done by reveraing the process of the previous 
article. 

For let a/3 meet any line HK in U, Draw Ua'0' in any 
arbitrary direction to meet the forces P and Q in a' and 
Let yS, Se, ... meet HK in Y, W, X, .... 

Draw Y/S'y, Wy'S', XSV, ... to meet It,S,T,... in y\ S\ e', . . , . 
Then, by the previous article, a'$'y... is another funicular. 

Also, since HK and Ua'0' are both arbitrary, it is clear that 
an infinite number of funiculars can be thus obtained. 

117 . Graphic representation of the moment of the resultant 
of given forces. 

Let the notation be as in Art. 111. 

If we want the moment about a given point M, through it 
draw a line MUV parallel to the resultant L to meet in U and 
V the two sides of the funicular polygon which meet on this 
resultant. From 0 draw a perpendicular OH upon AE, and 
from M a perpendicular MN on the line of action of the 
resultant L. 

Since the sides of the triangles UeY and AOE axo respec- 
tively parallel, 

UY ^ Ue ^ per p^ from e on UY _ MN 
AE ^ AO ^ ^ on ZA? OH * 

so that AS. UY.OH. 

Hence the sum of the moments of the four component forces 
P, Q, P, S about M = the moment of their resultant L about M 

^L.MN^AE.MN 
^ UY.OH, 
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the moment about M is equal to the intercept^ on the line 
through M parallel to the resultant, of the sides of the funicular 
polygon which meet on the resultant multiplied by the perpen- 
dicular from the pole 0 on the aide of the force polygon which 
represents the resultant. 



Similarly, the moment about M of any of the Component 
forces P is equal to the intercept on the line through M parallel 
to P of the two sides through a of the funicular polygon 
multiplied by the perpendicular from the pole 0 on the side AB 
of the force polygon which represents P, 

118 . A closed polygon of light rods freely jointed at their 
extremities is acted upon by a given system of forces acting at 
the joints which are in equilibrium ; find the actions along the 
rods* 



Let A^At^ fee a system of five rods freely 

jointed at their ends, and at the joints let given forces Pi, P*, 
P,, P4, and P* act as in the figure. Let the consequent actions 
along the rods be Pun Paii Pm# Pw* Pta ^ marked* 



J^ties 


m 

Draw the pentagon ^bcde having its sides parallel and pro* 
portional to the forces Pa. •- Since the forces are in 
equilibrium this force polygon is a closed figure. 

Through a draw ao parallel to AiA^ and through e draw eo 
parallel to A^A i. Now the triangle eoa has its sides parallel to 
the forces Pi, Pia, and which act on the joint Ai. Its sides 
are therefore proportional to these forces; hence, on the same 
s^le that ea represents the sides ao and oe represent Pu 
and Pei- 

Join oc, odj and oe. The sides ab and oa represent two of 
the forces, P| and Pu, which act on A^. Hence bo, which 
completes the triangle aoh, represents the third force P^ in 
magnitude and direction. Similarly oc and od represent P** and 
P 4 , respectively. The lines oa, oft, oc, od, and oe therefore 
represent, both in magnitude and direction, the forces along 
the sides of the framework. A similar construction would 
apply whatever be the number of sides in the framework. 

119. It is clear that the figure and construction of the 
preceding article are really the same as those of Art. 111. 

If the right-hand figure represents a framework of rods ab, 
be, cd, ... acted on at the joints by forces along ao, ho, then 
the polygon A^A^A^A^A^ of the left-hand figure is clearly its 
force polygon, since AjA*, AjA,, ... are respectively parallel to 
ao, ho, .... 

Hence either of these two polygons may fee taken as the 
Framework, or Funicular Polygon, and then the other is the 
Force Polygon. For this reason such figures are called Reci- 
procal 



As another example we give a triangular framework acted 



Graphie Con^rudiom 109 

on at its joints by three forces Pj, Pa,«P, in equilibrium whose 
foi-ce polygon is aic; conversely, A^A^Ai is the force polygon 
for the triangle abc acted on by forces Tjg, 2®, and 

120. Ex. 1. A framework^ AiA^A$A4, comUting of light rods stijfffnod 
hy a brace j 4 i- 4 s, is kept in a vertical plans by supports at Ai and J4, 
so that A1A4 is horizontal; the lengths of AiA^, A^A^, A^A^ and are 
3, 2, 3, and ^feet respectively; also AiAt and A^As are parallsl^ and A\A% 
and AzAi are equally inclined to AxA^, If tseights of 10 and 6 owL 
respectively he placed at Ag and A$f find ike recustions of the supports cd 
A\ and A4, and the forces exerted by the different portions of the framework. 
Lot the forces in the sides be as marked in the figure and let Pi and 
P4 be the reactions at Ai and A4, 


A 



C 


Draw a vertical line AB, 5 inches in length, to represent the weight 
10 cwt. at Ai ; also draw AD parallel to A1A2 and BD parallel to A^z, 
Then ABD is the Triangle of Forces for the joint Az- 

Note that the force at Az in the bar AzAz must be along AzAz or AzAz, 
and that at along iis^s or ^3^3. 

[Any bar, which undergoes stress, as in this case, is either resisting 
a tendency to compress it, or a tendency to stretch it. In the first case, 
the action at each end is from its centre towards its ends, in which case 
the bar is called a Strut ; in the second case the action at each end is 
towards its centre, when the bar is called a Tie. In either case the 
actions at the two ends of the bar are equal and opposite.] 

Draw BC vertical and equal to 2^ in& to represent the weight at A^, 
Draw CE parallel to A3A4 and DE parallel to Then DBCE is the 

Polygon of Forces for the joint A%, 
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Draw EF horizontal to AC in F Then EOF is the Triiwtgle of 
Forces for At, so that the reaction P 4 is represented CF and 
hfFE. 

Finally, for the joint Ai, we have the polygon EEFA^ so that Pi is 
represented by FA, 

On measuring, we have, in inches, 

EF«^V\% CE^ZSl, PP-rrf, 2)il»5'30, P^**91, 
(7P-3126, and Pi-*4-376. 

Hence, since one inch represents 2 cwh, we have, in cwta, 

Pi 4 « 2 * 20 , ^44-6*62, T23«3*64, 10*60, Pa«l- 8 S, 

P4-6'25, and Pi«8*76. 

Also from the order of the forces in the triangles and polygons of 
forces it is clear that the bars AiAs and A 1 A 4 are in a state of tension, 
t>. they are ties, whilst the other bars of the framework are in a state of 
compression, i.e. they are struts. 

£z. 2. A portion of a Warren girder consisti of a light frame composed 
of three equilateral triangles AxA%Af,^ AgAi-dj, AfAsAs and rests mth AAAe 
horizontal, being euftforied at Ai and A 4 . Loads of 2 and 1 tone are sue- 
pended from A% and A^; find the stresses in the various members. 

Draw AB, BO vertically, equal to 2 inches and 1 inch respectively, to 
represent P 2 and Pa. Take any pole 0 and join OA, QB, 00, 

Take any point a on the line of action of l \ ; draw ad parallel to OA 
to moot the line of the reaction Pi at Ai in 3, and ajS parallel to OB to 
meet the vertical through Agin and then parallel to 00 to meet the 
vertical through in 7. Join yd ; then cl^yd is the funicular polygon of 
which (if we draw OB parallel to yd) the straight line ABO I) is the force 
jK)lygon. 


A2 fva Ay 



Hence Pj and P 4 are represented by BA and CD, Let the forces 
exerted by the rods, whether thrusts or tensions, be P,a, Tjjj, as marked. 

Draw DE, parallel to AiAg and AiAg ; then AMD is a triangle of 
forces for A|, so that AE and ED represent and 
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Draw parallel to’ A%A^ and ^|4si bo tliat WABF is tbe polrgon 

of forces for the joint A^t and thus EF and FB represent and 7^. 

Draw CQy FQ parallel to A^^ and A^t^ (which meet on EE)y Bo4hat 
FBVQ is the polygon of forces for the joint Ag^ and thus FO and €fC 
represent Tqi, and 

Then CBG is the triangle of forces for A^^ so that I>G represents 7a. 

Finally, EDGF is the polygon of forces for the joint 

On measuring off the various lengths in inches, we have 
Pi-1-75, Jp4=l‘26, 7\a«2-02, 7"23««^87, 7;6«‘72, 

5^16 ■« 1 * 01 , 7a«*7V6*='29 ton's wt. respectively. 

Also, from the order of the forces in the triangles and polygons of 
forces, it is clear that Aide, A 6^4 and AbA^ are ties, and the others 
are struts. 

[A girder, consisting of a number of portions like the part in the 
figure, is called a Warren girder after the name of its inventor, Oapt. 
Warren, who introduced it about the year 1850*] 

Ex. 3. AiA^AsA^AbAb w a roof -truss as in the figure; at the poifits 
A 2 , A^y Aif ABCtct forces Pj, Pj, P 4 , P® in the directions marched; equilibrium 
is kept hy means of a reaction Pj oA Ai which is unhnovm in magnitude and 
direction^ and an unknown reaction P 4 at A 5 in the given direction AbX; find 
these reactions and also the tensions or thrusts of the rods forming the truss. 
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Starting with A\ (which is the only point we know on the line of action 
of the unknown force Pi) draw the funicular polygon JiijSyd.,. in which 
J9v, 7 ^, d«, eC are parallel respectively to OB, OC, OJ)^ OE^ and OQ, 



Join AiC and draw OA parallel to it to meet OA (which is drawn 
parallel to the given direction A^E) in A. 

Then clearly OA represents the unknown reaction P® ; and AB 
represents both in magnitude and direction the unknown reaction P] 
at Ai. For, since the force polygon ABCDEOA and the funicular 
polygon Axfiyht(Ai are closed, the corresponding forces P,, P^, ... P# 
acting atJx, A ^^ ... A^^ in the directions given or found, are in equilibrium. 
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To draw the force polygon as neatly as jjossible we should have the 
forces in it in the order in which they are 'in the frama Draw then 
EF^ FA parallel to QA^ GE and we have as the force polygon the 
figure ABCDEFA. 

Draw BK^ AK parallel to A^A^ and AyA^ so that ABK is a triangle of 
forces for At, Through F, C draw KL^ CL parallel to so that 

BCtK is a polygon of forces for A^, 



Through X, B draw ZM, Dif parallel to so that CDML is 

a polygon of forces for A^n 

Similarly, DENMva a polygon of forces for A^, It is then found that 
NF is parallel to A^t^ »o that EFF is a triangle of forces for ^5, and 
FAKLMN in a polygon of forces for Aq. 

It is easily seen that the rods AxA%^ A^Ast A^Aq are in thrust, 

and that the other five are in tension. 

121. There is one point to be noted which is of some 
importance in drawing the figure and which may be explained 
by the last example of the foregoing articla In drawing the 
forces for the joint we might have drawn a line through 0 
I»arallel to A^A^ and one through K parallel to A^At; this would 
not have been wholly wrong, but the figure resulting would have 
been more complicated than the preceding. The proper rule 
to observe is that the lines meeting at any point C of the 
figure should, if possible, be parallel to forces acting at two 

LS B 
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joints, and the link joining these joints, of the frame. Thus 
since at C there meet the forces acting at two joints -4,, -4, of 
the frame, the third line through it should be a line parallel to 
A^A^; hence we draw CL parallel to A^A^. 

But sometimes, as at the point L, we do not have lines 
parallel to any of the original external forces of the frame; in 
this case we take the lines through £ to be such that they are 
parallel to the sides of a triangle in the original frame. Thus 
in drawing the force polygon for A^, we start with X(7, CD which 
have already been drawn. Through L we could now draw a 
line parallel either to .48-44, or -4,-48; but the forces already 
drawn at L are parallel to A^A^ and A^A^y and A^A^ satisfies 
the condition of forming with these two a triangle in the 
original frame whilst A^A^ does not; we therefore draw LM 
parallel to -4,-48 and then DM parallel to A^A^. 

In drawing the force diagram we therefore should take care 
that the three forces represented hy lines passing through any 
point of the figure are either parallel to two eocternal forces and 
the corresponding link of the frames or are parallel to the sides 
of a triangle in the frame. 

122. Method of Sections. Sometimes only the reactions 
in a portion of the diagram are wanted and then the whole of 
the reciprocal diagram need not be drawn. Thus suppose in 
Ex. 3 of -Ajrt. 120 we only want T^> Imagine a line 
QRS drawn to cut them so that Q, -R, S are respectively on 
-4,-4;, and AiA^. The portion to the left of QRS is then in 
equilibrium under the action of the forces on it, provided we 
include Tj#, acting along A^A^, A^A^t ^ i-da, i.e. it is in 

equilibrium under the action of the external forces Pj, P,, 

Pjw, Pw. These are equivalent to two forces Pi and P* given 
in magnitude and direction, Tu whose line of action is given, 
and a force X [the resultant of the two unknown tensions 
Pa, and Tf\ of which we only know its point of action 4.,. The 
solution may thus be completed by drawing successively tri- 
angles of forces for Pj, and Tj 2 , then for Pj,, P„ and X, and 
finally for X, Tag and P*,. 

Or we may take moments about -4,, and we have 

P,8 X perpendicular from 4, on 4,4, 

« Pi X perpendicular from 4, on 4iPi. 
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Similarly, moments about the intersection of and 
and moments about A^ will give and 

In applying this method care must be taken that the section 
chosen does not cut more than three of the members of Ijhe 
frame, 

123. A number of bars jointed together at their ends is 
known as a framework or, more simply, as a frame. When the 
forces acting on such a bar are such that it is in tension, it is 
called a tie ; when it is in compression it is called a strut. 

The simplest frame is a triangle of three rods ABi BG, GA 
connected by joints at A, JS, and G. Since the shape of a 
triangle is fixed when its sides are given, such a framework is 
unalterable in shape and is said to be stiff, or to be a perfect 
frame, whatever be the loads applied to its joints. 

A frame consisting of four rods AB, BO, CD, DA hinged at 
A, B, C, and D is clearly not necessarily of a constant shape; 
for no geometrical figure, except a triangle, is given in shape 
when the lengths of its sides are given. It is said to be im« 
perfect, because it does not preserve the same shape if the 
forces applied to its joints vary. It may however be made to 
become stiff by adding a diagonal bar AG hinged to the others 
at A and G. The forces acting along the five sides of the frame 
are now determinate for any given system of forces applied to 
its joints. 

Suppose that in addition to the diagonal bar A (7 we now 
add another diagonal bar BD. The frame is now said to be 
redundant, because it now contains one more link or member 
than is necessary to determine its form ; the forces acting along 
its members due to any given system of loading would not now 
be determinate. 

In general, a frame is stiff if it can be dissected into a 
number of triangles, but it may then be redundant. 

124. Non*redundant stiff frames. In two dimensions, 
if n be the number of joints, the number of bars must be 2n — 3, 
if the frame is to be both stiff and non-redundant. For, if we 
have three joints A, B, C, the number of bars necessary to 
determine them is three, viz. BG, CA, AB. Any other joint D 
is given in position if we are given the bars (say AD, BD) 
joining it to any two of the previous joints. So for any other 
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joiiit E. Hence after the first three joints, two es:tTa bars are 
required for each joint. The total number for n joints thus 

« 8 + 2 (n — 8) « 271;^ 8. 

In three dimensions, the number is easily seen to be 3n — 6, 
For after the first three joints J., (7 are given, the position 

of a fourth joint D is given if the bars AD, BD, CD are given. 
The position of a fifth joint E is known if we are given the bars 
joining it to any three of the previous four, e.ff. if AE, BE, DE 
are given. Hence for any joint after the first three, three 
additional bars must be given. The total number required 
therefore 

« 3 + 3 (n — 3) ass 3n — 6, 

125. In the examples of Art. 120 are several non-redundant 
stiff frames. Sometimes it is convenient to have a redundant 
frame. Thus in Ex. 1 of Art. 120, A, Ag is a tie. If the 10 cwt 
at Aj were removed, then A^A, would clearly become a strut. 
But, if AiAg were veiy flexible, it would not act well as a strut; 
in this case it would be better to have an additional tie AgAg. 
When the weight is all at Ag then A^ Ag would be in action and 
AjAg of no importance ; if all the weight were at A* then AgAg 
would go out of use, and AiAg only would be in action. 

Such members as A^A, or AgA«, capable of being used as 
a strut or tie only, are called semi-members. 


EXAMPLES 

1. Loads of 2, 4, 3 cwt. are placed on a beam 10 ft. long at distances 

of 1 ft, 3 ft, 7 ft from one end. Find by an accurate drawing the line of 
action of the resultant [3*9 ft from the end.] 

2. A horizontal beam 20 feet long is supported at its ends and carries 

loads of 3, 2, 5, and 4 cwt at distances of 3, 7, 12, and 15 feet respectively 
from one end. Find by means of a funicular polygon the thrusts on the 
two ends. [7 '16 and 6*85 owt,] 

3. Weights of 5, 10, 12, 8, and 6 Iba. rest upon a beam at distances 
1, 4, 7, 9, and 12 feet from one end. The beam is supported at distances 6 
and 15 feet from the same end. Find graphically the supporting forces. 

[34*2 and 6*8 lbs. wt] 

A ABCDEFU a regular hexagon. Shew that the forces which must 
act along AC, AF, and DE to produce equilibrium with a force of 40 lbs. 
weight acting along EC are respectively 10, 17'32, and 34*64 lbs, weight 
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5% Fig. 1 oonsistB of a symmetrioai eystem of light rods freely jointed 
end supported vertically at the extremities ; vertical loads of 10 and 6 cwt 
are planed at the points indioated ; find the thrusts or tensions of the rods, 
if the side rods are inclined at 50* to the horizon. 

[^i^lSOS, yii«9*79, 7i«3-26, r4«8*3d, and Ti«6 ciwl T 4 and 
are ties ; the others are struts.] 

Fig* 2 consists of a symmetrical system of light rods freely jointed 
and supported by vertical reactions at A and .5 ; if a weight of 10 cwt. be 
placed at D, find the thrusts or tensions in the rods, given that lDAB^W 
and 4<7d^*«36*. 

{7i«^8‘39, 2r2‘*ll‘99| ^dl ^2 «b 9‘62 cwt. i^ ^ strut and Ti and Tg 
are ties.] 



7 . A crane is constructed as in Fig. 3, and 16 cwt. is hung on at A ; 
find the forces along the parts A G and AB. If the post BC bo free to 
move, and BD be rigidly fixed, find the pull in the tie CD. 

[37-2, 47-6, and 43*1 cwt] 

8. A portion of a Warren girder consists of three equilateral triangles 
ABCy ADC^ BCE^ the lines AB^ DCB\mng horizontal and the latter the 
uppermost. It rests on vertical supports at A and B and carries 5 tons 
at D and 3 tons at E. Find the reactions at the supports and the stresses 
in the four inclined members. 

[6 tons and 2 tons ; 6’77, 1'155, 1*155 and 3‘464 tons ; of the last four 
the first, third, and fourth are struts and the second is a tie.] 

9 . A BCD consists of a quadrilateral consisting of four light rods 

loosely jointed, which is stiffened by a rod BD ; at A and C act forces 
equal to 40 lbs. weight. Given that A^«2 ft., ft., CD^4 ft., 

DA ^4^ ft., and /)i?**s6 ft, find the tensions or thrusts of the roda 

[The tensions of AB, BC, CD, and DA are 32*4, 36’4, 16*8, and 
25*5 lbs. wt. ; the thrust of BD is 36*7 lbs, wt.] 

10. Two uniform equal rods, AB, BC, are freely jointed at B, and are 
suspended freely from a peg at A, the rods being maintained at right 
angles to one another by a massless string AO fastened to the peg at A ; 
having given the weight FT of each rod, shew graphically that the tension 
of the string is *67 FT, and that the stress across the joint B is equal to | F9^ 
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li. ABC is a horizontal line stich tha^ AB^% ft., and BC^Vb ii 
D b a point verticsally over B such that BDmlO feet and E bisaota DC. 
AC^ €J), I)Af BP, BE are rods forming a framework ; loads of 10 cwt 
eaoh^re applied at D and E, and the system b supported at A and C 
Draw the reciprocal 6gure, and determine the stresses in the diderent 
members of the framework 

[5-63, 1313, 15*77, 6-76, 12-68, 6, and 9*01 cwi) 

1?. A framework consisting of five bars A By BCy CA^ CDy DA^ fireely 
jointed at their extremities, is placed in a vertical plane. ABC b a right- 
angled triangle with A B horizontal and A C vertical and AB^AC^\0 feet 
The angle BAD b 136* and ACD is 120** The framework supports a 
vertical load of 1 ton at Dy equilibrium being maintained by vertical forces 
at A and B, Find the magnitude of these forces and the reactions in the 
various bars of the frama 

[3*37, 2-37, 2-37, 3*36, 1, 2*73, and 8*36 tons wt*] 

13. A Warren girder, consisting of equilateral triangles, has five 

joints in the bottom boom and four joints in the top boom. The ends of 
the bottom boom rest on piers at the same leveL There b a load of 
3 tons at each of the bottom joints and a load of 5 tons at the second top 
joint, counting from the left. Find graphically the reactions at the piers 
and the stresses in the four inclineil members which slope down towards 
the loft. [10 G25, 9*375, 8*80, 6*34, 3*90, and 7*36 tons wt.] 

14. A Warren girder, of 48 feet span, has the lower boom divided into 
four segments and the lengths of the inclined members are 12 feet It b 
loaded with a uniformly dbtributed load of 2 tons per foot run and a 
concentrated load of 50 tons at the centre. Find the magnitude and 
sense of the stresses in the members. 

[Beplaco the load on each segment by a weight, equal to half the load, 
acting at each of the ends of the segment] 

15. A roof is in section half of a regular octagon ABCDE ; the points 
A and Dy and also the points B and Ey are connected by tie beams and the 
whole of it is to be regarded as freely jointed at the points A, By C^Dy E 
and supported on walb of equal height at A and E. The roof is covered 
with a uniform covering of tiles. By a graphical method, or otherwise, 
obtain tlie magnitudes of the stresses in the different members of the roof 
in terms of the total weight of the roof, the weight of the framework 
being regarded as negligible in comparison. The weight of each section 
of the tiling covering the beams ABy BOy CDy DE may be assumed to act 
at the middle point of each beam. 

16. Shew that the line of action of the resultant of any system of 
forces is the locus of the points of intersection of the extreme sides of all 
funiculars of the system. 



CHAPTER YIl 

SHEAEING STRESSES. BENDING MOMENTS 


126, In this chapter we shall consider some examples of 
the interaal actions upon a section of a beam. 



Take the case of a beam, as in the figure, supported at its 
ends and acted upon by forces P„ P„ P,,... acting at points 
Ai, At, At,.... Take any section ABGD of the beam. Call 
the part to the left of this section M and that to the right N. 
The action otM onN consists of a multitude of forces exerted 
by the fibres which cross the section ABGd. But, whatever 
these forces are, they must together with the forces Pi, P„ 
P,, ... R keep the part N in equilibrium, 

Hence the resultant of these forces across the section ABGD 
must be equal and opposite to the resultant of the forces P„ 
P..P.,...P. 

Now if we take any point 0 on the section ABGD as origin, 
and lines parallel to the edges of the beam as axes, we shall 
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find in Chap, X, that all the forces acting on K are equivalent to 
three component forces at 0 parallel to the axes, 
and three component couples at 0 about the axes* 

These compound into a single force and a single couple. 

Hence the resultant at the section ABCD of the actions 
along the fibres must be equivalent to a single force and a 
single couple. 

The cictions of the part M on the part N are equal and 
opposite to those of N on M. Hence, whatever forces and 
couples we assume as the resultant of the actions on one side 
of the section *4 we must assume equal and opposite forces 
and couples on the other side of this section. 

127 In the case which most generally occurs, the forces 
which act on a beam are in the vertical plane which contains 
its length. Thus if the forces Pi, Pt, Pf,.*. in the preceding 
article are all in the plane of the paper, it is clear that there 
is no resultant action parallel to (72>, and no resultant couples 
about lines parallel to DA or the length of the rod. 

In this case, which is the only one we shall consider in this 
book, the actions on the section ABCD reduce to 

(1) a force parallel to the length of the beam, or a tangent 
to its length, called the Tension ; 

(2) a force perpendicular to its length called the Shear 
or Shearing Stress ; 

(3) a resultant couple about a line perpendicular to the 
length of the beam called the Bending Moment or Stress 
Couple. 

128. It is a matter of common experience that, in the case 
of a body like a lead pencil, it is the Bending Moment, and not 
the Tension, that causes it to break; in the case of a string, 
however, the Bending Moment is of no consequence, and it is 
the Tension which causes it to snap 

Since it is clear that the tendency of the rod to break is 
greater, the greater is the bending moment, the latter is always 
taken as the measure of the tendency to break. 

The Shearing Stress and Bending Moment may both be 
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exhibited graphically by erecting at each point of the rod an 
ordinate proportional to either of them. 


129. 1/ a horizontal beam be aubjeoted to any eertdeal 
loading^ to shem^ iJicU Hie vertical shear S is equal to ~ where 
M %8 the heuding moment at the point considered. 


V V M r I- 




4S jx 


M+{M 


^ 6+58 


Consider any small element PQ of the heam at a 

distance a? from A, Let S be the upward shear at the face P 
and /S 4- S/S the corresponding downward shear at the face Q, 
Let M be the bending moment J at P and thus M *4- BM the 
bending moment ^ at Q. 

[In the lower figure PQ is shewn magnified,] 

Let X be the load per unit of length at P, so that the load 
on PQ may be taken to be XSsr acting at its middle point. 
Then, taking moments about P for the element PQ, we have 

M^M+SM^(S + SS)Sx-XSa>.j, 

Proceeding to the limit when Sx is zero, we have, for any 
finite loading, 

o dJf 
ax 

It follows that, if we draw the curve of shearing stress and 
also the curve of bending moment, the ordinate to the former 
curve measures the slope of the latter curve. 

Again, if we resolve vertically the forces acting on the 
element, we have 

S^8+SS^XSx, 

^ — X, in the limit* 





XSO* £x. L Ahecmyl^ft^hn^ 

at itf ends amd eames 2 tom at the qvarterdmgth from one md^ S tme a$ 
the middle^ and 4 tons at the quarter-length from the other end; draw the 
ourm of bending moment md shearing etreee for the whole beam* 

tet R and R' be the reactipus of the supports at the ends, so that, by 
takipg moments about them, we easily have Rm^ and tons. 


1 1 

p ( 

3 Pj 1 

> P2 

E P. 

/I 

'2 

'8 


Mjj|S 





s7^, 




At a point P between A and C'let the bending moment and shearing 
stress be J/ and S as marked ; similarly for a point Pi between C and /> 
let these be Mi and /^i, and so on. 



Let dPi«a?i, APj— 4?*, AP^m^x^. 

Equating the bending moment at P to the moment of the forces on 
the part to the left of P, we have 

if»P.47s«4.rj^ 

and, on resolving vertically, ^=P«^4 / ' 

Similarly, we have for Pi 


ifl « 4?! - 2 (4f, (7) + 6 1 

and >S'i=P-2»2 / 

For p 2 we have, considering the part to the right of Pj, 
^3- ft' ( 12 - jFj) - 4 ( A a:jj) « 24 - 0^2 1 
and ^3asB4-*ft^«s — 1 j 

Finally for P^, taking the part to the right^>f P„ 

J 


.( 2 ). 

.( 3 ), 


and 
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If ve er«ot ordioi^ wi «m1i point of th« beam to repiweat 

bending moment at the point| the locus of the enife will <deaiiy be straight 
lines AF^ FO^ and where €F^ BG^ and BB represent 1% 1$^ and 
15 foot-tons respectively. 

Also the curves representing the shearing stresses will be horisontal 
straight lines KK\ LL\ NN\ and where AK, CL, BN, and Eq 
represent 4, S» —If and --6 tons respectively. 

In all cases where we have concentrated loads it will be found that the 
bending-moment curves are straight lineSf so that all we need determine 
are the values of the bending moments at the points of loading. 

There is discontinuity in the shearing stress at a point of loading such 
as C\ this is due to the assumption that the load is concentrated at (7 and 
applied there at a single mathematical point ; in practice a load cannot 
bo applied at a single point, so that there is no such abrupt discontinuity. 

Ex. 2. AB u a stiff uniform hsam, of wsight W and length 2a, eupportsd 

2 fT 

at A and B so €U to be horizontal; a vteight is placed at a point C of 

the beam euAhr that AC^^; draw the curves of bending moment and shearing 
stress. 

If IS is the weight of the beam per unit of length, then WB^^tocL 



By taking moments at)out A and B, we easily have and 

For a point P between A and C, where AF^x, we have the bonding 
moment U 

■> moment ^ of the forces acting on AF about F 


J*- - ^^[**-40*3 (1) 

If ^ be the shearing stress there, then 
R^B^wx, 

(S), 


SO that 
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for a point P, between C and B, where IPi »«, we have nmil^y 

V,*~2j”~Sa V 3 '“T ) 

2 W 

mi E-Si^ws^-Y^^ 

. „ JT/ 2a\ 




Taking any suitable vertical distance to represent the unit of bending 
moment, the curve (1) I'epresents the arc AjK of a parabola whose vertex 
is a»t a point Z vertically over B ; whilst the curve (3) is an arc KB of an 
eqUiSl parabola whose vertex Zi is on the ordinate 

2a . --- 

w. IILi. 


Again taking any suitable vertical distance to represent unit shear, 
then (2) is the straight line BK^ and (4) is the straight line FUG. 

As in the last article, the ordinate to the shear line measures the slope 
at the corresponding point of the bending-moment cxirve ; eaoh has 
discontinuity at the ordinate through C. 

The maximum bending moment is given by and then it is equal 

In all oases where we have uniform loaded beams, supported at various 
points, we shall hud that the bending-moment curves are all portions of 
parabolas with the same latus rectuim 


Ex* 3* A horizontal beam AB, of span 21 and negligihle weighty is 
supported at its two etuis and carries a moving load of uniform 
intensity w and of length 2a, where a<il. Find the maximum bending 
moment at a cross sectixtn 0, and shew that it occurs when 0 divides the load 
PQ in the same ratio as it divides the beam AB, 


RiA 


|R, 


A o 


’A 


Let Ex and R% be the reactions of the supports and lot AP^^o 
By taldng moments about A and i5, we have 

f) and (<*+£)• 



B&nding MontewU, Msetmipl&t 




Xidt AO^stf and let Jf be the bending monMsnt at 0* Taking Botom^te 
for the part AO^ we have 


wa ^ Iff ^ 


( 1 ). 

For a given position of the section O, if is a maximum when -^■■6, 


t,ff. when 
i.ff. when 
and then 


f-*(i-|) ... 


■m, 


PO 4?-^ X AO 
Oe**'2a+f-4?“2r^“OS* 
Substituting in (1) the value of f given by (2), we easily have 


SO that the curve of maximum bending moment is a parabola whose 
vertex is vertically above the middle point of AB. 

Let 8 be the shearing stress at 0. Eesolving vertically for the part 
AOf we have 

- w (xr - f ) = I [2a^ - a» - to + (f - «) 


For a given position of the section 0 this dearly increases with ( and 

it is thus a maximum when P is at 0, and then S UIRX, \2al~^a^^ax\ 

I 

and the curve of maximum shearing stress is thus a straight line. 


£z. 4. A stiff horizontal beam AB is supported at one end A and at 
some other point C. If the greatest possible uniformly distributed weight is 
to be placed upon it withotU breaking it, shew that C must divide the beam in 
the ratio V^ + l *. 1. 

Let AB^%1, AC^sy^ and let Ri and R% be the reactions at A and 0, so 
that, if Iff be the load per unit of length, then Riwb^wI ^^^and R 2 =^^-~, 
If X be <AC, the bending moment for any section distant x from A 
^Rix-^x% 

and is thus a maximum when ’^wx^O. 

Hence the maximum bending moment for the part A C 



Also the maximum bending moment for the part CB is clearly at 0, 
and 
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If (1) and (2) are not equal we can lessen the greater, and hence leasee 
the isaximtun tendency to break, by altering y. 

They are equal, and then the maximum bending moment is made as 
email as is possible, when 

2^* (3). 

and then 2Z - y « 2/ , i,#. ym»l 

y 

r ri.- -dC* .V %/2 - 

In this case ^“^y- 2 r 72 =v' 2 +l- 

The other soliitionR of (3) give impossible results since clearly y must 
be positive and greater than I and less than 2^ 


EXAMPLES 

1 . A beam AB is supported at its ends so as to be horizontal. Draw 
the curves of shearing stress and bending moment 

(1) when the beam is uniformly loaded, shewing that the bending 
moment at P varies as AP, PB ; 

(2) when its weight is neglected but it supports a weight W at its 
middle point. 

2. A beam AB is fixed at A so as to be horizontal there ; draw the 
curves of shearing stress and bending moment 

(1) when it is uniformly loaded ; 

(2) when its weight is neglected but it supports « weight TT at its 
middle point. 

8. Draw the shear and bending-moment diagrams in the case of a 
beam, 80 feet long, supported at the middle point, anchored at one end 
and loaded with &0 tons at the other end. 

4. A beam, 25 feet long, is supported at one end and at a point 
5 feet from the other end. It carries a distributed load of 500 pounds 
per foot run and a load of 10000 pounds at the overhanging end. Find 
the pressures on the supports, and the maximum bending moment and the 
section where this occurs. Draw also the curves of bending moment and 
of shearing stress. 

[The pressures are 2187 ‘5 and 20312 '5 lbs. wt. ; the greatest bending 
moment is at the second point of support.] 

5. A beam AJ?, 10 feet long, is supported at two points 2 and 7 feet 
fW>m A. Weights of 1 and 2 tons are placed at A and and in addition 
there is a uniformly distributed load of 2 tons per foot run between the 
supports. Sketch the diagrams of bending moments and shearing force 
and find, graphically or otherwise, where the bending moment is zeiu 
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6« A \mm AB^ used as & oantfierar^ ia anch<n*ed at A and supported 
at its middle point G whioh is at tbe same level as A, Draw the onrves 
of bending moment and shearing stress 

(1) when a w^ht of 10 tcms is attached at B and a weight of $ tons 
at the middle point of AC ; 

(2) when 10 tons is attached at B and there is a distributed weight 
of 6 tons on AC; 

the weight of the beam being neglected in each casei 

7. AJ5 is a horizontal beam, 18 feet long, supported at A and B; 
C and D are points on it such that AC«=6 feet and A/)«-l0 feet. At 
C and D are placed loads of 4 and 5 tons, and there is a distributed load 
of 1 ton per foot from A to C; *5 ton per foot from C to D and 2 tons per 
foot from 2) to JST. Draw the curves of shearing stress and bending 
moment for the difierent portions of the beam. 

8. An electric trolley-post is fixed vertically and has an overhanging 
arm which supports the wires at a distance of 10 feet out from tbe centre 
line of the post. Each post supports 200 lbs. of wire and the overhanging 
arm weighs 200 lbs. Assuming that the weight of tbe arm is evenly 
distributed along its length, sketch the curves shewing the shear and the 
bending moment along the length of the arm, and calculate the bending 
moment at the bottom of the post. 

9. A horizontal beam, 25 feet long, is supported at one end A and at 
a point C 5 feet from the end B, The intensity of load gradually increases 
from ^ ton per foot run at J? to tons per foot run at A. Find the 
maximum lading moment and shear force in the beam. Sketch diagrams 
of bending moment and shearing force. 

10. AB is a stiff uniform beam, of weight W and length 2^ and is 
suppoxted at its ends so as to be horizontal ; a man of weight W* stands 
on it at P where AP«f (<f)- Shew that the curve of bending moment 
consists of two arcs of parabolas of equal latera recta, and that the bending 

If' 

moment is greatest at a point distant f ~ ^ f from A. 

11. A beam, of 80 feet span and weighing one ton per foot run, 
carries a rolling load of two tons per foot run, and the rolling load covers 
a distance of 10 feet. Draw, roughly to scale, the curves of maximum 
positive and negative shearing force as the load crosses over. « 

12. A train equivalent to a rolling load of tons per foot run 
traverses a girder of 120 foot span. Draw diagrams of maximum possible 
bending moment and maximum possible shear stress at every point if the 
rolling load is (1) greater than 120 feet in length, (2) only 60 feet in length. 

13. Two rolling loads of 10 tons and 16 tons respectively, at an 
interval of 7^ feet, cross a girder of 75 foot span, the larger load leading. 
Draw diagrams of maximum possible bending moment and shearing force 
for the whole girder, 
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14 A oontiQuoiis load of w tons per tooi is drawn slowly orer a lerol 
brid^ consisting of a single rigid girder a feet in length. The load is 
devoid of rigidity and is longer than the bridge^ and the weight of the 
bri(%e itself is neglected. P is a point on the girder distant k feet from 

the nearer end. Shew that the maximum shearing stress at P is w — - J 

So 

tons ; and that if from the end 0 of the moving load in any position a 
vertical OS is drawn proportional to the shearing stress at P, the curve 
traced out by S consists of four parabolic arcs and a straight line. 

15* A uniform girder is supported at its ends and the load is 
concentrated at its middla Shew that the maximum bending moment is 
twioe as great as it would be if the load were uniformly distributed. 

16. The lower end of a thin uniform rod is attached to a smooth 
hinge, its upper end B resting against a smooth vertical plane ; shew that 
the tendency to break at any point P varies as the product of the distances 
of P from A and B, 


17. A man, of weight TT, can just walk across a certain horizontal 
plank, of weight nW and length without breaking it if the plank is 
supported at its two ends. Shew that if the plank, still horizontal, is 
clamped at one end and free at the other, the man can only venture 
along it for a distance 

i^(l-fn). 

18. A symmetrical arch, of span a and height A, is to be constructed 
of straight massless jointed rods to carry seven equal weights vf at horizontal 
distances ^ a apart, in such a way that there shall be no bending moment 
at any point of the rods. Shew how the form of the arch may be 
determined by graphical construction, and prove that the horizontal forces 

necessary to keep the ends in position are 


19. A uniform rod, of length a and weight w, has strings each of 
length h attached to its ends and to two fixed points, one of which is at a 
height a vertically above the other, so as to form a parallelogram. If 
the rod is made to rotate with uniform angular velocity o> about the 
vertical line, shew that the bending moment at a distance x from either 

end is » where a is the inclination of each string to the 

vertical Shew also that the tensions of the strings are equal and that 

C08o*=y, 


20. A light horizontal rod, of length a, whose ends are supported, is 
loaded so that the tendency to break at any point is proportional to the 
load per unit length at the same point ; shew that the load at any point 

varies as sin ^ , where x is the distance of the point fi:om an end of the 
rod. 
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[If jS be tbe teaotion at mi end, the w^ght per unit of leojg^h at 

a point <^tant ^ fi:^>n3L thia end^ and the bendii^ moment at a 
diatanoe x from the same end, the condition of the quostien gives 

Hence, on differentiating twice with respect to jr, wo have 



- w,. 


Was«*-d sin] 




where A and D are constants. 


Also vfg^ must be zero when 4 ;«b 0 or a, since the bending moment 
must be zero at either end. 


Hence 


i)-0. «.d 


21. A semi«oircular wire, of weight W and radius a, hangs in a 
vertical plane from one end A about which it can turn freely. Find the 
bending moment at any point. 

[In Art. 146, Ex. 1, it will be shewn that the centre of gravity G of 
2a 

the wire is at a distance — from the centre ; also for equilibrium O must 
be vertically below A, Hence the diameter through A must be inclined 
at an angle a to the vertical, where tana—' . If P be a point of the 

TT 

wire, such that dP is inclined at ^ to the vertical, the bending moment 
at Pwsthe sum of the momenta of all the external forces on one side of i* 


w 

•^^J^2ad<p[2aaia <p cos (a - - 2a sin ^cos(a-^)] 
2a IF 

“ — [(a - ^ sin (a - 2d)+Bin 0 sin (a - d)].] 


22. A gipsy’s tripod consists of three equal stiff uniform sticks freely 
hinged at one common end from which hangs the kettle. The other ends 
of the sticks rest on the ground and are prevented from slipping by a 
smootb circular hoop which encloses them and is fixed to the piano. Shew 
that the bending moment of each stick will be greatest at its middle 
point and that it will be independent of the length of the sticks and of 
the weight of the kettle. 

23. A uniform rod, of length 2^, rests symmetrically on two props in 
the same horizontal line at a distance 2c apart. If ^<2c, shew that the 
tendency to break will be greatest at a prop or in the middle according as 
2^^(2-hv'2)c; but that if />2c, the tendency to break will be greatest at 
a prop. What happens if 22 » (2 + »J2) c 1 

[If 2<2c, the bending moments at a prop and at the centre are of 
opposite signA, and the absolute magnitudes only must be compared.] 

1.S 


i/ 
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^ A beam, of length 2f, ia loaded uniformly, and intendiy of 
the load over the central half of the beam is double that over the two enil 
qmtrters. It is to be supported by two props equidistant fWim die oentre, 
and to situated that the Ending moment on the beam is the least poesifaie. 

Shew that the props should each be at a distance | from the centre. 

131. A beam, auppoHed at the enda, ta loaded with a number 
o/rconeentnUed loada ; to ahew that the fmievXar polygon for the 
loeda ia a diagram of bending momenta for tite beam. 



Let the beam MN be loaded at points A,, A,, A,, A* with 
weights A’’], Xt, X 4 as in the figure. Let R and S be the 
reactions at M and N, 
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Dr&w a vertical line AE siich that AB, BO^ CD, 2 )J? r^)pre^ 
sent -Xi, X*, Xi, X4 respectively. Take any pole 0, and draw 
OA, OB, 00 , 0 D, 0E. 

Starting with any point a on X*. draw lines a 0 parallel 
to OA, OB and then By parallel to 00 , and so on as in Art. 118 ; 
we finally obtain the line €?. Draw OX parallel to it, and then 
XX, XX represent R and 8. 

Also draw OB perpendicular to AE, so that OH (« h) repre* 
Bents the constant horizontal component of a, o» - • 

Let P be any point on MN between X, and Xf, and draw 
PKL vertically to meet the funicular polygon in K and i. We 
shall shew that the bonding moment at P is represented 
by XX. 

From the force diagram it is clear that 

Xi 5 6 along a;8 and c along 7/8, 

X, s c along By and d along S7, 

X4 = d along 7S and e along eS, 
and 8^9 along he and f along 

Hence 

Xj, Xa, X4, S^b along a /9 and / along 
Hence the sum of their moments about P « moment of b 
along aB about P together with the moment of / along cf 
about P, 

Now 6 along ZB is equal to a vertical component, which has 
no moment about P, and a horizontal component A whose 
moment about P is h.PZ^. 

So the moment of / along ef about P is A . PX 
Hence the total moment about P of the forces Xj, X,, X4, 8 
»A.PX^A.PX«A.XX:>, 

ie, the bending moment about P is represented by XX, and is 
equal to this intercept multiplied by the force which is repre- 
sented by the distance of the pole 0 from the line of loads. 
Similarly any other case may be considered. 

It will be noted that this proposition is really the same as 
that of Art. 117 for a system of forces which are all parallel 
£x. Draw out tlie case of a beam, 60 feet long, supported at the 
euas and loaded at points distant 12, 28 and 48 feet from one end with 
weights d, 6 and 4 tons respectively. Shew clearj^r the scale upon which 
the diagram must be read. 

9-3 
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^ 182. Another graphical construction for the bending 
moment may be given as follows. 

' Let MN = 1, MAi^Oi, HAi’^Oa, MAt^Ot, and JirA 4 =*o«. 

Draw MBt perpendicular to MN to represent 8 . 1, and on it 
take B», JS, so that B^B,, BJS», B^Bu BiM represent X* . o*, 
Xt-Ot, Xt.a„ and Xi . o, respectively. 

Join NBi meeting the vertical through A 4 in C,; join € 4 . 1 ^, 
meeting the vertical through A, in 0„ and sO on. 

We thus obtain the polygon MCiCtCfOtN, the ordinate of 
which at any point P of the beam represents the bending 
moment at P, 



For if this ordinate PU meet CjC,, CtCt, CtN in V, TF, X, 
the bending moment at P 

= 5. PiF- Z 4 . PA 4 - Z. . PA, - X, . PA. 


PN PA, PA 


’ X^-^.X^, 




so that the bending moment at P is represented by 

— ^ MB D 25 -P-dg jy n PA 2 js n 

i.e* by 
is. by PU. 


'MA, 

PX--XW-WV-^VU, 


Similarly for any other point of the beam. 
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l33' As in Art. 131, it is clear that ths resultant of the 
loads Xt, X„ X, is equivalent to h along and e along e®, is. 
the resultant of the loads X,, X%, X 4 passes through the inter* 
section of the sides 5 wid « of the funicular polygon. So for any 
Other pair of sidecL 

Hence through the point of intersection of any two sides 6 
and s of the funicular polygon passes the resultant of the loads 
that lie between h and e. 

Now let the loading be continuous, so that the fonicular 
polygon becomes a continuous curve and the sides b and e two 
tangents at points U and V of it 



Then through T passes the resultant of all the loads 
on MN. 

Draw the curve of loads FiUxViO^. 

The horiaontal distance of the resultant load on MN 
from M 

-f WatTa + ... 

Wi + Wa+..- SVidXi 

=* distance from M of the centre of gravity of the load curve, 
as will be seen in Art. 145. 

Hence the vertical through T passes through the centre of 
gravity of the load curve, i.e. any two tangents to the bending-- 
moment curve intersect in a point which is vertically below 
the centre of gravity of the load curve* 


CHAPTEE VIII 


CENTRE OF GRAVITY 

134. Every particle of matter is attracted to the centre of 
the Earth, and the force with which the Earth attracts any 
particle to itself is proportional to the mass of the particle. 

Any body may be considered as an agglomeration of par- 
ticles. If the body be small, compared with the Earth, the lines 
joining its component particles to the centre of the Earth will 
be very approximately parallel, and in this chapter we shall 
consider them to be absolutely parallel 

On every particle, therefore, of a rigid body there is acting 
a force vertically downwards which we call its weight. These 
forces may by the process of compounding parallel forces, 
All 83, be compounded into a single force, equal to the sum of 
the weights of the particles, acting at some definite point of the 
body. Such a point is called the centre of gravity of the body. 

'Centre of gravity. Def. The centre of gravity of a body, 
or system of particles rigidly connected together, is that point 
through which tiie line of action of the weight of the body always 


135. ‘'Since the construction for the position of the resultant 
of parallel forces depends only on the point of application and 
magnitude, and not on the direction of the forces, the pomt we 
finally arrive at is the same if the body be turned through 
any angle ; for the weights of the portions of the body are still 
parallel, although they have not the same direction, relative to 
the body, in the two positions. 

We can hence shew that a body can only have one centre of 
gravity. For, if possible, let it have two centres of gravity Q 
and G,. Let the body be turned, if necessary, until be 
horizontal We shall then have the resultant of a system of 
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vertical forces acting both through G wd through &x. But the 
resultant force, being itself necessarily vertical, caniiot act in the 
horizontal line QGx. * 

Hence there can be only one cratre of gravity^ 

136« If the body be not so small that the weights of its componaafc 
parts may all be considered to be very approximately parallel, it has apt 
neccsssarily a centre of gravity. 

In any case, the point of the body at which we arrive by the construe* 
tion of Art. 33, has, however, very important properties and is Palled its 
Centre of Mass, or Centre of Inertia. If the body be of uniform density, 
its centre of mass coincides with its Centroid, or Mean Centre. 

137, Thin uniform rod AB, The centre of gravity is 
clearly its middle point 0 ; since, for every particle between Q 
and A, there is an equal particle at an equal distance from 0 
between 0 and 5. 

A uniform parallelogram ABCD. By dividing the paral 
lelogram into a very large number of very thin strips, by lines 
parallel to AD, it is clear that all their centres of gravity, and 
hence that of the whole figure, lie on the line joining the middle 
points of AD and BC, Similarly, it lies on the line joining the 
middle points of AD and OD. Hence it is at the intersection of 
the diagonals. 

^"^niform triangular lamina ABO. Let D, E be the middle 
points of BC and GA, By dividing the triangle into a very 
large number of very thin strips by lines parallel to BG it is 
clear that all their centres of gravity, and therefore that of the 
whole figure, lie on AD. Similarly, it lies on BE, The centre 
of gravity 0 is therefore at the meet ot AD and BE. By 
similar triangles GAB, ODE we easily have (?D=|(?A, and 
hence OD = JDA, giving 0, 

It is clear that 0 is also the centre of gravity of equal weights 
at A, D, G, For weights w B,t B and C are equivalent to 2w 
at D and this with w at A clearly gives Sti; at G (Art. 31). 
Hence any uniform triangle maybe replaced as far as its weight 
is concerned by particles each one-third of its weight placed at 
its angular points. 

Uniform tetrahedron ABCD. Let i?*, 0* be the centres of 
gravity of the faces ABG, DAB. By dividing the tetrahedron 
into a very large number of very thin slices by means of planes 
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parallel to the face ABO, it om be ahewn that the centre of 
gravity of each slice, and thus that of the whole tetrahedron, lies/ 
on JOO 4 . Similarly it lies on (7(7,. Hence the required centre 
of gravity 0 is at their intersections. By similar triangles we 
thei^ have, if E be the middle point of AB^ 

GD ^ DC “ EG “ 

so that QJ} = iO^D, giving the position of (7. 

The tetrahedron may be replaced by particles equal to one- 
quarter of its weight at each vertex. For particles w A ^ B, 
C are, as in the case of the triangle, equivalent to Zw at and 
3w at (?4 and w D are equivalent to at Q (Art. 31). 

Pyramid on any base. Solid Cone. If the base of the 
pyramid in the previous case be any plane figure ABGLME.., 
whose centre of gravity is G,, it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the line 
joining D to Gi. 

Also by drawing the planes DAQ^ DBOu •** the whole 
pyramid may be splib into a number of pyramids on triangular 
bases, the centres of gravity of which all lie on a plane parallel 
to AJ3(7£... and at a distance from D of three-quarters that of 
the latter plane. Hence the centre of gravity of the whole lies 
on the line OiDy and divides it in the ratio 1 : 3. 

Let now the sides of the plane base form a regular polygon, 
and let their number be indefinitely increased. Ultimately the 
plane base becomes a circle, and the pyramid becomes a solid 
cone having D as its vertex ; also the point G^ is now the centre 
of the circular base. 

Hence the centre of gravity of a solid right circular cone is 
on the line joining the centre of the base to the vertex at a 
distance fix)m the base equal to one-quarter of the distance of 
the vertex. 

Surface of a right circular cone. Since the surface of a cone 
can be divided into an infinite number of triangular laminas, 
by joining the vertex of the cone to points on the circular base 
indefinitely close to one another, and since their centres of 
gravity all lie in a plane parallel to the base of the cone at a 
distance firom the vertex equal to two-thirds of that of the base, 
the centre of gravity ei‘ the whole cone must lie in that plane. 
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Bnt, by symmetay, the o^itre df gravi^ most lie on the axie 
of the cone. 

Hence the inquired , point is the point in which the above 
plane meets the axis, and therefore is on the axis at a point 
distant from the base one-third the height of the cone* 

General formulae for the determination of the 
centre of gravity. If a system of particles whose weights are 
Wiy w,, Wn be at points whose coordinates referred to fixed 
axes 0^, Oy, Oz in space are (^, z^), (oc^, y„ z^, ... (a?^, yn, 

then the coordinates {x, y, i) of the centre of gravity Q are 
given by 

;g !!!if * 4“ +t<yn^ft ^ S 

+ t«8-h ... + Wtt ' 

^ i (Wi) ^ (wi) 


These formulae are proved in Art. 34 since weights of par- 
ticles are merely a particular case of a system of parallel forces. 

If all the particles lie on a straight line, the first of these 
formulae give Q ; if they lie in a plane, only the first two are 
wanted. 


139. Given the centre of gravity of the two portiom of a body, 
to find the centre of gravity of the whole body. 

Let the given centres of gravity be and and let the 
weights of the two portions be TTj and TV,; the required point 
G, by Art, 31, divides GiG^ so that 

G,G :OG, :: W,:W^. 

The point 0 may also be obtained by the use of Art. 138. 

Ex. 0?h the mme base AB, and an opposite sides of isosceles triangles 
CAB and DAB a/re described whose altitudes are 
12 imhes and 6 inches respectively. Find the dis- 
tance from AB of the centre of gravity of the quadri- 
lateral CADB. 

Lot CLD be the perpendicular io A B^ mooting it 
in Z, and let Gi and 0% be the centres of gravity of 
the two triangles OABaxid DAB respectively, so that 

and CO 2 ^CL-^ 12 +2-14. 

The weights of the triangles are proportional to 
their areas, %*e. to ^AB . 12 and . 6. 
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If <? be the centre of gravity of the whole figure, we have 

A(7^g X 4* A DAB x CGt _12x8+6xl4 ,^ 

^ AVAB+^DAB ** 15 + 6 ^ 

Hence LQ^CL^ CGim^ inches. 

This result may be verified experimentally by cutting the figure out of 
thin cardboard. 


140. Given the centre of gravity of the whole of a body and 
of a portion of the body^ to find the centre of gravity of the 
remainder. 

Let G be the centre of gravity of a hody ABGD, and (?i that 
of the portion ADO, Let W be the weight of the whole body 
and Wx that of the portion ACD, so that IT, (~ W — is the 
weight of the portion ABC, 

Let Ox be the centre of gravity of the portion ABO, Since 
Wi at Gi and at Gx have their 
centre' of gravity at G, therefore 
Q must lie on GiOx and be such 
that 

Wx.OQx^ 

Hence, given O and Oj, we 
obtain Ox by producing GiG to 
Oxf BO that 

Wx 


OGx 




GO, 



The required point may be also obtained by means of 
Art. 338. 

Ez. From a circular diaCf ofradiu3 r, is cut out a circle^ whose diameter 
is a radius of the disc ; find the centre of gravity 
of the remainder. 

Since the areas of circles are to one another 
as the squares of their radii, the portion cut oflf 
is one-quarter, and the portion remaining is 
three-quarters, of the whole, so that Wx. 

Henoe Wx . OOx ** . OGi | IFj x ^r. 

This may be verified experimentally. 



141. If a rigid body he in equiltbrivm^one point only of the 
body being jiJiwec?, the centre of gravity of the body toill be in the 
vertical line pae^g through the fimd point of the body. 



0 1m the fixed pdat of the body, and (? ite oea^ W 

gravity, 

^ The forces acting <m the body are the reaction at the ^ed 
point of support of the body and the weights of the Component 
parts of the body, which are equivalent to a single vertical Ibrce 
tliroagh the centre of gravity of the body. 



Also, when two forces keep a body in equilibrium, they must 
be equal and opposite and have the same line of action, so that 
the vertical line through 0 must pass through the poiut 0, 

Two cases arise ; the first, in which the centre of gravity Q 
is below the point of suspension 0, and the second, in which G 
is above 0. In the first case, the body, if slightly displaced 
from its position of equilibrium, will tend to return to this 
position ; in the second case, the body will not tend to return to 
its position of equilibrium. 

142. 1/ a body be placed with its base in contact with a 
horizontal plane, it will stand, or fall, according as the vertical 
Urn drawn through the centre of gravity of the body meets the 
plane within, or without, tJiS base^ 




The forces acting on the body are its weight, which acts at 
its centre of gp^vity 0, and the reactions of the plane, acting at 
different points of the base of the body. These reactions are all 



140 


Buxtiei 


Vertical, axxd hanoe they may be eompounded into a single 
v^ical force acting at some point of the base. 

’ Since the resultant of two like parallel forces acts always at 
a point between the forces* it follows that the resultant of all the 
reactions on the base of the body cannot act through a point 
otttdde the base. 

Hence, if the vertical line through the centre of gravity of 
the body meet the plane at a point out- 
side the base, it cannot be balanced by 
the resultant reaction, and the body 
cannot therefore be in equilibrium, but 
thust fall over. If the base of the body 
be a figure having a re-entrant angle as 
in the annexed figure, we must extend 
the meaning of the word *'base” in the 
^unciation to mean the area included in the figure obtained by 
drawing a piece of thread tightly round the geometrical base. 
In the above figure the "base’' therefore means the area 
ABDBFA. 

For example, the point <7, at which the resultant reaction 
acts, may lie within the area AHB, but it cannot lie without 
the dotted line AB, If the point C were on the line AB, 
between A and B, the body would be on the point of falling over. 


o 



EXAMPLES 

1. The base oC a triangle is fixed, and its Tertez moves on a given 
straight line ; shew that the centre of gravity also moves on a straight 
line 

2. The base of a triangle is fixed, and it has a given vertical angle ; 
shew that the centre of gravity of the triangle moves on an arc of a 
certain circle. 

3. A given weight is placed anywhere on a triangle ; shew that the 
centre of gravity of the system lies within a certain triangle. 

4. Shew that the centre of gravity of three uniform rods forming the 
sides of a triangle is at the centre of the in-drcle of the triangle whose 
angular points are the middle points of the three rods. 

5. If three forces act on a point P which are represented by p . PA, 
pL . PB^ and p . PC respectively, shew that thsir resultant is . PO^ where 
0 is the centre of gravity of the triangle ABO^ 



0. A pwiiele P in atcted upon by forces towardstbe poinU 
which are represented by p.pB,p,PC, shew that their re- 

sultant is represented by (X+^4-i^+.*.) where & is the centre of 
gravity of weights placed at A, By 0, proportioma to X* p» r, 
respectively. 

[This is the generalised form of Art. 25^ and may he proved by 
successive applications of that article.] 

7# To find th$ centre &J grdvity of a quadrUeUeral lamina having t/wo 
parallel sidu. 

Let A BOD be the quadrilateral, having 
the sides AB and OD parallel and equal to 
2a and 26 respectively. 

Let j^and i^be the middle points of AB 
and OD respectively. Join DE and EO\ the 
areas of the triangles ADE^ DEOy and BEO 
are proportional to their bases AEy 1^(7, and 
EBy ia are proportional to 26, and a. 

Beplace them by particles equal to one- 
third of their weight placed at their angular points. 

We thus have weights proportional to at each of C and D, f at 
each of A and B, and at & 

Again, replace the equal weights at C and i) by a weight proportional 
to ^ ^ at the middle point F of ODy and the equal weights at A and B 

by a weight proportional to ~ at We thus have weights 

2U.46 j4a26.„ 

j ~ at ff; and + j at JST. 

Hence the required centre of gravity 0 is on the straight line EFy and 
is such that 

^ we ight at F a+26 
QF^ weight at 2a-f 6 ' 

8. The distaneei of the angidar points and intersection of the diagemaJU 
of a plane quadrilateral lamina from any line OX in its plane are a, by c, <f, 
and e; §hew that the distance of the centre of inertia from the same line is 
i (a^b+c^d^e). 

Let Ay By Oy D the angular points, and E the intersection of the 
diagonals. Then 

LAPP peipendicu la r from Dovl AC DE 
AA OB *" perpendicular from B on A(7 "* EB « - 6 ' 

By Arts. 137 and 136 the distimoe of the centre of gravity of the 
tAOD feom OX is and that of tho LACB to 
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£[ence distance of required o,Gw £rom OJH 

Ad C2) X J («+<?+ <i?)+A 4CJ5 >c J (a-f5-l-e) 
“ AACJ)^AACB 


, (rf — e)(€8+o+<f)4 (®— 6) (<*4-ft+fl) 
® (ci-e)+(d~6) 


l(a+6+c+cf-e). 


4. ProTe the follovring construction for the centre of gravity of a 
plane quadrilateral area A BCD ; let Zy Jf be the centres of gravity of the 
triangles ABC^ ADG and let LM meet AC in Af i then Q lies on LM and 
is each that MQ^LN. 


20. From a triangular area ABC is cut ofi the nth of its area by 
means of a straight line parallel to BC*t shew that the centre of gravity 
of the reznaiader divides the median through A in the ratio 
n+V«“2 :2(n+^n-|-l). 

11. A triangular piece of paper is folded across the line bisecting two 
sides, the vertex being thus brought to lie on the base of the triangle 
Shew that the distance of the centre of inertia of the paper in this position 
fiom the base of the triangle is three-quarters that of the centre of inertia 
of the unfolded pax^er from the same line 

12. A uniform rod is hung up by two strings attached to its ends, the 
other ends of the strings being attached to a hxed point ; shew that the 
tensions of the strings are proportional to their lengths^ 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points 

13. The mass of the moon is *013 times that of the earth. Taking 
the earth^B radius as 4000 miles and the distance of the moon's centre 
from the earth’s centre as 60 times the earth’s radius, find the distance of 
the O.Q. of the earth and moon from the centre of the earth. 

[3030 miles nearly.] 

lA Find the vertical angle of a cone in order that the centre of 
gravity of its whole surface, including its plane base, may coincide with 
the centre of gravity of its volume. [2 sin""* J,] 

15. A solid right circular cone has its base scooped out, so that the 
hollow is a right cone on the same base ; how much must be removed 
so that the centre of gravity of the remainder may coincide with the 
vertex of the hollow 9 [Iloight of inner cone«*^ height of outer oonc.] 

16. Shew how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the c<me. 

[Height of oone»(2«^2) times the height of cylinder.] 

l?^ A square hole is punched out of a circular lamina, the diagonal 
of the square being a radius of the circle. Shew that the centre of gravity 

tA the remainder Is at a distance centre ol the oirdsy where 

a is die diamoter of the circki 
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1S> iFrom a vnifisina triaoj^iUr board a portion oonaistipg of (bo ar«a 
of the infxcnbed circle is jneakoved % shew that the distance of the centtw of 
gi^nty of the remainder from any sidd^ a, is 

B 

3<m * 

where 8 is the area and s the semi^perimet^ of the boardL 

19. A circular hole of a given size is punched out of a uniform circular 
plate ; shew that the centre of gravity lies within a certain circle. 

20. A triangular lamina ABC^ obtuse-angled at (7, stands with the 
side A <7 in contact with a table. Shew that the least weighty which 
suspended from B will overturn the triangle, is 

i W , where IT is the weight of the triangle. 

Interpret the above if 

21. A cone, whose height Is equal to four times the radius of its base, 
is hung from a point in the circumference of its base ; shew that it will 
rest with its base and axis equally inclined to the vertical 

22. If A and B be the positions of two masses, m and % and if <!7 be 
their centre of gravity, shew that, if P be any point, then 

m. A/«+«. A(7>+«. i?G«+(m+n)PGfl 

Similarly, if there be any number of masses, m, p, ... at points 
A, By O', and O be their centre of gravity, shew that 
m . A P« + n . . OP* + ... 

«m. A(?*+f». PO*+j9. C(7*+...-|-(in+n+p4-...)P(?* 

23. A frustum of a solid right cone is placed with its base ou a 
rough inclined plane whose inclination is gradually increased ; if R and r 
be the radii of the larger and smaller sections, and 4 be the height of the 
frustum, shew that the frustum will ultimately either tumble, or slide, 
according as the coefficient of friction 

^ 4P P*-|-Pr+r* 

^ A • 

24. The top of a right cone, of vertical angle 2a, is cut off by a plane 
making an angle ^ with the axis, and is placed on a perfectly rough 
inclined plane with the major axis of the base along a line of greatest 
slope ; in this position it is on the point of tumbling over ; shew that 
the tangent of the inclination of the inclined plane to the horizon has 
one of the values 

4 sin 2Q±8in 2/3 

003 20 — 008 2^ " 

25. Into a thin cylindrical vase, of weight W and cross section 
whose centre of gravity is distant h from its base, is poured liquid of 
density p. When the height of the centre of gravity of the whole is 
a minimum, shew that the weight of the liquid is 

VTf r+aiS^)- w. 
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143. The formulae of Art, 138 be used to give the 
centre of gravity of any arc, area, or imid of known shape. 

Ventre of gravity of an arc. If P be any point (a:, y) of a 
pla^ie arc, PQ an elementary arc Be, whose density at the point 
P is p and whose weight is therefore proportional to pde, those 
(onnnlae give 

_ 2(pSa.fl?) Jpxds 

2(p.Ss) 

the limits of the integrals extending from one end to the other 
of the arc considered. 


Similarly, 




fpyds 

Jpds* 



and ^ is known from the equation 


to the curve. 

If, as is usually the case, the arc is of uniform density, p is 
constant and divides out from both numerator and denominator; 
if it be of variable density, then p must be given as a function 
of w or y. 

Similar formulae hold for a curve in three dimensions; but now 


dx 




If the arc have its equation given in polar coordinates, say 

r as/ (0), then 

Ss « VSr* 4- r‘S^, 

and the formulae give 

_ fpr cos Ode , _ for sin 0ds 
fpds ^ Jpds 

Similar formulae hold for three dimensions. 


144, Ex. 1. Find the centre of gravity of the arc of the parabola 
y^m4ax indvded between the vertex and an ordinate at a dietance from 
the vertex. 


Here 


dy 




ds.x j >fx(x-^a)dx 



and 


How 


C^mirt Arcf 

i. * J77^ 

/" ''^!5+5*-/,V(-+|)’-?* 


log (*+| + >/?4«i)]^ 

« j [t (8<*+l) V'l+<*-log(t4-\/H.<«)]. 

•4^ sj dx<m 2a'Jl+t^df, on putting w<«a»*, 

-a [< vT+?+k)g («+ Vr+F)], 

and A + a <& =. U (» + - 1 a* [(l+«*)*-I]. 

On making these subetitations, we have 

«(i+2t»)vrfF-iog[<+s^n^ 

“4* «s/l+<»+]og[<+C'l+<ifJ ’ 

and . a+^»)*-l 

£x 2. /VfKi cen^rotc? of tke are of the catmary 

VfhicA x» inclvded hetwom the origin and any point {x, y\ 

de 1 / ? -2?\ jp « 

<Zp“2v •^“cosh-, and Pate sinh^e 

r® r® ^ * -j 

I xae I xcosh^dx cdPeinh — <j* cosh -4-4)2 

P«Z® ^ g 


so that 


> I 


oosh-c&v 

o 


osinh - 


f^6 


m 


X0 
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Also 


^ » /'«*5 

Jt C ^0 « 


<2« 


# < 1 . S* 

4?-f3sinh- 

Ssinh- 


* « 4? .AT 

4r4-osinh - oowi - 


Ssinh^ 

V 


2^24* 




EXAMPLES 

Find the positions of the centroids of the arcs of the following onrves . 

L Oydoid w**»a(d+Bind), y*»a(l-co8d> which is in the positive 
qnadmii “s) ® ’ J 

% between two successive cnspBi . 

3. Helix cos d, y *»<x sin d, r =» &d included between the point d«=0 

- ^ ^ f- asincf - o(l — cosa) , T 

the point d^o. — ~ — ; y« ? . ««ioat 

4 If the density of a complete circular arc varies as the square of the 
distance from a point 0 on the arc, shew that its centroid divides the 
diameter through 0 in the ratio 3 : 1. 

5. Find the centre of gravity of the wire of a cork-screw, of given 
length, radius, and pitch, supposing the thickness of the wire at any point 
to be 64- nr, where s is the distance of a point, measured parallel to the 
axis, from one end. 


146. Centime of gravity of any plane area. In Cartesian 
coordinates the element of area is and if p be its density 
the vreighb w is proportional to pBxSy; the ftindamental 
formulae thus become 




IpBxBy .m jjpundxdy , fjpydwdy 

■ ~^Sy [fpTmdy ' “ j^pdaidy * 


the limits being chosen so as to include all the area considered. 

If the area be of uniform density, and the ordinate at 
distance 0 cut the curve in points whose ordinates are and y«, 
. we may take as the element of area (y, » y^ tat, whose centre 


el gravity has ae coordinates « and , in the limit when &e 
w vety smaU. 



CbKnt ffrOvi^. Amu 1A7 


» 

Hie fbmoke the^ei give 



The values of yi and are known from the equation to the 
curve, and the limits for ^ are such as to include all the area 
considered^ 

If the curve be given in polar coordinates, rw/(^), referred 
to 0 as pole, and if P and Q be points whose vectorial angles aare 
0 and 6 + S0, the polar element of area is ir^.S0 and its centre 
of gravity is, when S0 is very small, at the point whose polar 
coordinates are f r and 0, and whose Gartesiaa ooojxlinates are 
) r cos d and | r sin 0. 


Hence 


j‘*Stf,|rcos^ 


2fr*co&0d0 
§ Ir»d0 ' 


where r«/(^), and a similar equation for giving the centre 
of gravity of a sectorial area A OB, the limits for 0 being the 
vectorial angles of A and B. 

If this sectorial area be of variable density, or thickne«8| we 
must take the element of area as r S0 Sr of density p and tibcn, 
for the sectorial area A OB, 


“ SrS £^/£) . r cos 0 ff pr* cos 0d0dr 

XrS0^p\0^ jJprdOdr * 


and similarly for The value of p is given as a function of r 
and 0 ; the limits of integration for r are 0 to / {0), and the 
limits for 0 the vectorial angles of A and J3. 


146. Ex. 1. To find th$ centre of gremty of the arc, eeetor and 
eegmmt of a drde. A 


Let the arc ACB subtend an angle 2a at 
the centre 0 of the circle, and let C be the 
middle point of the arc. 

Taking OC as the axis of x, then for the 
arc we have 




6 

xo-s 



SuMet 


J»8 

For Uw Motor dOS, 

1“ 

IiOt Cl be tiM oentre at gamty at the toiengie AOB, a* thet 
OCi-l C-y«B|ao(ioa. 

the of the segment AMBO eoting at tts centre at g»r% 

C together erith that of the triangle AOS balanoe about Cj. 

g geine AA03t(0ffi+[aaa*>or^0S-AAOS].09 

i , -Wi- MctOT352 


This gives 


i a* sm So . I g 00 s a -I- a* . So - ^ ein So] . OC 

3 o-*8inaC0Ba 


' Oor# B 7 patting a«^ , we see that the oentre gravity of the are of 
a semicirele is distant — from the oentreu and that the distance of the 

ff 

oentre of gravity of a semi-oircnlar area is distant ^ from the centre 


SXe 2 e Find th$ cmtr^ of of the aroa bounded the turn 

the qfoUnd^ jr«>ia(d 4 -sin d), y««a(l— coed), anditebaee. 



We have 



fjpdy,^ (d^ 8 tnd)*.sind.< 2 d 
^ l*(0+dnff).tiTig.dt 
{^sin0Hhtf(l-co8Stf}+^{Saintf— cdnM)}<M 



CaUre of gmvUy, Armo 

Kow, bgr the uteiidad nl« W biy pafte, 

ji^sAn0d$ 

I ^ M iin 2^ ^ I cos 

f0m0d0 m^0c0B0^ainit 
and /dsiQ «»idoos Sd^fisin Sd. 

_a «-*.i-| 2ir»-ie 

“a* it! t la# 


Also 


Jay^,y /o d) sin d (1 - COB d)dd 

/* (d^ Bind) Bind rfd 

f [d (sin d sin 2d) 4-^-1 cos 2d-> Bin* d COB d]dfd 



/ * [d sin d + 1- J COB 2d] rfd 

j^d(Jcos2d+}-oosd)4-8ind-'|Bin2d— 

d(i^ooBd)+smd-*iBin 2d 


Ex. 3» Find the centre of gravity of the loop of the curve r^aco$Z0 
containing the initial line. 

The values of d giving the loop are from ~ j ~ , 

Hence ^ between limits - ^ and ^ > 


* IT 

- I OOB*3d.OOBd.<fd f® {3cos3d + co8 9d)oosd<fd 

JO ^JO 

3 £ 3 I ; 

y® 008* 3d , d$ J* (1 +008 6d)dd 

^1^ [3ooa2d+3oO8 4d+ooB8d+ooBl0d] 

*"« ^ — •'-go;r*< 

(l+0O86d)«Kd 



SkUieti 




SbC 4 In 0 mm-eircuJtar homuM hy a dixmaUt OA^ ^ 
at point wmoB a$ the dUtmcefrvm Of find th$ position 0 / iu e$ntr$ ^ 
grntnty. 

'Hero the doneitj p^Xr^ p. 

Hence 

. iirdBd r.\r.rcoo$ 

^ fJrSfSr, Xr 

^[jf^oooBdrdfi , . Uf^omBdrdB ^ A ^ 

The limits of the integrations are &om rm^O to r«B^oos^^ where a is 
the radius, and fium 6»0 to 



I COB B — dB ^ I 
• jP~ /o 


3a o ’ 6« 


/'9rt4n&>0M* 


Also g 


J.LiJ 


dB 

[Saoofff 


2 E 

r« 


/: 


cos® BdB 


2 - 2 
3 * 


3 • 


dB 


/ gprinssacoatf 

« dB 

0 J® 


' 2 


II 


cos* B sin BdB 


j: 


9a 

‘ 20 * 


cos®^d^ 


EXAMPLES 

Find the positions of the centroids of the areas of the following curves ; 

1. The parabola •^4ax between the axis of x and the ordinate 4 ?«« A 

jfJi B ^ 

2. The part of the ellipse + which lies in the positive 


quadrant. 

3. The parabola 


!/*«)'■ 


1 between the oorve and the axes. 

4 (a) (f ) * positive quadrant | 

64 y«>sm jr between JtimO and ' ^***^'J 

4 between the origin and 



qf 0 rmUf/. Arom 151 

9. ’rheoardiddr«>«(l+o(M9). 

10. Oiuloop otrmaco02fi, 

L 105 fT J 

11. One loop of the lemniscate of Bernoulli f*» a* cos 2^. jj&M 


12. One loop of r wa ooe n$. 


[- 


10i!m*cos^ 


.] 


18* 0^ •¥ ■■ 1, lying in the positive quadrant 


^ ^ 2 


f 


r 





Find the positions of the centroids of the areas enclosed by the 
following curves : 


It ^imas and 4?***^. 


15. ^mos and y*i«2(X47-^47^ on the positive side of the axis of s. 

r 5.r ® 1 

Ll5»r-44“^"'8w-8‘J 

18. ;r’+y*-2a«KO aod on the positive side oi the 

— j. ^ «*+«&+ 6*. 4a^+«5+5*'l 

^+b- i #“3 ITifl+by J 

17. j-«-4«s and y-»w ^“S'] 

18. y»-4«B,y*-46si-i*-%ands!*-.4<iy. 


19. The density at any point of a circular lamina vaiies as the ath 
power of the distance fma a point 0 on the circumfer^ce ; shew that the 
centre of gravity of the lamina divides the diameter through P in the 
ratio 04 * 2 : 2. 



Steaki 


.30. A eiroular diM^ of ndiua a, whose den^ is {ffopovtittoal to tike 
from the oeotM, has a bole cut in it boooded a oirdie, of 
which passes Ihrough the centre. Bhew that the distaooe 
from the centre of the disc of the centre of gravity of the remaining 
.. . 6M 

1^“ “ iw^Toi^- 

31, The centre of inertia of a circular disc, the densii^ of whitit taries 
int'ersely as the fourth power of the distance from an external point 0 in 
the is the inveree point of 0 with respeot to the boundary of the 

dim. 


23. The distance from the cusp of the centroid of the area of the 
eardioid r—a(l+cosd), when the density at any point varies as the »th 

, , . (»+2)(2»+6) 

power of the distance from the cusp, w *»• 


23. Find the centre of gravity of a plate in the form of a quadrant 
A OS of an ellipse, the thickness at any point of the plate varying as the 

product of the distances of the point from OA and OB. 


1 

Lo I 16’J 


24. Find the coordinates of the centre of gravity of a lamina in the 

tiiape of a quadrant of the curve = 1, the density being given 

w i , - y 128 

by i-.e. 


La 5 429* J 


25. A chord of an ellipse cuts oflT a segment of constant area ; shew 
that the locus of its centre of gravity is a similar, similarly situated, and 
concentric ellipse* 


26. The locus of the centre of gravity of all equal segments out ofif 
from a parabola is an equal parabola. 

27. If <7 is the centre of gravity of any arc of the lemniscate 
COS 2^, shew that OQ bisects the angle P0(^, 


28. A cmrwi %$ atufh that the o&ntroid of ike arc of U mtercepted between 
two radii vectores drawn from a fixed point idwaye lies on the straight line 
hUectvi^ the angle between theee radii; ehew that the owrve is eUher a 
niecate of BemomUi or a circle. 

I ds.rdnB 

(For all values of /5, we are given that tan ? «= — — , 

^ Pvb.rcosd 
Jq 

Vieaoo, if wo hove sin 6d$m Un | cos d«W. 



8oUi$ mid Sttr/mfe$ qf BmaqMim %$& 

Dl^erex^tiating witli mpeot to ^ 

iP’(/S)sin/9-taD|.J'09)cog/8^.|*«c»| 

Difi^ntiating agaan, we have 

ooa /9 , jF*(/ 9) H- sin /5 . cos 

Hence wP' O)**>0 and hence J^O)« constant. 


r 



constaiit««a*, 


from which we easily have that either r is constant or cos 


29. Shew that the circle is the only curve in which the centroid of 
the area included between the curve tod two radii drawn firom a fixed 
point always lies on the straight line bisecting the angle between the radii 


147. Centre of gravity of a solid wnd surface of revolvUon^ 
Let the curve AB revolve round the axis of a?. The volume 


generated by the element of 
area PMNQ between two or- 
dinates at distances m and 
a? + Sir from Oy is iry^ . &r, and 
its centre of gravity is at a 
distance w from 0, when &c is 
mdefinitely small. 

Hence, if the solid be of 
uniform density, 

S . 

2 Try’SvC 



/ ifxdx 
IfdiB ’ 


where y is known in terms of w from the equation to the curve 
and the limits of an are OK and OL 

The surface generated by the revolution of the arc PQ 
(=5 Ss) about Oar is 27ry , &. Hence, for the surface^ 


A ^ SiTrySs.a! jy^cds 
** X2^ySs /yds * 




Statics 


im 

JO. A circular disc, of radius a, whose deimty is pa^jportioual to the 
distance from the oeniie, has a hole cut in it bounded by a ci^ 6 » of 
diatheter hj which J)a 8 ses through the centre. Shew that the distiucce 
from the centre of the disc of the centre of gravity of the remaining 

Vo^on iB ^.zidhi- 

21. The centre of inertia of a circular disc, the density of which varies 
inversely as the fourth power of the distance from an external point 0 in 
the plane, is the inverse point of 0 with respect to the boundary of the 
disc. 

22. The distance from the cusp of the centroid of the area of the 
cardioid r«a(l+cos d), when the density at any point varies as the nth 

, ... i. xi- • (n + 2)(2n+6) 

power of the distance from the cusp, is 3 ) (n+ 4 ) ^ 


■] 


23. Find the centre of gravity of a plate in the form of a quadrant 
4 OB of an ellipse, the thickness at any point of the plate varying as the 

G v 8 

"IS 

2i, Find the coordinates of the centre of gravity of a lamina in the 

S f \ ^ 

shape of a quadrant of the curve (- j + (?) = 1 . * 1 ^® density being given 

. , * r* y 128 

by,r-fc>y. la 5 429- 


r* y 128 1 
La“ 5”429' J 

25. A chord of an ellipse cuts off a segment of constant area ; shew 
that the locus of its centre of gravity is a similar, similarly situated, and 
concentric ellipse, 

26. The locus of the centre of gravity of all equal segments cut off 
from a parabola is an equal parabola. 

27. If C? is the centre of gravity of any arc of the lemniscate 
r*«sa2cos2(9, shew that OQ bisects the angle 

28. A cunfe u sueA that the centroid of the arc of it intercepted between 
two radii metores drawn from a fixed point always lies an the straight line 
bisecting the angle between these radii; show that the curve is either a lem* 
niseate of BemouUli or a nrcle. 


[For all values of we are given that tan ^ : 


f^ds. 
J <t 

Jo 


rsind 


rcosd 



Solids cmd Surfaces of Mewd^iou 2.53 

Di^^rentiatiDg with resp^ict to ^ 

Jf’0S)ain)9-taii|..?'(/J)cos/3+g«eo»| jV{tf)oostf<W. 

BijiS F(fi)w,[^F{e)eoaed0. 

7 0 

Differentiating again, m have 

cofi ^ . F (/9) + Bin 3 . /»' 03) =» (JOB 

Hence JP** 09) *0 and hence *^0)*= constant. 


r 



constant —o*, 


from which we easily have that either r is constant or a* 000(2^+7).] 


29 . Shew that the circle is the only curve in which the centroid of 
the area included between the curve and two radii drawn from a fixed 
point always lies on the straight line bisecting the angle between the radii. 


147. Centre of gravity of a solid <md surface of revolution. 
Let the curve AB revolve round the axis of x. The volutne 


generated by the element of 
area PMNQ between two or- 
dinates at distances x and 
from Oy is wy* . and 
its centre of gravity is at a 
distance x from 0, when hx is 
indefinitely small. 

Hence, if the solid be of 



I ^ M 

O K MN L ^ 


uniform density, 


2 Try^Sx , X _ f •fxdx 
Xiry^Si Jy^'dx* 


where y is known in terms of x from the equation to the curve 
and the limits of x are OK and OL 

The surface generated by the revolution of the arc PQ 
(— Bs) about Ox is 27ry . Ss, Hence, for the surface. 


2 2 n’ySs . x _ jyxda 
227 ry& ~ Jy ds * 


f-V* + 

equation to the curve 
p^ormed. 


1 , and y are knovm from the 
and hence the integrationa can be 



StaUea 


IM 

If the generating curve be givai by the equation r «/((9) 
in polar coordinates, the element rS0.Sr descsdbea a drole of 
radius rein B, and £ £» the volume 

_ 2r8g.&r.27rrein ^.roos^ Xfr* sin coe 
"* 2rSdSr.2iiT8in ^ "* j[f r*8in BdrdB * 

the limits for r being 0 to /(B), and those of B depending on the 
part of the curve considered. 

So, for the sur&ce, 

. 2'gr sin . r cos <? /r*8indeo8tf .<fe 
** iSa . 27rr sin B ** JraiiiB.lSi ' 

where r -/(d). and 


148« Ex. 1* J^nd ths oeiUr^ of gravity of th$ twtfaco a/od vohtme 
of the part of a epkere^ of radiue a^ 
included between parallel planes which 
are at distances b and e from its centre. 

Taking the ephere formed by the 
reyolution of a aemi-circle about the 
axis of Xf we have 

For ike surface we have, since J 


in 

A’ 


(a)’-'"(D 

h i: 


* a* 



or s H xr/r~^ 


axdx „(«*— 6*) 
2 


ad» 


*“ ~a{c-h) ^ Also ^ is clearly zero. 


Hence the centre of gravity of a zone of a sphere is half-way between 
its plane ends. 

For the volume, 

jnfdx * 

OOT. If w© put cma and AwiO, we have the ease of a hexnisphefe* If 
it be bellow, then | ; if it be solid, 
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X!x» S« Mnd emtr^ cfgtmUy of tk$ Jbnn«d by rmtM^ 
area bounded by tie parabolae y*««»4<&*r etnd e^m^hy about ^ erne of #• 

We eaeily see th^t the point of inter- 
section P of the two ourvee is given bjr 

•'-40*6*. y'-4a*6l. 

If then 


r««*' «y, 

I I dxdy.%vy.x 
M^J J 

I I dxdy, 2jrv 
} emO J 



1 

m 

1 

a 

4a*- PIP 

vdx 

fX' 

/: 

r ^ " 





EXAMPLES 


Find the centroids of the surfaces formed by the revolution of thi 
following curves : 

1. Parabola y*«*2<M? out off by about its ai^k 

(3<? - a) (a 2<?)^ " 

6 {(a+2o)^-a^} ^ 


2. Cycloid « * a (d + sin d), y «« a (1 - cos d) about the axis of y. 

r, 2al5jr-.8' 

[ 


3. Cardioid r « u (1 + cos $) about its axis. 


60 1 


4 . One loop of r* « a* oos 26 about the initial line. - (2 -|- tJ2), 

Find the centroids of the volumes formed by the revolution of the 
following curves: 


6. The portion of the parabola ^m:>4ax, out off by the ordinate x»^h, 


about the axis of s* 



U" 
3 • 


3. about the axis of x 



fn^^n X * 

m+2«*S’^ 



3c#ir 

32* 


7. about the axis of 
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A A cir<de of raditui a thioiagh two aagloo about a taogent Utie, 

['-£] 

9. Pjdoid «->a (d+sm d), y«a(l -^oob 9} about tbe asia td y. 

e8ir*-e4 a T 
9»r*-l6 ’8*J 

Iff 1 

b J 

11. Shew that the centre of gravity of a lune of a sphere, of angle So, 

i$ at a distance ^ from its axis. 

4 a 

12. Shew that the distance from the centre of the centre of gravity of 
a sector of a sphere, of radius a, is g a (1 H'cos a), where a is the angle wMch 
the radius to any point of the spherical base of the sector makes with the 
axis of the sector. 

13* If the density at any point of a sphere of radius a varies directly 
as the distance from the centre, and a sphere described on the radius as 
diameter be out out, shew that the centre of gravity of the remainder is at 
a distance ^ a from the centre. 

14. Shew that the centre of gravity of a sphere, the density at any 
point of which varies inversely as the square of the distance from a fixed 
point on the surface of the sphere, bisects the radius through the fixed 
point 

15« The density of a hemisphere varies as the nth power of the 
distance from the centre ; shew that the centre of gravity divides the 
radius perpendicular to its plane surface in tbe ratio n+3 :9i+5. 

16. Taking Laplace’s law for the density of the earth, assumed to 

be a sphere of radius a, w. p— po » where > for the density p 

a distance x from the centre, shew that the distance from the centre of 
the centre of gravity of half the earth, bounded by a plane through its 
oentre, is 


17. A portion of an anchor ring is formed by the revolution of a 
circular area of radius a about a line in its plane at a distance e from its 
centre, where s>d. If 2c be the angle through which it revolves, prove 
that the centre of gravity of the solid is at a distance from the Hue 
equal to 

4c!*+o* emo 

-Till-.-. - ■ .TTr ^ ^ 

4c a 


(2 ^ p^) cos p 4 * 2 ^ 810^-2 
2p (sin p - p cos p) 


Bd (1 4*cos^) about its axis. 
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of gravUy. Foimneg 

1& A xmftmn solid *i8 bounded by the wrfisoe Ibrieed by the 
rovolutiou of ft oydoid about its base and is then out in halves by ft 
plane through the a:ds of revolution. Shew that the centre of gravity 

of each half is at a distanoe ^ from the plane laoe^ where a is the 

radius of the generating circle of the cycloid. 

19« A solid is bounded by half the surface formed by the revolutiou 
of the cardioid rna (1 ^cob $) about its axis, and by a plaue base through 
its axis ; shew that the distanoe of its centre of gravity from the axis is 

and its distanoe from the pole, measured parallel to the axis, is ^ * 

20. A quadrant of a circle, of radius a, makes a complete revolution 
about a straight line which is parallel to one of the bounding radii of the 
quadrant at a distance b from it and which does not out it Shew that 
the distances of the centres of gravi^ of the curved surface and volume so 

generated firom ita plane enrfane are «nd | . 

149. General formulae for the centre of gravltjr of 
any volume. If P be any point (w, y, e) of the volume and 
(ar + &r, y + Sy, * + a close point Q, the volume of the 
elementary parallelepiped bounded by planes through P and Q 
parallel to the planes yOz, zOx, zOy is Sx.Sy.Sz. Its densily 
being p, the fundamental formulae become 

^ 'Si&x.Sy.Sz.p.w _ fJJ pxdxdydz 
~ 2 SxSySzp ~ Jff pdxdydz 

So p 

The limits are such as to include all the volume consideTed. 


fffpydxdydz , fffpzdxdydz 

pdxdydz JJJ pdxdydz 


JPind the centre of gravity of the ^positive octant of the eUipeoid 


which ie of conitant deneity. 




JUttttiea 


i[Mue (ti« aiuaerator of (1) 

“ ^*****^*^***^*^* (ify-6Mn«), 

a^bo 3 . 1 fr TT 

Also the doDominator of (!)>« volume of the octant « 1 • ; rrabe. 

o a 

Hence eimilarly, and 

Ex. 2. I\‘nd (he centre of gravity of the volume cut of from the cylinder 
2jr^H-y*«tt2cw: by the pi anee z^nur^ z=nx. 

If we take any element bxBy of the 
section by the plane a^y^ the volume above * 

it is clearly bs,byx(m^n)x, and the 
hdlghi of its centre of gravity above the 

plane of agr is - j- *. ^ '^v ^ 

A A 

the limits for y being to /y 

V2cM;- 2a^, and for x from 0 to a. 


Henoe 


f xi Va- xdx f sin® 0 cos* <l>d(l> 

j if jr»asin*0, 

j -xdx Bin* tp COB* (f>d^ 

J (Bin«.^-ain»(^)<f<^ 


J*(am*(p -si: 


sin® <p) dip 


fjdxdy (m-n)xx^^^^~x 


»i + » 5a, , . 

2 -- ^“ 1(5 (”* + ")• 


Ex. 3 e J(f the density at any point of an octant of the elUpeoid 


vary ae sPy^z^, prove that 






>'+ 7 +r B\ 





of gra^, 

OtmtiSer ^ <mu md j»-y-r-S. 

Tb. d«»il, talw „ h.„ 

where *, p, g have *ny positive values subject to the condition 


**4. 

3 + 


+ 3 SI. 


m 


Put ^•‘briK «-0f4. .*. 

where f , ly, f have any positive values 
Hence) by Dirichlet’a integrals, 


ja X 3 1 f 1 » 

subject to the condition f 1. 





r| 


1 ■ r(£±iK+5; 

} 


*r(f+J)r(E±|±,%b)- 


If jc»*=rg'«r-BO, then - 


^r(i)r(j)^r(i).t 
fWr(3) r(i). 2 .i.r(i) 


3 

e 


, as in Bx. 


1 . 


If pwBjBwrsa:!, then 


r(|)r(4)_r(f).3.2»i.r(i) I 6 
r(i)r{|)“‘r{i).f a fr(8)’"35- 


If p=t2'«»r«2, then 


£ 

a 


r (2)rffl^r(2 ) 
r(j)r(6) r(|).6,4.3.2br(2) 


i?. 

123* 


160. If the solid have its equation given in polar coordi- 
nates so that the coordinates of a point JP are (r, 0, (f>\ where 
OP ass r, 0 OP ssa 0, and ^ is the angle the plane zOP makes 
with zOcCf then the element of volume is SrgrS0,ram0Sif), 
t.s. r* sin 0SrgS0, 8^, and we have 

^ 2 r® sin 08r . 8^ . S<j!> . r cos 0 sin 0 /// r* sin* 0 cos 0 drd0d4> 

2 r* sin tf8rs8<? a 80 “ 7//r»sm^drd^d0 ' 


2 r® sin 5 Sr . 8^ . 80 . r sin 0 sin ^ _ JJ/^ sin* ^ sin <f)drd0d(f> 
2r*sin ^8r.85. 80 JJjr^mn0drd$d^ ’ 

j ^ 2r*sin 0Sr. 80.80. rco80 ///r*sm 0 cos0drd!0d0 
*“ Sr^sindSr.Sd.^ “ ffff^mn0drdffdif> ' 

the limits being such as to include all the Bolid 
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m 


SSL Find the centre of of a Aem’^hero lehom dmei^ oarim a$ 

the dietance from a point on Ue plane edge. 

The equation to the hemisphere is 

or, in polar coordinates, r «« 2a cos ^ sin B, 

The limits for r are thus 0 to 
2a cos sin B, 

Those for (jb are those 

for B are zero to ^ . 

If the density at any point is Xr, the element of mass is 
dr . r fid . r sin dfi<^ . Xr. 

Hence 

. JJjXr* sin BdrdBd(p , r cos </> sin B 
j/j Xr* sin B , drdBdfp 

_ \jf (2a eoa ^ sin Bf sin^ B co s (fjdBdj) __ Ba ff cos* 0 . sin^ BdBd<l> 

“ i Jj(2a coatf) sinBf sin BdBd^ ~ “T /jcos^ ^ BdBd<^ 

5.3.1fr 6.4,2 

8o 6.4.2 2 ^7.6.3 8a 
■“s' ^ ^ ” 7 ■ 

4.2 2 ^ 5.3 

Clearly ^»0, by symmetry. 

Also 

|J|Xr* sin BdrdBdtji , r cos B 
” |j/Xr* sin 

^ JJ(2a cos g> sin Bf si n 0 cos BdB^ 8a fjeos* . sin* B cos BdBd<^ 
*^~tJJ(2acoB<f)BinB)*BinBdBd^ ^ 6 ^jjeos* 

4.2 1 

^8a 5.3.1 '7 128 a 

*“ tT'B.l TT 4.2 *105 tr' 

4.8 2 ^ 6.3.1 



EXAMPLES 

Find the centroids of the volumes included between the following 
Burfsces : 

L Jp*+y*«2mr, and em^ns, 0 , J 

a. «»+y»«o*,»-0«id*-*taBa+A [^<iM»a,0,^tan*a + g.1 



C^re of gravity of a ^herical triangle 161 


S. 



I, MmO wad 


4 . 


5. 


6« 


jc* V* ** • 

^ + ^ — vP«0 and f«»id 

f S ;Ji* ^JP 

8 + ^-— «0, a;«B2a, and 
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7. A body is formed of the portion of a uniform solid sphere, of 
radius a, which is cut ofl’ by a circular cylinder, of diameter a, passing 
through the centre of the sphere. Shew that the centre of gravity of the 

portion that lies within the cylinder as at a distance ftoxn the 

centre of the sphere. 


161. Centre of gravity of any spherical triangle. 

Let ABC be the triangle, and 0 the centre of the sphere. 
Let OG be the axis of z and Ox^ 

Oy two perpendicular axes, Ox 
being in the plane GOA. 

Let P be any point on the 
triangle ; let the tangent at P to 
the circle CP meet the plane xOy 
in Ty and let PP' be the ordinate 
to this plane. Take a small ele- 
ment hS of the triangle at P, 
and let its projection on the plane 
xOy be S2. 



Thea S . 


coaP'TP 

of P and r is the radius of the sphere. 

. . z . 8S r . SSt. 


Bin POT met where z is the ordinate 
r 


Hence, if i be the ordinate of the required centre of gravity. 


^Jtz.iS_ir.dX 2 
255 “ ids “’■g 


( 1 )> 


where S is the area of the triangle and 2 iz the area of its 
projection on xOy. 


1.8 


n 



m 


smicB 


Now 

X ^ the projection of the area AOB on noOy 
^ the projection of the area AOB on the same plane 

/, AOB X cosine of the angle between AOB and a>Oy 
s= c X sine of the inclination of OC to AOB 

^ \r'*,c sin Pa, where ps is the arc drawn from G perpendicular 
to AB, 

«s^r*.c.8in6.sinud. 

Also S r* . -E, where E is the spherical excess ; 

^ 1 rc sin b sin A 

■^ = 2 E • 

This gives the distance from 0 along OC of the projection of 
the centre of gravity upon 0(7; similar formulae give the 
projections on OA and OB, Hence its position is known. 

162, The relation (1) of the previous article is clearly true 
for any area on the sphere, whether a triangle or not. 

Hence the distance of the centre of gravity of any area 8 on 
the surface of a sphere from any plane xOy passing through the 
centre of the sphere is equal to the radius of the sphere multi- 
plied by the ratio of the area of the projection of 8 upon xOy to 
the area S. 

Er, Shew that the distance from the plane, through the side AH o{ a 
spherical triangle ABC and the centre 0 of the sphere, of the centre of 
gravity of the spherical triangle is 

1 r{c~-b coH A — acosj?) 

a • 

163. Theorems of Pappus. If any plane area revolve 
through any angle about an axis in its own plane, then (X) the 
volume generated by the area is equal to the product of the area 
and the length of the path described by the centroid of the area, 
and (2) the surface generated by the area is equal to the product 
of the perimeier of the area and the length of tJie path described 
by the centroid of the perimeter, 

let A be the area and S the perimeter of the curve ; y the 
distance of the centroid of the area and y" that of the perimeter 
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of the carve from the axis of rotation which is token to be the 
axis of a. 

(1) Let P be any point of 
the area of the curve whose y 
ordinate is y; then, if the 
rotation be through an angle d, 
the length of the arc described 
by P y . ft 

Hence the volume described 
by an element dA of area at P < 

- yd . dA* 

The whole volume described by the area 
mzXyd.dA ^d.^y.dA ^0*yA (by Art. 145)« 
as the area of the curve multiplied by the length of the arc 
described by the centroid of the area. 

(2) Let P' be a point on the perimeter of the curve whose 
ordinate is y*\ during the rotation the length of the curve 
described by P' ^y .6* 

Hence the surface described by an element ha of the peri- 
meter at P' *» y'0 . Sa 

Hence the whole surface traced out by the perimeter 
-a ^y*0 .hs^0*^y\hs^0.fS (by Axt. 143) == 8.^0 

■B the perimeter of the curve multiplied by the length of 
the arc described by the centroid of the perimeter. 



EXAMPLES 

1. Find the volume and surface of an anchoring or tore* 

An anchor-ring is the surface generated by the revolution of a circle 
about an axis in its own plane. If a is the radius of the circle, and h the 
distance of its centre from the axis of rotation, then in a complete 
revolution the distance described by the centre 

Hence the volume of the anchor ringaBjro^x 2»r6=«27rV6, and its 
surface Sira x Sir6 » 4«r^6. 

2. A solid sector of a sphere of radius a stands on a base whose rim it 
circular, and the diameter of this rim subtends an angle 2a at the centre of 

the sphere ; shew that the volume of the sector is y sin* | and that its 
curved suifruse is 4fra*8in* | • 

[Revolve a sector of a circle about one of its bounding radii,] 


»i-a 
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8. Apply Pappus* Theorems to find flte surface and volume of a 
frustum of a n^bt cone m terms of its height aud the radii of its 
plane enda 

1 From Pappus^ Theorems deduce the position of the oentres of 
gravity of the arc and area of a semi-cirole. 

5* A triangle, of area A, revolves about a straight line in its own 
plane the perpendiculars on which from its angular points are pi^ jpi, 

2fr 

and shew that the volume generated is 

6. By using the results of Ex. 1, page 146, and Ex. 2, page 148, find 
the volume and surface of the solid formed by a complete revolution of a 
i^cloid about its base. 



CHAPTER IX 

STABLE AND UNSTABLE EQUILIBRIUM 


154 We have pointed out in Art. 141 that the body in the 
first figure of that article would, if slightly displaced, tend to 
return to its position of equilibrium, and tW the body in the 
second figure would not tend to return to its original position 
of equilibrium, but would recede still further fi*om that position. 

These two bodies are said to be in stable and unstable 
equilibrium respectively. 

Consider, again, the case of a heavy sphere, resting on a 
horizontal plane, whose centre of gravity is not at its centre. 



Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre 0, as Qi, or 
above, as Qt. Let the second figure represent the sphere 
turned through a small angle, so that B is now the point of 
contact with the plane. The reaction of the plane still acts 
through the centre of the sphere. 

If the weight of the body act through 6u it is clear that 
the body will return towards its original position of equilibnum, 
and therefore the body was originaliy in stable equilibrium. 

11 the weight act through the body will move still 



166 Status 

further from its original position of equilibrium, and therefore 
it was originally in unstable equilibrium. 

If however the centre of gravity of the body had been at 0, 
then, in the case of the second figure, the weight would still be 
balanced by the reaction of the plane; the body would thus 
remain in the new position, and the equilibrium would be called 
neutral. 

166. Def. A body is said to be in stable equilibrium 
when, if it be slightly displaced from its position of equilibrium, 
the forces acting on the body tend to make it return towards its 
position of equilibrium ; it is in unstable equilibrium when, if 
it be slightly displaced, the forces tend to move it still further 
from its position of equilibrium ; it is in neutral equilibrium, if 
the forces acting on it in its displaced position are in equili- 
brium. 

In general bodies which are "top-heavy,** or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
point on a horizontal table so as to be in equilibrium; in 
practice the "base” would be so small that the slightest dis- 
placement would bring the vertical through its centre of gravity 
outside its base and it would fell. So with a billiard cue placed 
vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest position 
it can take up; examples are the case of the last article, and 
the pendulum of a clock; the latter when displaced alvrays 
returns towards its position of rest. 

Again, take the case of a man walking on a tight rope. He 
generally carries a pole heavily weighted at one end, so that the 
centre of gravity of himself and the pole is always below his 
feet. When he feels himself felling in one direction, he shifts 
his pole so that this centre of gravity shall be on the other side 
of his feet, and then the resultant weight pulls him back again 
towards the upright position. 

If a body has more than one theoretical position of equili- 
brium, the one in which its centre of gravity is lowest will in 
general be the stable position, and that in which the centre of 
gravity is highest will be the unstable one» 
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166. A body rests in equilibrium upon o/notker fiwed body, 
the portions of the two bodies in contact being spheres of radii r 
and R respectively, and the straight line joining the cerdres of 
the spheres being vertical ; if the first body be slightly displaced^ 
to find whether the equilibrium is stable or unstable, the bodies 
being rough enough to pi^ent sliding. 

Let 0 be the centre of the spherical surface of the lower 
body, and Oi that of the upper body. 

Let AyQx be A. 

Let the upper body be slightly 
displacedi by rolling, so that the 
new position of the centre of the 
upper body is 0%, the new point of 
contact is A^, the new position of 
the centre of gravity is and the 
new position of the point Ai is C. 

Hence GQ^ is h. 

Draw A^L vertically to meet Of! 
in L, and O^M vertically to meet a 
horizontal line through in M, 

Let Z Af)Ax^0i and Z Af)f! = so that Z GO^M^ {$ -h 

Since the upper body has rolled into its new position, the 
arc .^lils — the arc CA^, so that 



R,d^r,<t> ( 1 ), 

where R and r are respectively the radii of the lower and 
upper surfaces. 

The equilibrium is stable, or unstable, according as (?, lies 
to the left, or right, of the Ime AgL, 

i.e. according as the distance of from OgM is > or < AgM, 
i,e. according as (r — h) sin (^ + <^) is > or < r sin 0, 


i.e, according as (r — /i) sin 



> 


or < r sin <?, 
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by subBtituting the expansion for the E&ne of an angle in terms 
of the angle, 

Ml according as 

(r-h) I ...] > or <r[l - 1 + . 

ie., when d is made indefinitely small, according as 


according as 
i,B. according as 


. + r 

(r — h) > or < r, 

T 

rR> or < A (22 + r), 

1 1.1 

or <^ + - .... 


.(S). 


Br 


In the case when t - ^ when h = , we must 

a li r M^r 

return to equation (2), and the equilibrium is stable or unstable 
according as 


R 


r. 

■fr J 


R-^r 


(9- 


1 /iZ + r 

111 


>or<r(0-|+...), 


i.e. according as 

— J (J? + r)® 0^ H- higher powers of 0 > or < — + •••* 

Le. according os 

{R + r)® - sqs. etc. of ^ < or > r* ^ sqs. etc. of 0, 
i,e. according as (R + r)* < or > r®, when 0 is made indefinitely 
small. 

Hence the equilibrium is 
unstable in this case. The 
equilibrium is thus only stable 

In all other 


when r > - + 
h r R 


cases it is unstable. 

If the curvature of the lower 
surface be in the other direction 
as in the second figure, then in 
this case the angle 
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and the equilibrium ia sUble or unstable accoiriing as is to 
the left or right of A^L, 

i.e. according as sin (^ — d) 5 MA^, 

i.e. according as (A - r) sin 5 r sin 6, 

T 

i,e, according as 
i.e» according as 

JF? — f 

i.e. according as (A — r) — — $ r, if d be indefinitely small, 

i.e. according as A 5 , i.e. according J ^ ^ 

• • Ji>T 

In the critical case when h ^ “aust return to (4) 

and proceed to higher powers* 

(4) then becomes 

1 (J? - r)» 


i.e. 


6 


8 ‘+... 


6 


"b ••• y 


t.e, — powers of 0 ^ 1 — powers of 0, 

Hence, when 0 is indefinitely small, we see that the equili- 
brium is stable or unstable according as (72 — rf ^ r®, 

{,€, according as 72 % 2n 

2r, then 


In the case when R^2r and hence h ■ 

4, = -d=20, 
r 


li^r 


and OgG?* sin (<f> - 0)^{h^ r ) sin (0 — 5) =* r sin d = MA^ always. 
Hence, in this particular case, (?* always coincides with L ; 

and the upper body will always rest through whatever angle 
it be rolled since its centre of gravity is now always vertically 
above the point of contact* 
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Oor. 1. If the upper body have*a plane fece in contact 
with the lower body, as in the following figure, r is infinite in 
value. Hence the equilibrium is stable if 

“ be > ^ ; i.e., if A be < R, f 

A R ^ 

Hence the equilibrium is stable, if 
the distance of the centre of gravity of X \ 

the upper body from its plane face be less j Os 

than the radius of the lower body; other- j ? 

wise the equilibrium is unstable. ^ 

Oor. 2. If the lower body be a plane, so that jB is infinite, 
the equilibrium is stable if 

? be > i t.e., if A be < n 
// r 

Hence, if a body of spherical base be placed on a horizontal 
table, it is in stable equilibrium, if the distance of its centre of 
gravity from the point of contact be less than the radius of the 
spherical surface. 


167. If the portions of the surfaces in contact are not 
spheres, but surfaces whose radii of curvature are R and r, it 
is similarly found that the equilibrium is stable or unstable 
Ill 

according ^ ^ * 

In the neutial or critical case, when r = ^ + -> the deter- 

n li T 

mination of the stability is a question of some difficulty. For 
its consideration the student may refer to Routh's Analytical 
Statics, or Minchin's Statics. 

It is there shewn that the equilibrium is stable or unstable 
according as 



is negative or positive. 

If this condition fails, as it does when the points of contact 
are points of maximum or minimum curvature, the. equilibrium 
is found to be stable or unstable according as 

d* fl\ . . (JJ + r) (K 4* 2r) 

d^\R)^ dAr)^ JJV 

is negative or positiva 
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EXAMPLES 


1. A body, consti»ting of a cone and a hemisphere on the same base, 
rests on a rough horizontal table, the hemisphere being iti contact with 
the table ; shew that the greatest height of the cone, so that the equilibrium 
may be stable, is ^3 times the radius of the hemisphere. 

2. A hemis^)here rests in equilibrium on a sphere of equal radius ; 
shew that the equilibrium is unstable when the curved, and stable when 
the hat, surface of the hemisphere rests on the sphere. 

3. A uniform beam, of thickness 26, rests symmetrically on a perfectly 
rough horizontal cylinder of radius a ; shew that the equilibrium of the 
beam will be stable or unstable according as 6 is less or greater than a* 


4. A heavy uniform cube balances on the highest point of a sphere, 
whose radius is r. If the sphere be rough enough to prevent sliding, and 

if the side of the cube be ^ , shew that the cube can rock through a right 

A 

angle without falling. 


6. A lamina in th^ form of an isosceles triangle, whose vertical angle 
is c, is placed on a sphere, of radius r, so that its plane is vertical and one 
of its equal sides is in contact with the sphere ; shew that, if the triangle 
be slightly dispbiccd in its own plane, the equilibrium is stable if sin a be 


less than 


3r 


where a is one of the equal sides of the triangla 


6, A solid homogeneous hemisphere of radius r has a solid right cone 
of the same substance constructed on its base ; the hemisphere rests on 
tlie convex side of a fixed sphere of radius fZ, the axis of the cone being 
veriical. Shew that the greatest height of the cone consistent with 
stability for a smaU rolling displacement is 


^^[V(3i?+r)(i?-r)-2r]. 

7* A weight W is supported on a smooth inclined plane by a given 
weight connected with W by moans of a string passing round a fixed 
fiulley whose position is given. Find the position of equilibrium of W on 
the plane, and shew that it is stable. 

8. A rough uniform circular disc, of radius r and weight is movable 
about a point distant c from its centre. A string, rough enough to prevent 
any slipping, hangs over the circumference and carries unequal weights 
W and w at its ends. Find the positions of equilibrium, and determine 
whether they are stable or unstable, 

9. A solid sphere rests inside a fixed rough hemispherical bowl of 
twice its radius. Shew that, however large a weight is attached to the 
highest point of the sphwe, the equilibrium is stable. 
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10. A thin hemispherical bowl^ radius h and weight W, rests in 
equilibrium on the highest point of a fixed sphere^ of radius which 
is rough enough to prevent any sliding. Inside Ihe bowl is placed a 
shiaU smooth sphei*e of weight w. Shew that the equilibrium is not 
stable unless 


w< W 


a-^h 


11. Shew that a sphere partially immersed in a basin of water cannot 
rest in stable equilibrium on the summit of any convex part of the base. 

12. Three equal particles repelling each other with forces proportional 
ip the nth power of the distance are connected together by three equal 
dastic strings. Find the position of equilibrium and shew that it is 

stable if n < i where a is the unstretched and p the stretched length 
of any string. 

13. A solid ellipsoid, whose axes are of lengths 2a, 25, 2c, rests with 
the "c-axis** vertical on a rough horizontal plane. The centre of gravity 
is on the vertical axis at a distance h firom the bottom vertex. Shew that 

a* 6® 

the equilibrium is stable if h is less than both ~ and . 


14. A heavy cone rests with the centre of its base on the vertex of a 
fixed paraboloid of revolution, and the height of the cone is equal to twice 
the latus rectum of the generating parabola. Prove that the equilibrium 
is neutral to a first approximation, but that it is really stable. 

15. A heavy body, the section of which is a cycloid, rests on a rough 
horizontal plane and has its centre of gravity at the centre of curvature of 
the curve at the point of contact ; shew that the equilibrium is unstable. 


16. A solid frustum of a paraboloid of revolution, of height h and latus 
rectum 4a, rests with its vertex on the vertex of a paraboloid of revolution, 
whose latus rectum is 46 ; shew that the equilibrium is stable if 


h< 


Bab 
0 + 6 ' 


17. A lamina in the form of a cycloid, whose generating circle is of 
radius a, rests on the top of another cycloid whose generating circle is of 
radius 6, their vertices being in contact and their axes vertical. If A be 
the height of the centre of gravity of the upper cycloid above its vertex, 

shew that the equilibrium is stable only if A < and is unstable if 


Asr 


4a6 


1$. A parabolical cup, whose weight is IT, stands on a horizontal 
table and contains a quantity of water, of weight nW; if A be the height 
of the centre of gravity of the cup and the contained water, shew that the 
equilibrium is stable provided that the latus rectum of the parabola is 
>2(n+l}A 
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IBB. Suppose tbat we have a body, <» system of bodieB, 
tttider the mfluence of no forces except their weights, and 
supported by rations with smooth fixed surfaces or by other 
forces which do not appear in the equation of virtual work. 
Then, if Wj, ... be the weights of the different bodies and 
jT], St, ... the heights of their centres of gravity above some fixed 
plane, the equation of virtual work becomes 

— Wi . — Wj . - Wt . Sxj 4- « 0. 

If TT be the total weight of the system and c the height of 
its centre of gravity, this becomes 

— W ,Sz==^0. 


But S«aa0 is the first condition that the height of the 
centre of gravity may be a maximum or minimum. 

If the height of the centre of gravity is a true maximum, 
then, for any small displacement of the system, the centre of 
gravity is lowered ; if, after any such displacement* the system 
be momentarily held at rest and then let go, it is clear that it 
would not go back to its position of equilibrium, for that would 
be contrary to the dynamical principle that the kinetic energy 
of any such system must be equal to the work dona The 
system would therefore not go back to its position of equilibrium 
but would depart still more from it. The equilibrium in this 
case is said to be unstable. 

If the height of the centre of gravity is a true minimum, 
then, for any small displacement, the height of the centre of 
gravity is increased ; in this case, if the system be momentarily 
held at rest after any such small displacement and then be let 
go, it would return to its position of equilibrium ; in this case 
the equilibrium is said to be stable. 

Hence the equilibrium of a body or system of bodies can 
often be found as follows : let the height z of its centre of gravity 
above a fixed plane be expressed as a function of some one 

dz 

independent vanable 6. Solve the equation ^ s 0 in the form 
^ “ a. A 7. If the value B = % when substituted in the 


value of 


dtf*’ 


makes it pomtive, so that 2 is a true minimum, 


then the value ■> « gives a position of sta&fe equilibriom. 



Stcuios 


lU 


i 

If the value 0 *** a, when substituted in the value of 




makes it negative^ so that i is a true maximum, then the corre*? 
sponding position is one of vnstable equilibrium. 

As the system moves into its different positions the centre 
of gravity will describe some curve, and we know that in such a 
curve the maximum and minimum ordinates occur alternately. 
It follows that the positions of unstable and stable equilibrium 
occur alternately. 


159. Ex. 1. A square lamina in a vmrtical plam on two smooth 
peffs which are in the same horizontal line. Shew that there ie only one 
position of equilibrium unless the distance between the pegs is greater than 
one-quarter of the diagonal of the square^ hut that^ if this condition is 
satisfied y there may be three poeitiom of equilibrium and the symmetrical 
position Will be stable^ hut the other two positions of egailibrium will he 
unstable. 



Let A BCD be the square, and P and Q the pegs. Let the diagonal 
A and let it be inclined at an angle 0 to the horizontal Ax, The 

height ON (saf) of the centre of gravity O above P(i is given by 

i s* ^ C? sm<j!» - ^ P sin (^ — 45*) 
mdmx<t»^o cos — 45") sin - 45"), if P§=»e, 




and 


i sin ^ + 5 cos 2ij(> 



»(;^cos<^>esin 




— — ^000 


( 1 ); 

.( 2 ), 

.( 8 ). 
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Now, sinco the pegs are smooth, the equation of virtual work reduces 
to Henoe, by (8), the positions of equilibrium are given by 

eos^(<f — Scsin^)«BO •».«(4)u 


The solutions of this equation are and sin 

This latter equation has real roots only when 8c>€i^ t.a when 
PQ>iAO. 

Take the case when 2c > d. 

There are then three positions ; the first when is vertical and the 
other two when AO ia inclined at either side of the vertical at an angle 

sin'^ ~ to the horizontal* 

2c 

d^ 

When <^«:90*, then, by (3), ^ m •rf4'2c»positiva 

Therefore 2 is a minimum and the equilibrium is stable. 

When 


sin then 


— rf sin 0 — 2c 4- 4c sin® ^ 


rf*-4d> 


s^negative* 


In this case r is a maximum and the equilibrium is unstable. 
Next take the case when 2c <d. 

In this case there is only one position of equilibrium given by 
d^z 

and then -d-h 2c « negative. 

i is now a maximum and the equilibrium is unstable 


£x. 2. A rod of length 2c aTid whoee centre of gravity O u cd a 
distance d from its centrcy has a string, of length 2c sec a, tied to its two ends 
and the string is then slung over a small smooth peg P ; find the position of 
equilibrium and shew that the position which is not vertical is unstable. 

Since jP//»2cseco, the peg F must be somewhere on an ellipse 
of foci and H and semi-major axis 
c sec a. 

Also its semi-minor axis 

sec® a — at c tan a, 

Henoe the equation to the ellipse 
is jc*sin*a-f-y**'c*tan*a, or, referred 
to polar coordinates through (?, 
sin® a (r cos d -f d)® + r* sin® 6 

•ac*tau®u ...(l). 

If we find the value of 6 for 
which r is a maximum or minimum, 
and take the corresponding point P 
of the ellipse for the position of the peg, and make PQ vertical^ we shall 
have the slaxit position of equilibrium. 






(1) pre* 

COS* 6 . r* cos* fi - S cos ^ , dr sin* - c* tan* n 4* rf* sin* a. 


The least value of r is clearly tan a. and then cos B 

Since in this case r is a minimum the centre of gravity is at its 
minimum depth below the peg, and therefore at the mazimum height 
above the horizontal, and the equilibrium is unstable. The other two 
positions of equilibrium are when P is at ^ or A\ and the rod is then 
clearly vertical. 

If OP is a minimum it is clear that OP must be a normal at P ; so 
i^at P may also be foxmd from the fact that its normal passes through a 
hnown point 0 on the major azia 

160. The stability of the question of Art. 156 may also be 
easily considered by this method. For if « be the height, in 
the first case, of above 0, we have 

i » (i2 + r) cos 0 — (r — A) cos — 6 (1) ; 

*. 4.r)8m5» + (r--A) Sin — ^ ...(2), 

and ^ — (JB + r) cos 0 4- (r — h) cos 0 . , .(3). 

A maximum or minimum value of z is clearly given by 

(9 « 0, The corresponding value of z is then a minimum or 

maximum, and the equilibrium stable or unstable, according as 

d^z ... 

IS positive or negative, 

/jB 4* 9*\* 

t.c. according as — (JB 4- r) 4- (r — h) ( - ~ — j is positive or negati ve, 
H/f* 

ie. according as ^ 5 ' 

df^z • 

If h equals this value, then ^ is zero when (9 =?= 0 and, by the 

rules of the Differential Calculus, we must consider the higher 
differential coefficients. 

In this case 

^-(B + r) -cos^ + cos^^^- 


iFz 
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and ^ = (jB + r) cos B ~ oos ' 

When d =» 0, ^ is zero and ^ is negative. 
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Hence i is a maximum and the equilibrium unstable. 

In the second case if g be the depth of 0^ below 0 we have 


(iJ. 


R^r 

r) cos ^ — (A — r) cos 6, 


The equilibrium is then stable or unstable according as i is 
a maximum or a minimum, 

di^g 

i.e, according as ^ is negative or positive when 6^0, 

t 7*JfJ 

as before, according as A $ . 

j\> — I* 

If h equals this value, then 

(R~r 


^-(i2-r)|^-cos^+cos(^-?^5) , 


Then 


c£*i 




^ is zero when 0 = 0, and ^ is negative or positive 
/R — ry 


/JR wmm . , , 

according as 1 — f — J is negative or positive, 

t.e, according as J2 ^ 2i\ 

Hence i is a maximum or minimum, and thus the equi* 
librium stable or unstable, according as R ^ 2r, 

161. If in the question of Art. 156 the common normal in 
fche position of equilibrium is not 
vertical, the problem may be 
treated as follows, in the case 
where the displacement is such 
that the centre of gravity O 
moves in the vertical plane 
through the common normal. 

Let R and r be the radii of 
curvature of the lower and upper 
bodies at the point of contact A, 

Since there is equilibrium, O 
must be vertically over A; let 
AO^h, and ^ GAOi « ou 
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The equilihrium will be stable or* unstable according as <7 
moves upwards or downwards when the upper body is slightly 
displaced, ie. according as the concavity of the path of Q is 
turned upwards or downwards, according as the centre of 
curvature of the path of Q is above or below G, 

Now, by the theory of the Curvature of Roulettes, the radius 
of curvature p of the path of 0 is given by 

cos Qt ^ cosa_ 1 ^ 1 


SO that 



^ JL ^ 221?^ 

h 


where p is measured positively from G towards A. 

Hence p is positive or negative, i.e, the centre of curvature 
of the path of G is below or above 0, 

11. cos a 

according as^-f~iB>or< ^ 

according as A > or < 


Hence the equilibrium is stable or unstable according as 


, Rr 

k < or > cos CL 
R^r 

1 11 

If alon? AOi we measure off AK such that rir— , 
® AK R r 


and hence AK • 


Rr 


, and if AG meet in Q the circle on 


AK as diameter, then AQ ^ AK cos a - ^ cos a. 

It -+ r 

The equilibrium is thus stable or unstable according as 
A < or > t,e. according as (r lies within or without this 
circle, which is therefore called the circle of stability. 

If 0 lie on this circle, its equilibrium is neutral to the first 
degree of approximation. The radius of curvature of its path is 
then infinite and <? is at a point of inflexion of its path. This 
circle is therefore often known as the circU of inflexions. 
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EXAMPLES 

1. A heavy uuifonu rod rests with one against a smooth vertical 
wall and with a point in its length resting on a smooth peg. Find the 
position of equilibrium and shew that it is unstabla 

2. Two equal uniform rods are firmly jointed at one end so tiiat the 
angle between them is a, and they rest in a vei’tical plane on a smooth 
sphere of radius r. Shew that they are in stable or unstable equilibrium 
according as the length of either rod is ^ 4rooseca. 

3. A beam rests with its ends upon two smooth inclined planes, 
which are inclined at angles a and to the horizon and which interiiiect in 
a horizontal line ; find the position of equilibrium and shew that it is 
unstabla 

4. A uniform heavy bar AB can move freely in a vertical plane 
about a hinge at A, and has a string attached to its end B which after 
passing over a small pulley at a point C vertically above A is attached to 
a weight. Show that the position of equilibrium in which AB is inclined 
to the vertical is an unstable one. 

5* A smooth beam ABy of weight W, rests with one end A on a 
smooth horizontal plane AO and the other end B against a smooth 
vertical wall BC, The end A is connected by a string which passes over 
a smooth pulley at O and is attached to a weight W', A, By 0 being in 
one vertical plane, find the position of equilibrium and shew that it is 
unstable. 

6. Shew that the equilibrium of the rod in Ex. 2 of Art. 56 is stable. 

7. Four uniform rods, each of length 2o, are hinged at their ends so 
as to form a rhombus and the system is hung over two smooth pegs in the 
same horizontal line at a distance aJ2y the pegs being in contact with 
different rods. Shew that the system is in equilibrium when the rhombus 
is a square, but that the equilibrium is not stable for all displacements. 

3. A square lamina rests with its plane perpendicular to a smooth 
wall one corner being attached to a point in the wall by a fine string of 
length equal to the side of the square. Find the position of etiuilibrium 
and shew that it is stable. 

9. A uniform isosceles triangular lamina ABC rests in equilibrium 
with its equal sides AB and A <7 in contact with two smooth pegs in the 
same horizontal line at a distance c apart. If the ])erpqndicular A D upon 
BC is hy shew that thei*e are three positions of equilibrium, of which 
the one with AB vertical is stable and the other two are unstable, if 
/i<3coosecA; whilst, if A^3ccosecA| there is only one position of 
equilibrium, which is unstable. 
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, 10. A aquMra board is hung; fiat sgaitutf a wall, I7 rnsans of a string 
fikatetied to the two extremities of the upper edge and hung round a 
perfectly smooth rail ; when the length of the string is loss than the 
diagonal of the board, shew that there are three positions of equUibnum« 

Shew that the position of symmetry is unstabla 

11 « A rectangular picture bangs in a vertical position by means of a 
string, of length ly which after passing over a smooth nail has its ends 
attached to two points symmetirioally situated in the upper edge of the 
picture at a distance o apart. If the height of the picture be a, shew that 
there is no position of equilibrium in which a side of the picture is 
inclined to the horizon if /a > whilst if 2a < cVc^+a® there are 

two such positions which are both stable. 

Shew also that in the latter case the position in which the side is 
vertical is stable for some and unstable for other displacements. 

12. A smooth ellipse is fixed with its axis vertical and in it is placed 
a beam with its ends resting on the arc of the ellipse ; if the length of the 
beam he not less than the latus rectum of the ellipse, shew that when it is 
in stable equilibrium it will pass through the focus. 

13. A uniform rod, of length 22, is attached by smooth rings at both 
ends to a parabolic wire, fixed with its axis vertical and vertex downwards, 
and of latus rectum 4a. Shew that the angle 0 which the rod makes 
with the horizontal in a slanting position of equilibrium is given by 

2 a 

cos* d ; and that, if these positions exist, they are stable. 

Shew also that the positions in which the rod is horizontal are stable 
or unstable according as the rod is below or above the focus. 

14. A solid hemisphere rests on a plane inclined to the horizon at an 
angle o, < sin'^f, and the plane is rough enough to prevent any sliding. 
Find the position of equilibrium and shew that it is stable. 

15. If a body rest with a plane face in contact with a perfectly rough 
s|)here of radius a at a point at which the normal makes an angle B with 
the vertical, and if the centre of gravity be at a distance h vertically above 
the point of contact, prove that the equilibrium will be stable if A < a oosd, 
and unstable if A > a cos d, 

16. Shew that the half of an ellipse cut ofl; by any diameter will 
always have one position of stable equilibrium when resting with its 
curved surface in contact with a horizontal plauci if the eccentricity be 

less than , 

VSjt 

17. An elliptic cylinder is placed with its axis horizontal on a rough 
plane inclined to the horizon at an angle less than the angle of friction ; 
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prove that the cyliuder oanuot reet if the iactUnatioa of the plane exceeda 

» “*** inclination is equal to 

equilibrium m neutral to a first approsimatioiie 

18* An elliptic diso^ of semi'azes a and slides in a vertical plane so 
as always to be in contact with two smooth rods, OP and OQ, which are 
in the same vertical plane and at right angles. Shew that in the 
stable positions of equilibrium the major axis of the ellipse is parallel to 
one or other of the rods, whilst in the tinstable position it is inclined at 

an angle ^ to OjP given by sin* d— » where a is the 
iuolination of OP to the vertical 


19. A smooth elliptic cylinder of semi-axes a and h slides between 
two planes each inclined at an angle a to the vertical. If tana lie 

between shew that in the position of stable equilihriuin 

the major axis of the cylinder is inclined to the vertical at an ai^e 

tan* V / ^ - 1 aud when tan a does not lie between these limits 
V aco8*a — osin*a 

find the positions of stable and unstable oquilibriumu 


20. Four equal masses, attracting according to the law ci the inverse 
square of the distance, are placed at the comers of a rectangle ; shew that 
a particle at the centre of the rectangle will be in unstable equilibrium for 
all displacements in the plane of the rectangle if the ratio of the length to 
the breadth of the rectangle is less than a/2* 

If this ratio is equal to a/ 2, shew that there is stable equilibrium for a 
displacement parallel to the breadth of the rectangle. 



CHAPTER X 


FORCES IN THREE DIMENSIONS 

162. To fimd the resultant of any given system of forces 
aeting at given points of a rigid body. 

Take any convenient origin or base point, 0, and axes of 
coordinates Ox, Oy, Os. 

Let {xi, yi, Zi) be the 
coordinates of any point P, 
of the body at which acts one 
of the given forces B, whose 
components parallel to the 
axes are Xj, F,, Zi. 

Draw P,ilf, perpendi- 
cular to the plane xOy, M^Ni 
perpendicular to Ox, and 
QiNiSi parallel to Oz. 

Along the lines Oz, 0z\ 

NiQi, NiSi let forces, each 
equal to be introduced. These, being in equilibrium among 
themselves, do not alter the effect of the given forces. 

Now the forces Z, along P,Z, and form a couple of 
moment Zi . MiN^, ie. Zi.yi,m& plane perpendicular to Ox and 
in the positive direction about Ox ’, they are therefore equiva- 
lent to a couple whose axis is along Ox and is positive. 

The forces Z, along and Oz" form a couple whoso 
moment is Z, . ON,, i.e. Z^x,, in a plane perpendicular to Oy and 
in the negative direction about Oy, 

Hence the force Z, at P, is equivalent to 
a force Z, at 0 along Oz, 
a couple of moment -t- y,Z, about Ox, 
and a couple of moment - XiZ, about Oy, 
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Similarly the force at P, is equivalent to 
a force Xj at 0 along OtCf 
a couple of moment -t- z^Xi about Oy, 
and a couple of moment — yXi about Oa. 

Also the force F, at P^ is equivalent to 
a force Fi at 0 along Oy, 
a couple of moment + a?, Fj about Oz, 
and a couple of moment - about Ox, 

Hence finally the three component forces Xu Yu acting 
at Pi are equivalent to 


forces Xu Yu Zi along Ox, Oy, Oz respectively, 
a couple y,Zi - z^Y^ about Ox, 
a couple ZiXi — XxZ^ about Oy, 
and a couple r^Fj — y^Xi about Oz. 

In a similar manner we may replace the force, acting at 
another point (a?,, z^ and whose components are Xu Yu 
by forces along Ox, Oy^ Oz and couples about these lines as axes. 

Hence finally the whole system of forces is equivalent to 

a force along Ox = Zj + X# 4- ... =2 {X^ = Z, 
a force along Oy = F, + F, + ... *= 2 ( F,) = F, 
a force along 0-^ == Zj 4- F, -h ... as 2 (Zj) == Z, 
a couple about Oa? = 2 (yiZj — z^Y^ =s Z, 
a couple about Oy = 2 {z^Xi — x^Z^) = M, 
and a couple about 0-? = 2 (^Ci Fj — yiZi) = N. 


These three forces are equivalent to a single force U acting 
through 0, such that P* == Z* 4- F* -f Z®, along a line whose 
Z F Z 

direction cosines are g > ^ ^ 26.] 


The three component couples are, by Art. 49, equivalent to 
a couple of moment 0, such that 0“ = -4 if® + Z®, whose 

axis is along a line whose direction cosines ^ 

Hence the system of forces has been reduced to a single 
force acting through an arbitrarily chosen point 0, and a 
couple whose axis passes through 0. 
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163. This oombixiatio^ of a force and a couple is often 
called a dyname, and the quantities Y, Z, £, M, N are its 
components. 

The system of forces and couples along and about the 
axes of coordinates may, for brevity, be called the system 
(X, F, if, N). 

164. General definition of the moment of a force abotd a 
line. 

The moment of a force P about a given line is obtained 
thus] resolve P into two components, Q parallel to the line 
and S perpendicular to it ; the product of S and the shortest 
distance between the line of action of S and the given line 
is the required moment about the given line. 

In the figure of Art. 162 the moment of the given force iJ 
about the axis of a is equal to the component V F,® 4* multi- 

plied by the shortest distance between its line of action and Or, 
and is thus equal to the moment of the component 
about iVj, which again, by Art. 38, is equal to the sum of the 
moments of its two components Fi and Zi about J^i, and this 
sum finally is equal to yiZi^ZiYi. 

166. General conditions of equilibrium of a rigid body, 

A force R and a couple G together cannot produce equili- 
brium. For the couple G can be replaced by two equal and 
opposite forces one of which acts through the point 0 where R 
meets the plane of the couple. This force and R can be 
compounded into a single force which passes through 0 and 
does not meet the other force of the couple; and hence we 
cannot have equilibrium. 

Hence there can be equilibrium only when the force R and 
the couple G separately vanish. 

But, by Art. 162, = A* -f- F* + and G- « + if > + 

Hence for equilibrium we must have 
X«0, F = 0, 
i-0, Sind i\r«0; 

t.a the sums of the resoked parts of the system of forces parallel 
to any three axes of coordinates must separately vanish, and also 
the sums of their moments about the three axes must separately 
vanish. 
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EXAMPLES 

1. Two equal forces R act on a cube, whose centre is fixed and whose 
edge is 2a, along diagonals of adjacent faces which do not meet ; shew 
that the moment of the couple which will keep the cube at rest is either 
lia ^3 or Ra according to the directions of the forces. 

2. Six forces, each equal to P, act along the edges of a cube, taken in 
order, which do not meet a given diagonal, ^hew tliat their resultant is 
a couple of moment 2^3 . Pa, where a is the edge of the cube. 

3. OA, OB, OC are edges of a cube of side a and 00\ AA\ BB% CC' 

are its diagonals; along 0B\ O' A, BC and C*A* act forces equal to P, 
2P, 3P and 4P ; shew that they are equivalent to a force VSSP at 0 
along a line whose direction>cosines are proportional to -*3, 6 

together with a couple ^Vll4 about a line whose direction-oosines are 
proportional to 7, — 2, 2. 

4. Forces act through the angular points of a tetrahedron perpen- 
dicular to the opposite faces and proportional to them. Shew that they 
are in equilibrium if they act either all inwards or all outwards. 

5. In any rectilinear solid figure couples, whose axes are all drawn 
outwards, act one in each face proportional to the area of that face ; shew 
that they are in equilibrium. 

6. Four forces act along generators of the same system of a hyper- 
boloid. Their magnitudes are such that if they were transferred parallel 
to themselves to act at one point they would be in equilibrium ; shew that 
they are in equilibrium when acting along the generators. 

[The equation to any generator of the hyperboloid 

^ y* y - 6 sin d • - 

a* ^ 6* 6’* ** a sin B - 6 cos d ** c 

166. Constrained bodies. A body is said to be con- 
strained when one . or more points of the body are fixed. For 
example, a rod attached to a wall by a ball-socket has one point 
fixed and is constrained. 

If a rigid body have two points A and B fixed, all the 
points of the body in the line AB are fixed, and the only way 
in which the body can move is by turning round AB as on axis. 
For example, a door attached to the door-post by two hinges 
can only turn about the line joining the hinges. 

If a rigid body have three points in it fixed, the three points 
not being in the same straight line, it is plainly immovable. 
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167. Conditions of equilihrium of a rigid body wUh ons 
point fixed. 

Take the fixed point as the origin 0 and any three perpen- 
dicular lines through it as the axea Let the external forc^ 
acting on the body, apart from the force of constraint at A, 
reduce to component forces X, F, Z parallel to the axes and 
Component couples L, M, N about the axes, as in Art. 162. 

Let the force of constraint at 0, which gives equilibrium, 
have as components X\ Y', Z' parallel to the axes. 

Then for equilibrium we have, by Art. 165, 

X + = F-|-r=:0, Z^Z'^0 (1), 

i = Af = 0, i7«0 (2). 

The equations (1) give only the component reactions at 0 
in terms of the external forces. 

The equations (2) give the conditions of equilibrium, vix. that 
the sums of the moments of the eocternal forces about any three 
perpendicular lines passing through the fixed point 0 must 
be separately zero. 

If the external forces all act in one plane passing through 
0, the preceding conditions reduce to the simpler condition that 
the sum of the moments about 0 must vanish. 

168. Conditions of equilihrium. of a rigid body which has 
two points f A and B, fixed so that the body can turn about the 
fixed axis AB. 

Take the straight line 
AB as the axis of z and any 
point 0 on it as the origin. 

Let OA 0B^z\ and 
let the components at A and 
B of the forces of constraint 
beX', F;^'andX", Y'\ Z". 

Let the external forces 
acting on the body apart 
from the forces of constraint 
reduce, as in Art. 162, to 
component forces X, F, Z at 
0 parallel to the axes and 
component couples L, M, N about the axes. 
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Then the component ^forces for the ^ole systeta of forces 
are X -f- -I- X'\ !F+ P"' + Z Z** and the component 

couples are 

M + XV + and N 
Hence the conditions of equdibrium are 


X4-X'-f-X' = 0 (1), 

r+F'+F''-0 (2), 

Z+Z'^Z'^^0 ( 3 ), 

L-Y'z'-^Y"z"^0 (4), 

if + XV + XV'«0 (5). 

and X = 0 (6), 


(1) and (5) give X' and X^'; (2) and (4) give F' and F"; 
the only relation between Z' and Z" is equation (3), so that 
their values are indeterminate. 

Finally the only relation between the external forces is 
equation (6), so that the condition of equilibrium is that the 
sum of the moments of the external forces about the fixed axis 
AB must he zero, 

169. The reactions Z\ Z'^ may be expected to be indeter- 
minate. For suppose the body to be a gate supported in the 
usual way by supports at A and B, If the staple at it be 
moved a veiy little higher than the proper position it will 
carry all the weight of the gate; if on the other hand it be 
placed a very little lower than the proper position, then all the 
weight will fall on to B, We should therefore expect the 
distribution of the weight to be an indeterminate one when the 
distance between the two staples of the post is exactly equal to 
the distance between the rings of the gate. 

170. Ex.1. A circular uniform table, of weight 80 lha., resU on four 
equal legs placed aymmetrioally round iU 
edge; fnd the least weight which hung upon 
the edge of the table will just overturn ii. 

Let AZ and BF be two of the legs of the 
table, whose centre is 0, ^ 

If the weight be hung on the portion of 
the table between A and B the table will, if 
it turn at all, turn about the line joining the 
points Z and F. Also it will be just on the 
point of turning when the weight and the 
weight of the table have equal moments 
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about SF, Now tbo weight will clearly ^ave the greateet efiTeot when 
|daced at tlie middle point of the arc AB. 

Let OM meet AB in L, and let x be the required weight Taking 
moments about FF, we have sb . LM^BO . OL* 

... OA, i,em arm 193*1 lbs. wt 

Ex* 2. A heavy door is hung so thcU the line joining tie hinges lis of 
length %h and is inclined at B to the 
vertical; it is kept in a position 
indined at om an fie <f> to (he vertical 
plane through the line of hinges by a 
force P, perpendicular to t/te door^ 
acting at a point whose distances 
from the line of hinges and from the 
lower edge of the door are h and c; 
find P and the actions at the hinges as 
far as they can be founds the weight 
of the door being W. 

Let OA be perpendicular to the 
line joining the hinges, 0 and P, in 
a plane through OB and the vertical 
OF, and let OBCD be the door so 
that 

Let Oi>, OB and a perpendicular 
to them be the axes of s, z and y. 

The weight W resolves into — W cob B and IF sin ^ along OB and OJ, 
and hence has components IF sin B cos (^, — IF sin B sin — IF cos 61, 

parallel to the axes, acting at O whose coordinates are (a, 0, A), where 
2a is the width of the door, and the hinges are supposed symraetrically 
placed with respect to G, 

The supporting force P eX H has components 0, P, 0 parallel to the 
axes acting at a point whose coordinates are (5, 0, c). 

Hence, by Art 162, 

AT = 2 (-*^ 1 ) = IF sin B cos 
F»«s2(Fi)*«~ if sin ^ sin + P, 

(yi^Ti - Fi) = IFA sin ^ sin - cP^ 

WhBinBQO&(l>’^aWooBB, 

and A^«« S (si Vi -yjZj) - ll^^a sin ^ sin ^ + AP. 

Also, with the notation of Art 168, i('*=0 and /'««2A, so that JT, F, F 
are the component reactions at 0, and JT', T\ ZT those at the hinge JS. 

Equation (6) of that article gives P « IF^ sin d sin 
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Equati^na (1) and (5) give 

X'»f-^|^|ccwd-ain ^cos and X'V--y^j 00 sd 4 -BindooB^J. 
Equation® (2) and (4) give 

F'»-~ j^l-y + j^Jsindaini^, and Yj^l-^JaindBin^. 
Also, (3) gives Tfcos d. 


EXAMPLES 

!• A square table stands on four legs placed respectively at the 
middle points of its sides ; dnd the greatest weight that can be put at 
on© of the comers without upsetting the table. 

2. A round table stands upon three equidistant weightless legs at its 
edge, and a man sits upon its edge opposite a leg. It just upsets and 
falls upon its edge and two legs. He then sits upon its highest point and 
just tips it up again. Shew that the radius of the table is ^2 times the 
length of a log. 

3. A door, of weight If, is free to turn about an axis AB which is 
inclined at an angle a to the vertical ; shew that the couple necessary to 
keep it in a position in which it is inclined at an angle /3 to the vertical 
plan© through AB is Ifa sin a sin /3, where a is the distanoe of its centre 
of gravity from AB, 

4. A rectangular gate is hung in the ordinary way on two hinges so 
that the line joining the hinges makes an angle a with the vertical Shew 
that the work which must be done to move it through an angle & from its 
position of equilibrium is Ifa sin a (I - cos 6\ where If is the weight and 
2a the breadth of the gate. 

5. A rectangular table is supported in a horizontal position by four 
legs at its four angles, and a given weight is placed at a given point of it ; 
shew that the thrust on each leg is indeterminate, and find the greatest 
and least value it can have for a given position of the weight. 

6. A rigid rectangular table has equal legs at the four corners which 
are slightly compressible, and the compression in each leg is assumed to 
be pro|)ortional to the thrust on that leg. If the centre of gravity of the 
table lie within the parallelogram formed by joining the middle points of 
the sides, find the thrust in each log. If the centre of gravity does not 
lie within this parallelogram, shew that the table rests on three legs only. 

'[Since the diagonals of the table remain straight, the mean of the 
oompi’essious of each pair of opposite legs is equal to the depth through 
which the centre of the table moves. Hence the sum of the thrusts of 
each pair of opposite corners is the same.] 
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171. If three forces acting on a body keep it in equilibrium^ 
they must Ue in a plane. 

. Let the three forces be P, Q, and P, and let P^ and Qx be 
any two points on the lines of action of P and Q respectively. 

Since the forces are in equilibriuni, they can, taken toge^er, 
have no effect to turn the body about the line 
JPjQi. But the forces P and Q meet this line, 
and therefore separately have no efiFect to turn 
the body about PiQj. Hence the third force B 
can have no effect to turn the body about PxQi. 

Therefore the line P^Qj must meet B, 

Similarly, if Qa> Q*> ••• be other points on 
the line of action of Q, the lines PiQ#, Pi0s» •- 
must meet B. 

Hence B must lie in the plane through Pj 
and the line of action of Q, ie. the lines of action of Q and B 
must be in a plane which passes through Pj. 

But Px is any point on the line of action of P ; and hence 
the above plane passes through any point on the line of action 
of P, ie. it contains the line of action of P. 

Cor. From Art. 64 it now follows that the three forces 
must also meet in a point or be parallel. 

172. If four forces acting on a body are in equilibrimn, 
shew that they are generators of the same hyperboloid. 

Let the lines of action of the four forces be P, Q, P, S. 
From any point on P draw a line L to meet both Q and B. 
Since the four forces are in equilibrium the sum of their moments 
about L must vanish ; hence S must meet i. Starting with 
any two other points on P we obtain two other lines M and N 
which meet P, Q, B, S, 

Now three non-intersecting lines Z, M, N determine a 
hyperboloid of one sheet of which Z, M, N are generators of the 
same system. The lines P, Q, P, S which meet Z, M, N are 
then generators of this hyperboloid which belong to the other 
system. 

It will be noted that it is assumed that no two of the four 
forces are either parallel or meet in a point; for, if so, they 
could be compounded into a single force and we should &.11 
back on the case of the last article. 
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17S. If five forces aStifig on a body are in egaUibrhm, they 
can be intersected by two straight lines* 

Let the lines of action of the forces be P, Q, R, S and 21 
Through P, Q, B draw a hyperboloid of one sheet, and let S 
meet it in the points A and B, 

Through A there passes one generator of the hyperboloid 
which is of the opposite system to that of P, Q, M and which 
therefore meets R\ since this generator meets P, Q, P, B 
the sum of their moments about it is zero. 

But, by taking moments about it for the whole system, we 
see that the sum of the moments of P, Q, B, 8 and T about it 
is zero. Hence the moment of T about it must be zero, i*e. it 
meets T also. 

Similarly, through B there passes a generator which meets 
all five forces. 

It will be noted that these straight lines are real, coincident, 
or imaginary according as 8 meets the hyperboloid in real, 
coincident, or imaginary points. 

174, Ex. 1. A heavy rod OA can twm freely about a point 0, whose 
distance from a rough wall isk^ the 
height of the wall being h ; the rod 
rests with a point of itself upon the 
top edge of tJve wall. Shew that the 
greatest angle which the rod can 
make with the pesrpendiculcur drawn 
from 0 to the top edge of the wall is 

Let L be the point of the rod 
in contact with the wall, OK the 
perpendicular to the wall and OH the perpendicular to the top oi the wall, 
so that OK^k, KH^h, and lHOK^u, 

Let OM be parallel to HL and OM be perpendicular to OM, 

The direction of the normal reaction at Z is perpendicular to both 
OL and EL and is thus perpendicular to the plane OLE, 

The friction fiR is opposite to the direction in which L woidd move 
and is thus perpendicular to OL in the plane OLH. 

Since OM ib inclined at a to the horizon, IF is equivalent to IF sin a 
along OM and FT cos a perpendicular to the plane OLE through the 
point G, 

Taking moments about a perpendicular through 0 to the plane OSL^ 
we thus have 

pR, OL^ FFsina. OG^sin EOL (i). 
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Also, taking moments about a line perpAidioular to OL in the i^ane 
SfOLy we haye 

M.OL^Wcoaa.OG W 

uk 


r* Bin ffOZwtfi cot 

Also FZ- 05-tan 


, and twice ffL is the length 


of the wail on which the rod can rest for equilibrium to be possible. 


AUter. The question may also be solved by the use of Art. 171. 

For the rod is in equilibrium under three forces, viz. its weight, the 
reaction at the point 0 and the resultant reaction at X, which must thus 
meet in a point. The reaction at X must therefore lie in the vertical 
plane OLN, 

Now the direction, LF^ of the normal reaction at X is perpendicular 
to both OL and ZTX, i.a it is normal to the plane OiTX, so that it is 
perpendicular to OB in the plane OBK and thus has as direction cosines 


(-sin a, 0, coso) (3), 

where OE^ OM and a parallel to EB are the axes of coordinates. 

The direction of friction, at X is along the perpendicular to OL in 
the plane OLB. The resultant reaction, which we have seen must lie in 
the plane OXiV, must thus be at right angles to LF^^ the normal to the 
plane OLE, whose direction cosines are 


(sin<^, -cosd>, 0) (4), 

where ^ is the angle EOE. 

Also, if the equilibrium be limiting, this resultant reaction makes an 
angle X with LFi. 

Again, since X/], XFj, LF^ are all perpendicular to (?X, they lie in the 
same plane. Hence the angle LF^ = 90* 4* X. 

Hence, from (3) and (4), - sin sin a — cos (90* + X) « - sin X, 

XT i. A i. £7/1 r ^ cos a sin X 

Now tan « tan irOX — 7777 » cos o tan cA=«-. -rr- -~ - , 

OZf ^ -/8in«a-8in»X 

. • . sin ^a»cot a tan X « cot a, as before. 


Ex* 2. A hmvy pluy in th$ ahape of a frustum of a eons exactly fits a 
conical hole of the same nze^ the common axis being vertical. The vertical 
amgle of the cone is 2a, amd the radii of the circular bases of the frustum 
are a and h. The normal reaction per unit of area being supposed constant^ 
shew that the moment of the least couple that will twist the plug is 

I ^ where W is the weight of the plug and g. is the 

eoejffwimt of friction. 

The area of the slant surface of the hole 

•fr (a-hW X slant side*»jr — r~r, 

' * sine 
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Beaoe, if be the ccmetent normal reaction |>er unit of araiH ire bate 

» '-» «8in a-ir (a* - 6») fl .(1). 

If JT be the raditis of any section of the plug, the area of the hole 

fix 

between it and the section of radius ^r— , and hence the 

sin a 

moment of the friction on it about the axis 


ix 


^fiW 


me Sirar , ■ . uR . r?*** ^ 

’ Bin a • ‘ ^ (a» - 69)sinu 




Hence the moment of the required couple 

(a*— 6®)ama y * 3 sin a a® — 6* 3 a+6 


coseoflu 


EXAMPLES 

1. Two smooth planes, each inclined at an angle a to the vertical, 
intersect in a horizontal line. A uniform rod, of weight W and length 2a, 
is placed between them in a horizontal position making an angle 0 with 
their line of intersection. Shew that the horizontal couple required to 
maintain equilibrium is Wa cos 6 cot a. 

2. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius a. 
Shew that the line joining the middle point of the rod to the centre of the 

sphere makes with the vertical an angle , 

Va*— c* 

3. A uniform rod, of weight IT, can turn freely about a hinge at the 

end, and rests with the other against a rough vertical wall making an 
angle a with the wall. Shew that this end may rest anywhere on an arc 
of a circle of angle 2 tan" ^ [/ a tana], and that in either of the extreme 
positions the normal reaction of the wall is ^ ir[cot*a+/Li2]’’ where fi is 
the coefficient of friction, * 

4L A thin uniform rod AB, of length 2a, rests in an oblique position 
with one end A on a rough horizontal table and the other against a rough 
vertical wall, the coefficients of friction at the table and wall being /m and 
/*, and the distance of the foot of the rod from the wall being k ; shew 
that the rod is on the point of slipping at the lower end if the vertical 
plane in which it lies makes an angle 3 with the wall given by 

jfc;*! (/* 2 ® sin* ^ - oos* ^ - 2fn (4a* sin* ^ 

and that the inclination of the tangential tuition at the upper end to the 
horiwm is then seo" * tan d). 

h$ 





iu 

I, resultant reaction at A making an angle Xi witlsi tke vertical, and 
<4e resultant reaction at B making an angle ^ with the vertical must meet 
in a point D vertically over the centre of gravity O. Hence, if BZ he 
perpendicular to the table and L LAB^moy We have, by Art, &&, 

2 tan a cot - cot oot 

The only forcee being in the plane ABBZy the end A must be on the 
point of slipping in the direction LA» 

By projecting BD on the normal to the wall at B, we have 

sin sin 

o/T+T? 

Also a» 2a sin ^ 008 a. Hence the hret given result. 

Also, if B be the reaction at B and ftgB the friction there at an angle 
^ to the horizontal, then, since we have seen that their resultant lies in the 
plane A B A we have, by resolving in a direction perpendicular to this plane, 
l»sB cos X cin B cos d.] 

5« A hemisphere, whose surface is rough and whose centre is 0, is 
Itzed with its base on a horizontal plane. One end of a straight uniform 
tod is freely jointed to a hzod point A in the plane and the other rests on 
the surface of the hemisphere at P so that the rod is just on the point of 
slipping. Shew that the plane through 0 and the rod makes with the 
vertical plane through OA an angle tau~* (;i cos a cosec fi\ where /a is the 
ooeflScient of friction, a is the angle OAPj and ^ is the angle OP A, 

6 A heavy circular cylinder rests with its plane base upon a rough 
horizontal table ; if its weight be W and the normal pressure be supposed 
to be uniformly distributed over the base, shew that the moment of the 
couple about its axis which would just twist it is ifj^Woy where p is the 
ooeffiicient of friction and a is the radius of its base. 


7, A right circular cone, of weight W and vertical angle 2o, is placed 
with its vertex downwards and supported by a circular hole cut in a 
horizontal table. If ft be the coeiBcient of friction and b the radius of the 
hole, shew that the moment of the least couple that will move the cone is 
fi. Wb ooseo a. 


8, A smooth pyramidal plug is made to fit symmetrically into an equi- 
lateral triangular bole whose side is a and whose plane is horizontal. Prove 
that to retain it in the hole with its axis vertical, so that its section by 
the plane of the hole is an equilateral triangle of side c, a couple must 

. /4S ) 

applied of amount Wh a / where W is the weight of the plug and 

h is the depth of the vertex in this position. 

[Let the plug touch the sides B(7, CA, AB of the hole in the points 
A\ B\ Then easily 
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H«naQ6, if 0 1)« the oMitre of the equilatenl trieitgle 
idn^-idii OCA -sin [^C"5'+80’]-~. 

Also* since, by symmetry the vertc* V at the pyramid is Tertioelly 
beiow Oi its inclination a to the vertical is given by tan a— . 

If a pexpendicular to C*A on tbo horisontal plane^ and the 

be taken ae the axes of x, y, a, the direction cosines of C'A are (I, 0, 0), 
and those of the edge are (- sin a cos - ain a sin d, cos a), ia they are pro- 
portional to ( - ^/4t•* -a^ -* a, Also if the direction of the resultant 

reaction U at O' make an 4. ^ with the vertical, its direction cosines are 
(0, sin cos since it is perpendicular to C'A, Since it is also perpen- 
Ocular to the edge, 

sin'^( — a)+cos ^ (2A^^3) = 0, t.s, tand^*“^a 

^ a 

The horizontal oompoueut of this reaction 

-JSsinf-ytan^-?^ IT, 

since the vortical components of the three equal reactions A balance W, 

Also the direction of Ri is perpendicular to BA. Hence the moment 
of the required cou])l6»* moment about 0 of the three components at 


. I 008 d. 

«> X 


t the given result.] 


A uniform triangular table ABC has three equal legs at A, JJ, and 
C which rest on a rough horizontal plane. Find the least couple that will 
cause the table to move. 

[Assume that the table is on the point of turning about a vertical axis 
meeting the borissontal plane Jn 0. Then the frictions at A, B^ 0 m 
perpendicular to OA, OB, 00 in the same sense and are each equal to 

W 

4/l( W since the thrust of each leg is clearly — . 

If these frictions form a triangle A*B*C* then since they are equivalent 
to a couple only the resultant force must vanish, and each friction must 
be proportional to the sine of the angle between the other two. Hence 
the anglos A\ B\ C* must be equal and hence also the angles A OB^ BOO^ 
COA^ Hence O must be inside the triangle and be such that 

C BOO^ lCOA^lA OB^nO\ 

Hence 0 always exists provided no angle of tlie triangle is greater than 
120“, and is easily found as the intorsactions of circular arcs on BG^ OA as 
bases each containing 120*. 

The moment of the couple required to move the table then 


i3-a 



i»6 SmicB , 

Th« table might also begin to turn about A, If so the frictions at B 
a W 

iMid 0 are each ^ , at right angles to and AC^w> that their resultant 

is Tfcos ^ . The resultant force of this resultant and the friction at A 
A 14 fF 

cannot be zero if |;*Tf cos-^ >^ , f>. if ii<l20*. Thus the table will 

onljr torn about the angle A^ if A ^120^ and then the moment of the 
required couple*® J/* IF +^<7].] 

176. Principle of Virtual Work. Let a system of forces 
Pj, P*, P|, ... act at given points of a material system, and let a 
small displacement be given to the system consistent with its 
geometrical conditiona If Spi be the displacement of the point 
of application of Pj along its line of action, and Spa, Sp., ... the 
displacements similarly of the points of applications of P*, P„ . . . , 
then, if the forces Pi, Pi, ... are in equilibrium, 

PiSpi4-PaSp8 + P8Sp8+...«0 (1), 

when small quantities of the second order are neglected. 

Conversely, if PiSpi 4* PiSp^ + PiSp$ + ~ 0, the system of 
forces is in equilibrium. 

We have shewn in Art. 96 that the work done by a force 
during any displacement is equal to the work done by its com- 
ponent forces. 

Hence if JTi, Yi, Zx be the components of Pj parallel to the 
axes, and Szy the components in the same direction of 

Bpx then 

Pi » Spi = Xi , Bxi + Yi . Syi 4* Zi . hzi, 

with a similar notation for the other forces. 

The relation (1) is thus equivalent to 

(JTi . 4* Yi . Bj/i 4“ Zy . S^fi) 4 (Xa . 4* JTi . Si/f 4- Z ^ . Bzi) 

4- ... 4* .. «0, 

t.a to 2X . 5a? 4- 2 F . % 4- 2^ .5-3 = 0. 

We shall assume that any rigid body may be moved from 
any position to any other position by a motion of translation of 
any point 0' to some other point 0 and by a rotation of the 
whole body about some axis passing through 0. 

This rotation may be resolved into three component rotations 
about the axes of coordinates and we shall assume that these 
can be made in any order provided they are smalL 
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[For a proof of these aasomptionB the reader may tefer to 
Dynamics of a Partiok and of Rigid Bodies, Arts. 215— 21^] 

Let ufi first consider the effect on the fx>ordmates of any 
point Ai of these three component 
rotations^ assumed to be through 
small angles 6^, 6^^ and 6^ about 
the axes. 

Draw AiK perpendicular to 
Oflj, AiN perpendicular to the plane 
wOy, and let z A^KR =» 6. 

The y-coordinate of A, 

^KN^KA^cosd. 

The rotation about Om will 
change this into KAi cos (6 + d^). Hence the change in the 
y*coordinate 

a* KAi [cos (0 + 0l) — cos ff] 

as KAi (— 01 sin 0), if squares of 0i are neglected, « — 0i.Zi. 

Similarly the change in the ^-coordinate 
as KAi [sin (0 + ^i) — sin 0] » KAi [cos 0 . 0t . yi. 

In the same way it may be shewn that a rotation of ^2^1>out 
Oy will produce changes equal to -’0f.Wi and 0^,Zi in the «r- 
and i»-coordinates, and that a rotation of 0^ about Oz will produce 
changes of — d, . yj and 0^ , Wi in the w- and y-coordinates. 
Hence, neglecting squares of small quantities, we see that the 
resultant changes in the coordinates due to the three rotations 

are 0%* Zi — 0^, yi parallel to Ox, 

. «?i — dj . Zi parallel to Oy, 

and 01 0i parallel to Oz. 

If in addition to these rotations the body have been moved 
through small distances a, b, c parallel to the axes, we have^ to 
the first order of small quantities, 

Bxf a -h 09 * Zi — 0ji . j/u 
5yj ^ b 09 • Xi^ 0% * Sj, 

Bzi « c -i- 



and 





The virtual worh done by the foiue Pa aetiag at Ai during 
the small displacement therefore 
w Xi . &tJi -f Yx . Syi + Zx * hzi 
» nXx 4* 6 +* cZi 

4 * S\ {y\Zi — Zi Yi) dz (ziXi^oxZi) + 0z (styYi"^ j/iXi), 

Hence, since a, b, c, 0i^ 0^* und 0^ are the same for all the 
points of the system, the virtual work done by all the forces 
«a.S(X) + 6.S(F) + o.2(Z) 

+ (yZ^zY)^ 0,1 (zX - ccZ) + 0,1 (4?r - yZ). . .(2). 
By Art. 165 it follows that, if the system of forces is in 
equilibrium, each of the terms of this expression separately 
vanishes, and hence 

Pi • ^Pi + Pa • ^Pa + P* . Spi 4 ... == virtual work of the Byatem » 0 

176. %Jonversely, let the Virtual Work of the system be 
«ero for all displacements. 

Choose a simple displacement parallel to the axis of of, so that 
6 =* c «5 s» =» s= 0, 

but a is not zero. The result (2) of the last article then gives 
2 (Z) «» 0. Similarly 2 ( F) = 0, and 2 (Z) » 0. 

Next choose a simple rotation about the axis of a:, so that 
a =! 5 « c s= * 0, 

whilst 01 is not zero. The result (2) then gives 2 (yZ - xF) « 0, 
i e, the sum of the moments of the forces of the system about 
the axis of is zero, ue, Z^O. Similarly, JUmO and A *= 0. 
Hence, if the equation of Virtual Work holds, all the conditions 
of equilibrium oi Art. 165 are satished, and the system of forces 
in equilibrium. 

177. Ex A regular tetrahedron formed of tiix light rode^ each of length a, 
roete on a smooth horizontal plane, A nng^ of loeight W and radius 6, i$ 
efwpported by the elant sides. iS/iew that the stress in any one of the hc^mi^nUd 

Give to the system a displaoement such that the three slant sides are 
luaaltered in length and the vertex descends in a vertical line. When the 
slant sides are inclined at ^ to the vertical, let the lengths of the aides 
in contact with the plane be ;r, so that 

1 « <«ea am and thus sin 

a si 
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If y b 0 the height of the ring above the phtnOi thou 

If 3r be the required streae, r^oned jpositrvely am e tenafoiL t^e 
equation of virtual work givea 


3T 

ir“ 


rfy 

dx' 


aain^- 




«v3co«d * 

Now in the poaition of equilibrium ar—rt and hence sin $ 


T 


‘3^* 





EXAMPLES 


I 4 A regular octahedron formed of twelve equal rods, each of weight 
», freely jointed together, is suspended from one comer* Shw that the 
thrust in each horiaontal rod is 


2. A tripod consists of three equal uniform bars, each of length a and 
weight «r, which are freely jointed at one extremity, their middle points 
being joined by strings, each of length 6 . The tripod is placed with its 
free ends m contact with a smooth horizontal plane and a weight W is 
attached to the common joint ; shew that the tension of each string is 


1(2 rr+sw) 


h 


3. Twelve similar and uniform rods are jointed at their ends to form 
an octahedron and are suspended from one of the vertices, being supported 
by a string joining this vertex to the opposite vertex ; the string is elastic 
and such that the total weight of the rods would stietch it to twice its 
natural length, the latter being equal to the lengtli of either rod. In the 
position of equilibrium, shew that the slant rods are mclmed to the 
vertical at an angle 00 s" 

4m A parallelepiped is formed of twelve weightless rods which are 
freely jomted at their ends, and is in equilibrium under the action of four 
stretclied clastic strings which connect the four pairs of opposite vertices. 
Shew that the tensions of the strings and the actions in the rods are 
proportional to their lengths. 

[If 2i, 72 * ^4 be the tensions of the strings whose lengtlis are 

X, y, «, Uf the equation of virtual work gives 

7j + 73 ^^+ 7f 

But it is easy to shew that xj*+y*-fr®+w*wfour times the sum of the 
squares of the lengths of the rods, so that 
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Since tbeee two eqmtione are true for all values of tjie quautitioa 
H. ivi da dtL we have 

3fi 5^3 T'l 

The rest follows by considering the forces acting at any comer,} 

6 . A conical tent resting on a smooth floor is made up of an indefinitely 
Ijlreat number of equal isosceles triangular elements, hinged at the vertex 
and kept in shape by a heavy circular ring placed on it like a necklace. 
Shew that in equilibrium the semi^vertical angle of the cone is 

( r ZW* 

X • 7 » respectively the weights of the cone 

and the ring, and r, h are respectively the radius of the ring and the slant 
side of the cone. 

fl. Three particles, of equal weight w, are in equilibrium on the outer 
surface of a smooth fixed sphere of radius r ; the particles rest symmetrically 
on the surface of the sphere, being connected by equal strings of length f. 
Shew, by means of the principle of virtual work, that the tension of each 

String is w / — — . I ^ where a is an angle of circular measure - . 

( ) 

7* A heavy elastic string, whose natural length is Atto, is placed 
round a smooth cone whose axis is vertical and whose semi-vertical angle 
is a. If IT be the weight and X the modulus of elasticity of the string, 
prove that it will bo in equilibrium when in the form of a circle whose 

radius is a + 5 ^— cot . 

6 . A smooth paraboloid of revolution is fixed with its axis vertical 
and vertex upwards ; on it is placed a heavy elastic string of uustretched 
length 2 »rc ; when the string is in equilibrium shew that it rests in the 

form of a circle of radius where W is the weight of the string, 

44raX <J »T 

X its modulus of elasticity, and 4a the latus rectum of the generating 
parabola. 

9, Two equal particles are connected by two given weightless strings, 
which are placed like a necklace on a smooth cone whose axis is vertical 
and whose vertex is uppermost ; shew that the tension of each string is 

cot a, where W is the weight of each particle and 2a the vertical angle 

of the cone. 

178. Sappose that at any point (x, y, z) of the path of a 
particle the component forces on it are X, Y, Z. Then, as 
in Art 96, if it undergo a displacement given by Stp, Sy, Sz the 
work done by the ibices on it »• Xfi® + YSy + ZSg. 
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11)0 wwlc dond on it as it moves from Some etmtdaid iNisition 
at (a». y»i «•) to the position (a^, yj, ir,> 

■B the sum of such worics as those done in the 
elementaiy displacement 

I {Xdx+ Ydy + Zdz} ,...(1). 


-/‘ 


This quantity is called the Work Function and is often 
denoted by W. 

If X, F, Z are such that they are the differential coefficients 

of some quantity V with respect to x, y, z, then 

(dV. dV. ,dV,\ 

W^l (_&, + ^dy + ^ds] 


> »», C'a) 


J (*..1 

»F,- F. 

y»> «•) 


.(2)> 


where Vy and F® denote the values of V at the points (ajj, 
find (^01 yo» -^o) respectively. 

The quantity (2) clearly depends only on the values of V for 
the initial and final positions of the particle, and not at all on 
the path by which it passed from the first to the final position. 

Such a system of forces, in which the a?, y, and z components 
at any point are the differential coefficients with respect to a:, y, 
and z of some function, so that JST + FSy 4- Zhz is a perfect 
differential, is called a Conservative System^ 

The quantity V is called the Potential of the system. 


179. The Potential Energy of the particle due to the given 
system of forces is the work that the forces would do on it as it 
moved from any position to the standard position. Thus when 
It is at the point (a?„ yi, the potential energy K 


/ 


J»i) 


(Xcte 4* ydy 4 Zdz) 


= F,-F,. 


180. Coordinates of a system. A body, which is free to 
move in two dimensions, has its position known when we are 
given the coordinates of some point of it and also the angle that 
a straight line fixed with respect to it makes with the axis of x. 
These three quantities SS, y, and 0 may be called the co- 
ordinates of the body, and the coordinates of any other point of 
the body must clearly be expressible in terms of them., 
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* la three dimeasiona we shall know the position of th^ hody 
if the coordinates of any three given points of it are known* 
But the nine coordinates of these points are connected by three 
Illations expressing the invariable lengths of the lines joining 
t^em. Thus three of these coordinates may be determined in 
terms of the rest. The six remaining independent coordinates 
fix the position of the body and may be called its coordinates. 

' Or, again, the position of this body, free to move in space, 
will be given if we know the three coordinates of any point 0 of 
it, and also the position with respect to the axes of two known 
lines AjB and CD of it. The direction cosines (It, nh, fit) and 

wt,, «a) of these two lines are connected by the relations 
/j® -f mj* + Wi* « 1, y 4- ma® + na®=s 1, and -h mim* + ritV ^ « the 
cosine of the known angle between AB and CD, and hence 
reduce to three independent quantities. 

Hence, again, six independent quantities will fix the position 
of a body in space and may be called the coordinates of the 
body. 

Thus any independent quantities which, when given, 
determine the position of a body, are called its Coordinates. 

181. Work function of a body. If Xu Ti, Zt be the com- 
ponents of the forces acting at any point (a?,, yuZt) of the body, 
with similar notations for other particles of the body, the total 
work done during any elementary displacement of the body 

sw d" 1^1 8 yi 4* ZxZz^ 4" (X^SoD^ -4 PgSyg 4* Z^^hz^) 4- 

so that 

8 2 (X8a? 4- TZy 4- Zhz) (1). 

Let the independent coordinates of the body bo denoted by 
so that the coordinates (xu yx, Zi) of each point of the 
body and the component forces Xt, Yx, Zx can be expressed in 
terms of f, Then (1) can bo expressed in the form 

Hd»? + Zdrd--.. 

The whole work done as the body moves from some standard 
configuration given by (f«, Uo? fa. •••} to the configuration given 
by(fr, ui, is, as in the case of a single particle, 

W^f (fisdf “4 Hrfty "4 Zdf + .. ,)» 

J (a.n.....) 

Xf as before, these quantities 3> H, Z, can be expressed as 
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the differential coefficients with respect to f, % of aom«» 
quantity V, this gives F « 

Siiioilarly^ if the potential energy K be defined to be the 
work the system can do as it passes £h>m the position given by 
(fi« Vu •*•) ^ standsj^ position we have, as before, 

182 , Position qf equilibrium of {he system. The position 
of equilibrium is> by the Principle of Virtual Work, given by 
equating S F to sero for every virtual displacement. In other 
words we find the position of the system for which F is either a 
maximum or a minimum or stationary. 

The quantities f, ••• being independent, we therefore 
find the position of equilibrium by equating to zero S, H, Z, 
which are the differential coefficients of F with respect to 

Suppose that the position of equilibrium which is thus found 
is one in which F is a true maximum, and let the body be 
slightly displaced into a neighbouring position, and momentarily 
be at rest. Then the body must (by the principle of Djmamics 
that the kinetic energy generated is equal to the w^ork done) 
move so that the work done by the forces is positive, %,e, it must 
move so that F is increased and hence must return towards the 
position of equilibrium just found, and so this position of equi* 
librium is stable. 

Similarly, if in the position of equilibrium found as above 
F is a true minimum, the body on being displaced will move so 
that F is increased and will therefore move further away from 
the position of equilibrium and this position will be unstable. 

Finally if W be neither a true maximum nor a true minimum, 
iOf if it be a maximum for some displacements and a minimum 
for others, the equilibrium will be stable for some diaplaoementis 
and unstable for other displacements. The position thus found 
is then on the whole not a stable one. 

To srm, up. If the work function F be formed for a body, 
or system of bodies, and expressed in terms of independent 
coordinates . . m the positions of equilibrium are the positions 

for which F is a maximum, a minimum or stationary, and those 
positions only are stable which are such that the corresponding 
vahiea nf F are true maxima 
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Since tK <« — S TT, the opposite will be the case if wte etnudder 
the Potential Energy. Only those positions are stable which 
are snob that the corresponding values of the Potential Enei^gy 
K are true minima. 

183. £x. TAr&e equal spheres rest on a smooth tahfe and are kept 
m position by a smooth elastic hamd in the plane of the centres, the band being 
Unstretched when the spheres are in contact. 4 fourth equal sphere is pdaoed 
uhove them* Prom that, if in a position of equilibrium the lim joining the 
mntre of the upper sphere to the centre of either of the lower spheres is indined 
SU an angle B to the vertical, the equilibrium is stable for symmetrical dis* 



Let B be the inclination to the vertical of the line joining the centre of 
the upper sphere to that of one of the lower spheres, when the centies of 
the latter are at a distance x apart. Then 

• ^ sin 60 * X 

2a ** 2a “'2a a/3' 

If X he the coefidcient of elasticity, the tension T of the band 


g - (6a 4- 2fra) 
6a + 2jra 


’2(jr + 3)o'^*”^^ 


If Wi be the weight of either sphere, the element S TTof the work funotion 
for a symmetrical displacement is given by 

^ Tf as ^ (o+2a cos B) - 

‘ ^ 3 sin d - 1] cos B. 

** 2aco8^-^^^^[V3 (cos*^-ain’^^)4-sin83. 

d W 

The position of equilibrium is given by »0, i.e, by 
ITisin tf4»~^^[4/3sin8cos^^oos^J. 
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F^r this Yaltie of 6^ 

*"V4*Vr f sin ^ 008 ^ - <Sos ^) cot ^ - V3 mn*^) mi) ^ 

^ 18V3\a 

IT ***3 8in^ 

Ifsin»^<^, then is negative, the corresponding value of ff is a 
snaxiiDmn, and the equilibrium is stable. 

EXAMPLES 

1. A solid oblate spheroid is loaded with a weight equal to n times 
its own weight at one extremity of its axis. Find in what different 
positions it can be in equilibrium resting on a smooth horizontal plane, 

and in which of these the equilibrium is stable. Shew that if j > 

there are only two possible positions of equilibrium, 

2. The axis of z being vertically upwards, and the origin being A, a 
uniform square board ABCD^ of weight W and side 2a, is mounted so that 
it can turn freely about AB which is fixed in the direction whose cosines 
are (sind, 0, cosd) A weightless string, fastened to the board at (7, 
passes through a smooth fixed ring at (0, 2a, 0), and carries a hanging 
weight w at its other end. Prove that there is equilibrium when the angle 
(f) which the board makes with the plane of xz satisfies the equation 

cot . A 

V(3 - 2 sin d») ” 2ir 
Investigate the stability of the equilibrium. 

3. A smooth solid circular con^ of height h and vertical angle 2a, is 
at rest with its axis vertical in a horizontal circular hole of radius a. 
Shew that if 16a>3Asin2a the equilibrium is stable, and there are two 
other positions of unstable equilibrium; and that if 16a< SAsin 2a the 
equilibrium is unstable, and the position in which the axis is voriical is 
the only position of equilibrium. 

If a weight to be hung on at the vertex of the cone, whose weight is WC 
prove that the corresponding condition is 16a («>+ >r)>3 sinSo 

A A imiform right circular cone of height k and vertical angle 2a rests 
with its vertex downwards and its axis vertical, between two smooth 
parallf^l rails at a distance d apart in a horizontal plane. Prove that the 
equilibrium is stable for angular displacements in which the axis remains 
in a vertical plane parallel to the rails, if cosec 2a. 

5. A right cone, whose vertical angle is a right angle, is placed vertex 
downwards through a square bole in a horizontal x>lane so as to touch each 
side. Shew that, if the height h of the cone exceed twice the side a of the 
square, a position of equilibrium is possible with the axis inclined to the 

horieon at an angle poaition ie 

stabla 



CHAPTER XI 

FORCES IN THREE DIMENSIONS (eenHnueii 

Tolnsot’s Central Axis. The Cyllndroid. Null Lines. 

184. To show that my system of forces acting on a rigid 
body can be reduced to a single force together with a couple whose 
axis is along the direction of the force. 

It has been shewn in Art. 162 that any system can be 
reduced to a force It acting at any point 0 and a couple of 
moment 0 about a line through 0. 



Let OA be the direction of R, OB the axis of the couple 0, 
and let zAOB’^B. 

In the plane AOB draw OC perpendicular to OA, and draiv 
OD perpendicular to the plane AOC. 

By Art. 49 the couple Q about OB as axis is equivalent to 
a couple OcosB about OA as axis and a couple G’sind about 
00 as axis. This latter couple acts in the plane AOD, and 
may therefore be replaced by any two equal unlike parallel 
forces of moment Q-tanB. 



Cmfyral Asm 007 

CJhotwe fop one ojp these two foroes a ftaue ii at 0 in tho 
dipeetioxi opposite to OA. Then the other fwoe must be equal 
to M acting parallel to 0^ at a point (?» in OA euch that 

J8 . OOi » ff sin *.e. 00, = 

The forces at 0 now balance ; also 
the axis of the couple G cos 0 may be 
transferred from OA to OiAi. 

We thus have finally a force JB Qoos 
along OiAi and a couple of moment 
Gco3 0 about OiAi aa axis. 

This axis^ OiAj, thus obtained is called J^oinsof'S Central 
Axis. 

It is easily seen that the Central Axis thus determined ts uniqua 
For, if possible, let the given system be equivalent to a force along, and a 
couple about, a line O^Ai and also to a force along, and a couple about, 
another line OtAg, By Art, 102, the resultant force is the same in 
magnitude and direction whatever base point, or origin, is taken Hence 
O^A^ is paurallel to OiAi and the resultant force It is the same for each. 

Hence the system [AS ; 6Q about OjAi is the same as the system [-ft ; (?'] 
about a parallel line If p be the distance between OiAi and 0|At, 

then /i along O^A^ is equivalent to Jl along OiAi and a couple jR,p about 
an axis perpendicular to OiAt [Art. 59]. Hence the second system is 
equivalent to a force /2 along OiAi, a couple O' about OjAi and a couple 
72 ,p about an axis perpendicular to OiAi^ ue, it is equivalent to a force It 
along and a couple about an axis which is not ie, it is not equal 
to the system [/2 j C?] with OiA i as axis. 

Hence our onginal supposition is incorrect, and we cannot find two 
central axes OiAi and OtA^t the cential axis found in the preceding 
article is unique. 

186. For any origin 0 the resultant force is the same and 
equal to that along the central axis. But the resultant couple 
is not the same. This latter is clearly a minimum for the 
Central Axis. For if G be the couple for any origin 0 (not 
on the central axis), and if its axis be inclined at 1? to the 
resultant force, then the couple for the Central Axis was shewn 
in the last article to be equal to 0 cos 0, which is always less 
than 0. 

Hence the fnom&ni of the resultant ecniple about ihe Central 
Asm ie leee than the moment of iS(ie resultant couple oorresponding 
to any point 0 which ie not on the Central Awis* 
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180* A single force R together with a couple K whose axis 
ooineicies with the direction of the force are, taken together, 
called a Wrench. < 

K 

The ratio ^ , w>. the moment of the couple divided by the 

force, is called the Pitch and is a linear magnitude. When the 
pitch is zero the wrench reduces to a single force. When the 
pitch is infinite, the wrench becomes a couple only. 

The single force R is often called the intensity of the wrench. 

The straight line along which the single force acts when 
considered together with the pitch is called a Screw, so that a 
Screw is a definite straight line associated with a definite pitch 

Five quantities are required to determine a Screw. Four 
are required to give the position of the axis ; for example the 
point in which it cuts one of the coordinate planes and its 
inclinations to the axes of coordinates. A fifth is required to 
determine its pitch. 

To completely determine a Wrench on a Screw a sixth 
quantity must be given, viz. the Intensity of the Wrench. 

187. Right-handed and left-handed Screws 

It is clear that combined with the same translation there 
may be a rotation in either of two opposite directions. When 
the rotation is the same as in the case of a screw-driver when 
screwing in a screw, or as in the case of a corkscrew, the screw 
is said to be right-handed ; when the rotation is m the opposite 
direction the screw is left-handed. 

The general definition is as follows; let an observer stand 
with his body along the axis of the screw, so that the positive 
direction of the translation is from his feet up through his head; 
let him also observe a watch whose plane is in the plane of the 
rotation and whose fiice is towards him. Then the screw is 
right or left-handed according as the rotation is opposite to or 
in the same sense as that of the hands of the watch. 

Thus in the figures of this book which are drawn accordmg 
to the usual conventions of Solid Geometry we have taken the 
left-handed screw os the positive and standard case. This is 
clear if we apply the above definition to a screw whose axis is 
the axis of oo\ for we have assumed (Art* 47) that a positive 
couple would tend to rotate the body from Oy to Oz. 
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188 . Oonditim that a given eystem of forces shovM cem* 
pound into a single force. 

By Art. 162 the forces are equivalent to a single foioe R 
acting at an arbitrary origin 0 and a single couple Q. If d be 
the angle between R and the axis of 0, then R is equivalent to a 
force R cos 0 along the axis OB of the couple, and a force JR sin 6 
in the plane of the couple. This force JB sin together with the 
parallel forces of the couple, are, by Art. 61, equivalent to a 
parallel force i2 sin 0 which does not pass through 0 and there* 
fore cannot, in general, compound with jRcos^ into a single 
force. 

But, if R cos 0 = 0, i.e. if cos 0 = 0, then we are left with a 
single force R sin 0. 

Hence 0 must be 90®, i.e, the angle between the straight lines 

, ^ J must 

be a right angle. 


whose direction cosines are (§ ♦ 


fL M 
G 


. X L T M Z N 
•• R'G^ R' G'^ R^Q 


= cos 90® 


0 . 


XL+YM-rZN^O 


is the required condition. 


189 . InvaHants. Whatever origin, or base point, and axes 
are chosen, for any given system of forces the quantities 

and LX^MY^NZ 

are invariable, where X = 2 (Xi), etc. and i = 2 (y^Zi — Fj), etc. 

For, by Arts. 162 and 184, X* + F* + Z^ is the square of the 
resultant force R corresponding to the Central Axis and is 
therefore invariable. 

Again, if, in Art. 162, (I, m, n) are the direction cosines of 
the resultant force and (Zi, mi, nj those of the axis of the 
resultant couple, then 

X z^F M^z Jir jj ^ 

=( the cosine of the angle between the resultant force and 
the axis of the residtant couple 

= cos 0 (Art. 184). 


14 
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where K is the moment of the couple about the Central Axis. 
Hehoe I a LX + MY + NZ is an invariant* 

It follows that if K be zero, that is, if the given system 
reduces to a single force, then LX -f MY + NZ^ 0, 

This second invariant will be zero also when the resultant 
force JS is zero. In this case the first invariant is zero also. 

K 

The pitch, p, of the resultant Wrench of the system « ^ 

aathe invariant I of the system divided by the square of the 
invariant JS. 

190. To find the equation of the Central Aids of cuny given 
system of forces. 

With the notation of Art. 162, let {f g, h) be the coordinates 
referred to the axes Ox, Oy, Oz of any point Q. 

The moment about a line through Q parallel to Ox is clearly 
obtained by putting /, yi—g,z^-h instead of Xx^ yi, Zx in 
the results of that article. 

Hence this moment 

■= S [(yi -g)Zi- ( 2 , - h) F,] 

» 2 (yyZ^-ZyY^) -g^ {Z,) + ht ( F.) 

= i — gZ + hY, 

with the notation of that article. 

So the moments about lines through Q parallel to the other 
axes ore 

M-hX^-fZ and N-^fY+gX. 

Also the components of the resultant force are the same for 
all points such as Q, and are thus X, Y and Z, 

If Q be a point on the central axis, the direction cosines of 
the axis of the couple corresponding to it are proportional to 
those of the resultant force. Hence 

L-gZ^hY __M-hX^^fZ _^N^fY-^gX 
_LX + MY^NZ _ K 

by Art 189. 
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Hraoe the ^nation of the loons of the point (/, g, h), ijt. the 
required equation of the central axis, is 


L-yZ + zY _M-tX + xZ _N-a7+yX 
^ ^ ^ 


K 

“a 


the pitch p of the wrencL 


19L Ex. 1. Three foreet, each equal to P, aet on a body; one at 
the point (a> 0, 0) parallel to Opy the eecond at the point (0, by 0) parallel to 
Ozy and the third at the point (0, 0, o) parallel to Ox ; the axee being 
reetangvloTy Jmd the reeultant wrench in magnitucte and poaitioue 
Here 

L^Pbi M^Pci N^Pa. 

Hence, if JS be the force and K the couple of the wrench, then 
R - ^x^Tr^z^^PejZy 

and KR=^LX’\-MY-{‘NZ*^F^{a-\-b-^e)y 

•othat Z-'g?P(a+6+c). 

By Art 190, the equations to the central axis are 

6 - y + « ■« c - « H- .c « a — a? + y, 

, a + Sfi+Scf , 64*2c+3a , c+2a-f36 

,+ — _ — 

80 that the oentral axis is a straight lino through the point 
/ a+Sft+Sc 6+2c+3a c+2a4-36\ 

V 3 » 3 3 

inclined at equal angles to the three axes. 

Ex. 2, Tvh> equud foroea aot one along each of the atraight hnee 

w B p-beinB z ^ 
a zin B +booeB c* 

ahew that their central axis musty for all values of By lie on the surface 

P being the force, then at the point {a cos By h sin d, 0) we have a force 
whose components are proportional to a sin 6 , Py *>6 cos BPy cPy and at 
the point ( acos By b sin By 0) a force whose components are proportional 
to a sin d . P, 6 cos dP, cP. 

Hence (JTj) « 2a sin d. P, 

P«0, and ZooUcPy 

X-eX (piZi - fiPi) cc 2bc sin d . Ps 

if»0, and ^ac -^%ahPe 


J4'3 
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The «qiiatio 0 B of AH. 190 then become 

beBin$-vo — od+yaein^ , . . 

■■ £ andmsmi^* 

asm^ c ’ 




Subdtituting the value of sin 6 from the second of these equations in 
the first we have, as the locus of the central axis, 




EXAMPLES 

1, Equal forces act along two perpendicular diagonals of opposite 
faces of a cube of side a ; shew that they are equivalent to a single force 
R acting 4Iong a line through the centre of the cube, and a couple ^aR 
with the same line for axis. 

2. OEDGis a rectangle such that OB^h and OO^e; also OA is a 

perpendicular to its plane ; along OA, CD and ED act forces X, 7 and Z 
respectively. Shew that the component force R and couple K of th^ 
resultant wrench are >1 and X (Zb - Ye)-^*J Shew 

also that with OA, OE and OC as axes of x, y, and % the equation to the 
central axis is 

X y ZK __ t , KY 
j- y- YTr’^Z'^XZR* 

A OA, OE, OC are the edges of a rectangular parallelopiped of lengths 
B, 15 and 8 inches respectively, and 00\ AA\ BE' and CC^ are its 
diagonals. Calculate the wrench of the forces — 130 from to (!>, 68 from 
A to 0\ 60 from C to A' and 68 from E to C. 

[22 n> —108, AmbIOSO. the central axis being a straight line parallel to 
OA through the middle point of EC.] 

A OA, OE, OC are three co-terminous edges of a cube and AA\ EE*, 
CC\ 00* are diagonals ; along BC\ CA*, AB* and 00* act forces equal to 
X, Y, Z and R respectively ; shew that they are equivalent to a single 
resultant if (FZ-f ifA+iTlO F+F)=«0. 

5. Forces P, Q, R act along three non -intersecting edges of a cube; 
find the central axis. 

6, Two forces P and Q act along the straight lines whose equations 
are y tan a, and y « - a? tan OyZsm^e respectively. Shew that their 
central axis lies on the straight line 

y-#. End 

For eU values of F and Q, prove that this line is a generator of the eorfaoe 
(«* +y*) s Bin 2o ■" 2ca^. 
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T. ISqual Ibrodo act along the axes and along tbe siraiglit 
I m » * 

find the equations of the central axis of the system. 

8. Three foroes act along the straight lines 

f-»0, ^-ywtflSw 

Shew that they cannot reduce to a couple. 

Prove also that if the system reduces to a single force its line of action 
must lie on the surface 2ya- 2ar-aryma*. 


9. Forces JTy F] Z act along the three straight lines 
y^hf \ f«c, and ar»a, 

respectively ; shew that they will have a single resultant if 




and that the equations of its line of action are any two of the three 






10. A single force is equivalent to component foroes Xy T and Z along 
the axes of coordinates and to couples Z, if, N about these axes ; shew 
that the magnitude of the single force is and that the 

equation to its line of action is 

yZ^zY mX--xZ xY^yX , 
z “ 3r " N 


11. If a force {X, F, Z) act along a generator of the hyperbolic 

paraboloid ^ ^ equivalent to an equal force {X, F, Z) at 

the origin together with a couple (Z, if, N)y shew that 

aZ±6ifs=0, bXiiuY^O and cJV ±.abZ^0» 

12. A force P acts along the axis of x and another force nP along a 

generator of the cylinder a* j shew that the central axis lies on the 

cylinder 

n* (7M?-s)*+(l+n*)*y2«n*a*. 

13. Two forces act, one along the line y «0, «w=0 and the other along 
the line x^0,z^c. As the forces vary, shew that the surface generated 
by the axis of their equivalent wrench is y*) z^cy\ 

14. A force parallel to the axis of z acts at the point (a, 0, 0) and an 
equal force perpendicular to the axis of z acts at the point (-*0, 0, 0). 
Shew that the central axis of the system lies on the surface 

f* +y*) « (4?* + y ® - ax'f^ 
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15. A force i^acts along the axis of s, and a force mF along a straight 
line, intersecting the axis of at a distance e from the origin and parallel 
to the plane of yz. Shew that as this straight line ttirns round the axis 
of St the central axis of the forces generates the surface 

16. Along the normal at every point of an octant of an ellipsoid cut 
off by the principal planes acts a force proportional to the element of 
surface at A Shew that these forces are equivalent to a single force 
acting along the line 

where 2a, 26 are the axes of the ellipsoid. 

17. Any number of wrenches of the same pitch p act along generators 

of thesame system of the hyperboloid ^ 1 Shew that they will 

I'educe to a single resultant provided their central axis is parallel to a 
generator of the cone 

(p+^) ( p + t ) y*+{p-7) **-® 

192. To shew that a given system of forces can he replaced 
hy two forces^ equivalent to the given system, in an infinite 
number of ways and that the tetrahedron formed by the two 
forces is of constant volume* 

Let the given system have Oz as its Central Axis and let 
R, K be the resultant force along Oz and the resultant couple 
about Oz. 



On a line through 0 perpendicular to Oz take any two 
points A, B on opposite sides of 0 such that OA^a and 
OB^b^ 

Assume that the given system is equivalent to a force P 
acting through A in a plane perpendicular to OA at an angle 6 
with Ozy and a force Q acting through P in a plane peip»en- 
dioular to OB at an angle with Oz, and let 6 and ^ be 
measured positively in opposite directions. 
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Then the resultants of P and Q along Os and perpendicular 
to it must be P and zero respectively, and similarly the resultant 
couples about these two lines must be JC and zero. 


Hence P»Poosd+Qcos<jk ( 1 ), 

and 0 = P sin d — Q sin (2). 

Also P’ = Psind a + Qsin<^.6 (3), 

and 0 = P cos 0. a — Q cos ^.b (4). 


(1) and (4) give ® . 

' ^ b a a + b 


(2) and (3) give P sin d = Q sin ^ = 
K' + B^h> , 


Hence 


P> = 


tan 6 


a + 6 
K*+ JR*a* 


.( 6 ). 


(a + i)> ’ ^ (0 + 6)* 

^ A ^ J. K 

■Ry = 


Whatever be the values of a and fc, we thus obtain real 
values for P, Q, 6, and so that our assumption is correct. 
Again (6) and (6) give 


KRa = (a -h 6)* PQ sin 0 cos and KRh - (a + &)• PQ cos 0 sin 

Hence, by addition, KR = PQ (a + 6) sin (^ + ^) (7). 

Let AC, BD represent P, Q in magnitude. 

The volume of the tetrahedron ACBD 
®= ^ area of the A A PC' x perpendicular from D upon the A ABC 
= X ^AB ,AC X PPsiri {0 + 

=* i • PQ (« + b) sin {0-^<f))^^K R, by equation (7), 
and it is therefore constant. 

Symmetrical Ctw«, If the forces P and Q are equal and 
at equal distances from the Central Axis, then by equations 
(1), (2), (3), (4) 0^^, BO that they are equally inclined to the 
Central Axis, and 

jB ssa 2P cos 0 and K 2Pa sin 0, 

P ■■ i yy/ jFP -f ^ and tan 0 =* ^ • 


If, in addition, we make a 


then P-P and d-60*. 
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193« To find the resultant wrench of two given wrenches 
Let AQ be the axis of one wrench (Bi, Ki) and JBB the axis 
of the other wrench (12,, jST,), Let AB (» c) be the shortest 
distance between these two axes, and a the angle between them. 

Assume that the required central axis Oz is perpendicular to 
AB, divides it into parts x and c — x, and is inclined at d to AO 
and hence a — d to BD. Let R and K be the force and moment 


of the assumed Central Axia 

The conditions of the question then give 

i2 = 12j008d + 12,co8(a — d) (1), 

0 = i2i sin d — .H, sin (a — d) ....(2), 


j?, cos d + Jf, cos (a — d) + J2i sin d . « + 12, (c - «) sin (a - d), 

and 

0^ Ki sin d — JST, sin (a — d) — 12, cos d . a + .B, (c — a) cos (a — d). 



By (1) and (2) these latter equations are 

£■ = JT, cos d + .ff, cos (a — d) + 12, c sin (a - d) (3), 

and O^lfiBind- A",sin{a — d)+ 12, c cos (a - d) - .Ba:. . .(4), 

(1) and (2) give 

12» = 12,* + B,* 4- 2 B,B 5 , cos a (S). 

Also (2) gives 

sin d _ cos d _ J. 

B, sin a ~ 12, 4- 12, cos a ~ 12 ' 

Again, (3) and (6) give 

BB' = (B,4- Bjcosa 4-B,c6in a)(B, 4- B,cosa) 

4- (B, sin a - B, c cos a) . B, sin a 

“ B,B, 4- BjB, 4 (BiB, 4- BiB,) cos a 4- B,B, c sin a. . .(7). 

This gives the value of the Invariant for the given system of 
forces. 



Rem^Umt Wreneh of two Wrench ^If 

Also (4) with the help of (6) gives 
» (Kt + Ki cos a + Jt^c sin a) . jRq sin a 

— (iT, sin a — JSaC cos a) (jBi - f- JJ; cos a) 

« (R^Ki — RiKt) sin a 4“ MtC (12> + JBi cos a) 

(6)» (6X 0) (8) give R, K and and heoice the 

required wrench and the position of its axis. 

From these equations we easily obtain 

X ^ R^c (iZiCosa-fi^) — (iZiJST, — .R^i)sintt 
c - “* RiC {Ri H- 22a cos a) + (RiK^ - sin a * 

A cos 0 _ Bi + R^oosa 

^ cos (a - ^ “ iJi cos « -f iij * 


194. Resultant wrench of two given forces Ri and R% tn- 
dined at a given angle a. 

This is a particular case of the preceding article where 
Ky^Kt^ 0. We thus have 

R « VJZi* -f Rt 4* 2jBiJ2, cos o, 

K,R==^ jBjJKjC sin a, 


X Ry (Ry COS a -f By) 
c^x JBi(jBi4*5aC08a)^ 

sin 0 _ cos 0 1 

i2,8ina~i2i + JB,co8a“VjJi* + ^* + 2^5,cosa* 


so that 


cos 0 Ri + RjCosa 
cos (a - 60 -BiCosa4 - jB>' 


196. Oeometriccd construction for the central axis of two 
forces Rx and R^ acting at points A and B in directions AO and 
BR 

Let BK be the direction of the resultant R of forces 22, along 
BD and R^nt B parallel to AO, 
and let it make angles 0 and 
a — 6 with Ri and 22,, so that 
BK is parallel to the central 
axis as in the figure of Art. 193. 

At B and A, in the plane KBA, 
make Z ABF«^ 0, and / JBAF» a - then FE the perpen^- 
dicular on AB is the central axis, and the couple of the resultant 
wrench »i K^EF* 


1 

f 
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For, from the equations of the last article, we easily obtain 
at sin 6 coe (a -- 6) _ AF cos (at — B) ^ AE 
>0 — at cos 6 sin (a — 6) BF cos 6 SS * 
so that EF is the central axis. 

Also, by the last article, 

K ^ RjRsC sin a .R iC sin* g ^ c sin (a - 6) sin 9 _ 

JR* jR* "j^sina* sina ’ 

so that K=‘R. EF. 


EXAMPLES 


1, If P and Q be two non-intersecting forces whose directions are 
perpendicular, shew that the distances of the central axis from their lines 
of action are as to jp*. 

2. Shew that a system of forces can be replaced in an infinite number 
of ways by a pair of equal forces whose directions make aify given angle 
with one another, and find the distance between these forces when the 
angle is known. 


3. Two forces P and Q are such that their central axis is given in 
position and the line of action of P is given. Shew that the locus of the 
line of action of Q is a conicoid. 


4. Shew that the minimum distance between two forces, which are 
equivalent to a given system (AT; li) and which are inclined at a given 

2K 

angle 2a, is ^ oot a, and that the forces are then each equal to seo a. 

5. Forces act along the edges of a regular tetrahedron, viz, P along 
BC and DAy Q along CA and DBy and R along A B and DC, Show that 

the pitch of the equivalent wrench is ^ of the edge of the tetrahedron. 

[The three shortest distances between ^wiirs of opposite sides of a regular 
tetrahedron are mutually perpendicular and meet in a point.] 


6, Wrenches of the same pitch p act along the edges of a regular 
tetrahedron ABCD of side a. If the intensities of the wrenches along 
ABy DC are the same, and also those along BC^ DA and DB^ CA^ shew 


that the pitch of the equivalent wrench is 


a 


7. Prove that the sitrface, which is traced out by the axis of principal 
moment at points lying on a straight line which intersects at right angles 
the Poinsot axis of a given system of forces, is a hyperbolic paraboloid. 

[Take the given straight line as the axis of the Poinsot axis of the 
system (P ; AT) as the axis of c, and a perpendicular to both as Oy. Then 
at the point (jr, 0, 0) the force is R parallel to Oz^ and the couple is Q at 
an angle 3 to P and perpendicular to 0^ such that and 
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Henee» if ( 4 ?, y, #) be any point on tbe axie of w« 
have ^ « tan ^ ^ , go that the locus is the hyperbolio paxaboloid 

8. At all points on a given straight line are drawn the axes of 
principal moment corresponding to any given system of forces ; shew that 
these axes lie on a hyperbolic paraboloid and that their ends lie on 
another given straight lind4 

[Take the given straight line as Ox^ and the common perpendicular to 
it and the Poinsot axis as Oz, Then clearly there is no component force 
along Oz or component couple about (k. The component forces along the 
axes are thus (X, F, 0} and the component couples (X^ My 0), so that the 
component couples at the point (f, 0, 0) are Z, My and — ^ F [Art 190], 

Hence the equation to the axis of prinoipal moment there is 

z if -fr 

Eliminate $y and we have the hyperbolio paraboloid 

Also the coordinates (Xy y, f) of the end of this axis are given by 
a?»f+XZ, y*-Xif, «*-X{r, 
where X is some constant 

Eliminating g, we have a straight line as the locus of ( 4 ?, y, x).] 

9. Two wrenches of pitches p, p' have axes at a distance Za from one 

another. If the resultant wrench is of pitch xv and its axis is equidistant 
from the axes of the component wrenches, shew that the angle between 
them is . a(2cr-»p~p0 

^ a*-(w— p)(or-p')' 

10. On three given screws, whose axes are mutually perpendicular 
and concurrent, there act wrenches of pitches pi, pa, and ps whose 
resultant is on a screw of given pitch p. Shew that the locus of this latter 
screw is the hyperboloid 

(i> - jpi) **+ ( p -p*) y* + - p*) ** + ( p -i>i) (/’-Pi) - j»«) -0i 

the axes of coordinates being the axes of the given screws. 

11. Shew that a wrench, of which the force is H and the pitch is me 
may be replaced by forces inclined at an angle 2d to each other, the 
shortest distance between them being 2c, and that their magnitudes are 

^ [Vl+® tfl-D d± Vi — ST cot d]. 

196. The accea of two given wrenches intersect at right 
angles; their intensities are X and Y and their pitches are 
p^ and py ; if the pitches are given, to find the locus of the 
central axis. 
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Let OA be the direction of the resultant R o{ X and F 
making* an angle 6 with Ox, the 
axis of the first wrench, so that 
eos 0 fling 1 

The resultant couple about 

OA 

>^Pai.X 006 0 -fjOy * Fsin g 
«t (pa cos* 0+Py sin’ g) . iZ. . .(1). 

The resultant couple about 
a perpendicular to OA in the 
plane xOy 

J sin g + py . F cos g =* (py — paj) si n g cos ft 

The latter couple is equivalent to two parallel forces in the 
plane zOA and, by Art. 51, these and the force R along OA are 
equivalent to a force R along MP, which is parallel to OA and 
is such that 

OM = (py — p*) sin g cos e (2). 

Transferring the axis of the couple (1) to MP, we then have 
a wrench, whose axis is MP and whose moment and force are 
respectively (p« cos* g + Py sin* g) iZ and R, and whose pitch is 
therefore given by 

p =Pa5 cos* 0 ^py sin* g. 

From (2), if (a?, y, z) is any point on MP, then 

i.s. MP lies on the surface 

{a^ + y^)z^{py-px)ix:y^ 

This surface is known as the Cylindroid. Also p, and py are 
called its Principal Pitchea 

The equation to this surface follows at once from Art. 190. 
For the equation to the central axis of the system is 

Pfl-.X-f xF_py. F— — icF+yA 
X ** F ** 0 ’ 

giTing * (Z* + F*) - {py X 7, 

and wY = yX. 
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Eliminating X, Y we have, as the loons of the central 

197. Oiometnocd construoiion for the cyUnd/roid 

(of + y®) ^ 2aict/. 

In the plane of Day draw a circle of radius a touching the 
axis of ea at the origin 0, 

Take OJ., a radius vector of th: s 
circle, at any angle 6 to Ox and dra ir 
AN perpendicular to Oy. Then 
AN « a sin 26. 

The plane yszostaxiO, througi 
OA perpendicular to the plane xO ^ , 
cuts the cylindroid where 
s « a sin 2^ = AN. 

Hence, if at A we erect a pei - 
pendicular AP equal in length to 
AN and through P draw a perpendicular PM to Oz, then PM 
is always a generator of the cylindroid. 

198. Any wrench may he resolved into two wrenches, whose 
axes intersect at right angles, in an infinite number of ways. 

For, staii/ing with any wrench {R ; pR) about MP as axis 
(Fig. Art. 196), on any line MO perpendicular to MP take any 
origin 0 and any two lines Ox and Oy perpendicular to OM. 

Suppose MO = a and xOA =^6 tohe given. 

Then, as in Art. 196, wrenches (X ; pxX) about Ox and 
(Y; PyY) about Oy are equivalent to (ZZ; pR), where 
p^Px cos® 6 sin® 6. 
and a *= {py — jp*) cos 6 sin 0. 

These give jp»— p — a tan^, and p + acot ft 

Also X as iJ cos ft and F =« iZ sin ft. 

Hence, R and p being given, we have the values of X, p^ 
and F, py for any assumed values of a and ft, 

199. Any two wrenches on given screws determine one, and 
only one, cylindroid. 

Let MP and NQ be the axes of the two wrenches, p and q 
their pitches, and a the angle and h the shortest distance, MN, 
between them. 
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Then if on MN we can find a point 0 and perpendicular 
lines Oy such that when we resolve 
the wrenches about Oso and Oy, the two 
component wrenches about Oso have the 
same pitch and also the two component 
wrenches about Oy, we have proved the 
theorem. For the two wrenches about 
Ox then compound into one wrench, 
and similarly for the two wrenches 
about Oy, and these two resultant 
wrenches, by Art 196, give the cylin- 
droid required. 

Let us assume then that the wrench about MP is equivalent 
to wrenches of pitches and py about Ox and Oy, where OM * g 
and xOA «= d. 

And similarly for NQ, where xOB =^0 + cl 

Then Art. 196 gives 

p = p* cos* ^ + Pit sin* 0 * — cos 2 d , . . ( 1 ), 



g — (Py — p») cos d sin d a* ^ sin 2d (2), 

g =«Paj co8*(d + a) -^-py sin* (d -f «) 

= + 2*^ cos (20 + 2a) . . .(3), 


and 5 + A » (Pj, — p®) cos (d 4* a) sin (d 4* a) 

+ 2«) (4). 

Hence we have 

p + q + jjy + (p, — p,) 008 a cos (2^ + a) (5), 

p — q* (pa-p,)Bmeism(20 + a) (6), 

and h ™ [sin (2^ + 2a) — sin 2^] 

^ . ■=(p,-p*)co8(204-a)sina (7). 

(6) and (7) give 

tan(25 + o) = 2^ (8). 

From (5) and (6) we have 


P»+Pi>"*p + q-~(p~q)*iotaoot(20 + a)’=>‘p+q + hoota, 
Bud py -~pg="(q—p) COBOO aooseo(20 + a)’m + (q -pycoe&ctu 
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These equations detennuie and 
Also (2) gives 




g~l> 

sin a sin (2d + a) 


sin 2d 


» J [cos « - sin a cot (2d + a)] » J [(g - p) cot a - AX 


The values thus found uniquely determine the positions of 
Oat and Oy and the corresponding wrenches about them. 


200. The quantities having been determined as in the 

previous article, if J2 and R' are the intensities of the wrenches 
about MR and i\rQ, these two wrenches are equivalent to 
forces i? cos d + JJ' cos (d + «) along 0», 

iZ sin d + iZ' sin (d + a) along Oy, 

and to couples 

COS 0 4- i2^ cos (^ + a)] about Ox^ 
and py [JR sin 6^K sin {0 + a)] about Oy. 

These, by Art. 196, clearly compound into a wrench about 
a screw of the cylindroid 

^ (a;* + y*) =s (py — p») /ry = cosec a + p)*. 

Ex. A screw of pitch 1 in the line y*»2, and a screw of pitch 

4 in the line (y- 2) 3, *«2 a/8, determine a cylindroid ; shew that 

its principal pitches are 4 — 2 ^3 and 44-2 a/3 and that the equations of its 
principal axes are y - 2 =» ( ^3 + 2) (x - 3). 

201. Resultant wrench of wrenches m screws of the same 
cylindroid. 

The principal pitches of the cylindroid being psgand py,a 
wrench of intensity R and the proper pitch for an inclination 6 
to Ox is, by Art. 196, equivalent to 
a wrench (i2 cos 5 ; p» B cos 0) about Ox, 

and a wrench (B sin 0; pyR sin 0) about Oy. 

Hence, if each of the given wrenches is replaced by wrenches 
about Ox and Oy, they are equivalent to a system of forces and 
couples given by 

Z i«S(Bcos0), 
r-SCBsin^), 
jt 2 (pmR cos 0)^pstX, 
ilf** S (pyB sin tf) «py F, 


and 
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ie. to a wrench (X ; pmX) about Om and a wrench (F ; p^Y) 
about Oy, 

These are wrenches of the same pitch as the principal pitches 
of the cylindroid, and thus equivalent to a wrench [8; gS] on a 
screw of the cylindroid incliued at ^ to Ox, where 


tan 


F_2(iJ sin d) 
J^X(Rcoady 



and q =pa cos* 


202. It follows from the previous work that wrenches on 
screws of the same cylindroid are in equilibrium if their forces, 
when transferred to the same point parallel to their original 
directions, are in equilibrium ; for then X and F are both zero. 

In particular, three wrenches on screws of the same cylin- 
droid are in equilibrium if the intensity of each is proportional 
to the sine of the angle between the other two. 


203. To shew that the work done hy a wrench, of intensity 
JR amd pitch p about a given screw, when the body is given a small 
twist So about another screw of pitch pi, is 

JS.So [ip^p^cosd^hsin 6], 

where B is the angle between the cutes of the two screws and h is 
the shortest distance between them- 

Let Ox be the axis of the screw p^, MP the axis of the 
wrench, OM the shortest distance h 


between them ; let MK be parallel to 
Ox and ML be perpendicular to MK 
and OM. 

The force J5 is equivalent to 
BcobB along MK and jBsin^ along 
ML. 

The component iZ cos 0 is equiva- 
lent to iZ cos ^ along Ox and a couple 
RcobB . h about Oy. 



The component iZ sin 0 is equivalent to It sin 0 along Oy and 
a couple — iZ sin ^ . A about Ox. 

The couple pR about MP is equivalent to couples jpiZcos 0 
and piZsin 0 about MK and ML, and the axes of these may be 
removed to Ox and Oy. 
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The given wrench is thus equivalent to 
a force iJ cos 5 along Oxy 
a force JJ sin 5 along Oy, 
a couple jB (p cos ^ ^ sin 6) about Oj?, 

and a couple iZ (p sin ^ + A cos 6) about Oy. 

Now the displacement of the body consists of an angular 
displacement Seo about Ow, and a linear displacement pi.Sto 
along Ox, 

Due to the angular displacement the work done by the 
couples is JJ (p cos ^ — h sin 0 ) . Sa> (Art. 97) and that by the 
forces is zero. 

Due to the linear displacement the work done by the couples 
is zero and that done by the forces is R cos ^-PiSw. 

Hence the total work done in the small displacement 
~ R^co ((p -f pO cos 6 — h Hixi 0}. 

This work is not altered if p and pi bo interchanged, so that 
the work done is the same as it would be if we had a wrench 
(R ; piR) about a screw Ox, and the body were displaced through 
the small angle about a screw of pitch p on MR as axia 

204. From the principle of Virtual Work it follows that 
a body free to move only on a screw of axis Oa?, and acted upon 
by a wrench on the screw MP, will be in equilibrium if 

(p -f p,) cos ^ — A sin ^ = 0. 

ScrcTvs which satisfy this condition are called Reciprocal 
Screws; they are therefore such that a body acted on by a 
wrench, of any intensity and the proper pitch, about either of 
them will he at rest if free to move only about the other. 

It follows from the above condition that two screw^s whose 
axes intersect, so that A = 0, are reciprocal either if they are at 
right angles or if their pitches are equal and opposite. 

206. 1/ a screw 7 is reciprocal to each of two screws ot and 

fiy it is reciprocal to any screw 8 on the cylindroid determined 
by a and 

For, by Art. 201, «,i8, and 8 being three screws on the same 
cylindroid, a wTOnch about 8 is equivalent to two wrenches about 
a and ^ if the intensity of the wrench 8 is equivalent to the two 

15 


tB 
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component intensities of the wrenches a and jS. Replace the 
wrench S by these two component wrenches about a and 

Since the screws 7 and a are reciprocal, the virtual work 
of the wrench about a for a displacement about 7 is zero. 
Similarly for the component wrench about 

Hence the total virtual work of the wrench h for a displace- 
ment about 7 is zero. Hence S and 7 are reciprocal. 

206. Nul lines and planes. Suppose that, corresponding 
to any origin or base point O', the resultant force is E and the 
resultant couple is G. Take any line through 0' perpendicular 
to the axis of G ; then the sum of the moments of the forces of 
the system about this line is zero ; for the axis of G has no com- 
ponent along it and R meets it. 

For this reason the line is called a nul line, and its locus, 
which is the line perpendicular to the axis of G, is called the 
nul plane of O'. Also the point O' is called the nul point of the 
plane. 

207. To fivd the equation to the nul plane of a given point 
(/, g, h) referred to <my axes Ox, Oy, Oz. 

Let X, Y, Z be the component forces along Ox, Oy, Oz, and 
L, M, N the component couples about them. 

By Art. 190 the component couples about lines parallel to 
the axes through (/, g, h) are 

L--gZ^h7, M^hX^fZ, X-fY^gX, 

and these are proportional to the direction cosines of the axis of 
the resultant couple at (f g, h), which is the normal to the nul 
plane there. 

Hence the equation to the nul plane is 
(x -/) iL--gZ + hY) ^{y-g){M-hX ^ fZ) 

+ — A)(JV'— /F 

U x{L-gZ^hY) + y{M'-hX^fZ) 

-f z (iV^ -/F + pZ) . . .( 1 ). 

Conversely, if we want the nul point of the plane 

lx+my-\-nz^l 

then on comparing it with ( 1 ) we have 
L--gZ^hY ^ M^hX + fZ ^ N-fY^gX 
I m n 


fL^gM^hX. 



Nid lines and planes il27 

Since the point (f, g, h) also must lie on the plane (2), we hare^ 
on solving, 

_ / g ^ A ^ J 

X — nJtf-i- wif* F-ZjV+nZ Z—mL + lM lX’\-mY^nZ' 

giving the nul point of (2). 

208. Condition that the straight line 

I m n 

may be a nul line for the same system of forces. 

The component couples about lines through (/, A) parallel 
to the axes are 

L-gZ+hY, M-hX+fZ, and N-fY-hgX, 

Hence the moment of the couple about the given line 
«Z(i-^^ + Ar)4-w(if-AA' +/X) + »(-y -fV-^gX), 
and hence is zero if 

X {mh — ng) + Y («/— Ih) + Z (Ig — mf) ^Ll-^ Mm -f N% 

U if X, F, X 

Z, w, » Mm -I- Nn, 

f> 9’ ^ 

This is therefore the condition that the given line may be a 
nul line of the system. 

Ex, Shew that among the nvl linee of any eyntem of form fmr are 
generaiare of any hyperboloid, two belonging to one syetem of generators and 
two to the other system. 

Let the hyperboloid be^+^-^=l,end referred to its centre and axes 
let the syetem be given by {X, Y, Z . L, M, N). Any generator is 
x^acoaO y — 6 sip ^ _e 
a sin a — b cos 0 e 

By the previotis article this is a nul line of the system if 

Z(-6c8in ^)+Fca cosO+Zab^laanS- Mb cosS+Xet 

*.e. if «n d(f+^)-«)sd(^+|)-f-^.whicholearlygive8two value. 

of fi, in general Hence two generatow btOongiDg to one eystom are nul 
lines. Similarly for the other system. 


i5-a 
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209. To shew that a given system of forces may he replaoed 
by two forces, one of which acts along a given line OA* 

With 0 as origin, or base-point let R and (? be the resuitanjb 
force and couple. Through OA 
and B let a plane be drawn, and 
let it cut the plane of the resul- 
tant couple (i.e, the plane COD 
perpendicular to the axis of Q) 
in OB. Eesolve R into two forces, 
one, Pi, along OA, and the other, 

P,, along OB. 

The force P, along OP, when 
compounded with the two forces 
in the plane BOC which fonn the 
resultant couple, will give a force Pa in this plane which is 
parallel to OB. 

It follows that the given system of forces is equivalent to 
some force Pi acting along the given straight line OA, together 
with a second force P, which acts somewhere in the nul plane 
of 0. 

Such forces as Pj and P^ are called conjugate forces, and 
their lines of action are called conjugate lines. 

Whatever point 0 we take on OA the force I\ will still lie 
in its nul plane, so that, as 0 moves along OA , its null plane 
continually turns round so that it always passes through the line 
conjugate to OA. Hence the conjugate line of OA may be 
determined by taking any two convenient points on it, and 
obtaining the equations to their mil planes by Art. 207. The 
conjugate line is then the intersection of these two planes. 

Thus suppose we require the conjugate line, with respect to 
the system of forces given by {Xj V, Z; L, M, N\ of the line 



I m n 


( 1 ). 


By Art. 207 the nul plane of (/, g, A) is 
a>(Z-g£^+Ar) + y(Jf-A2[+/^ 

+ * (A^ -/F+ gJT) = /,/•+ Jfg + JVA. . .(2). 

Another point on (i) is ^ ~ ~ . oj. 



Nvi Uneg. Exmnpleg SS^ 

Its nal plane is 

(2) and (S) give the required conjugate line. 

Subtracting (2) from (3), we have 
a? [n F — mZ] •^y[lZ--nX]-hz [mX -lY] 

Mm + JNTn* . .(4). 

(2) and (4) give the conjugate line more easily. 

It is easily seen that (4) is the nul plane of the point at 
infinity which lies on (1). For the coordinates of this point are 
{Ip, mp, np), where p is infinite. 

EXAMPLES 

1. Exanune the case iu which the straight line OA of Art. SOS is 
itself a nul line of the system. 

2. A straight line is given by the equations 

A'4P + i5'y+C'z=«2>'; shew tliat its conjugate is given by equating to uero 
any two of the determinants 

L, M\ N\ Lx^Mif-vNz , 

A, B, C, D 

A\ IT, G\ 

where L% Jf' N* are the component couples at the point {x, y, z) and 
A, if, N those at the origin. 

3. A system of forces given by {X, Y, Z ; L, M, N) is replaced by 
two forces, one acting along the axis of x, and another force. Shew that 
the magnitudes of the forces are 

xx+j/j'+iVir ^ [(MY+Nzy+jj^iY^+z^)^ 

X” ” ~ X • 

[Let P be the force along the axis of jr; then the components of the 
other force must be X—P, Y, Zi lot it act at the point (/, g, 0). Since 
these two forces are equal to the given system we have, by Art. 162, 
L^gZ, M^-jZ and N^fY^g{X---B), 

Hence tlie given results, and also the equation to the line of aotiou of the 
second force.] 

4 Shew that the wrench (iT, Y, Z ; L, Jf^ X) ia equivalent to two 
forces, one along the line x^g =«, and the other along the line given by 

Bx^J/y+Xz^Oy 
x(Y^Z)^y(Z--X)^z(X-^ 
and find the magnitudes of the two foroea. 
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5. Shew that in general two syetema of forces have only one pair of 
conjugate lines in common. 

6. I^>rce8 act along generators of the same system of a hyperboloid. 
Shew that two generators of the same system are nul lines of the system 
of forces. 

7. Shew that the nul planes of a series of points which lie in a straight 
line AB pass through a second straight line CD\ and that if the series of 
linos ABh^ generators of a hyperboloid, the lines CD will also be generators 
of a hyperboloid. 

8. A system of forces is reduced to two forces one of which acts along 
an assigned line. Shew (i) that the four linos of action of two such pairs 
of forces are generators of the same system of a hyperboloid of one sheet ; 
(ii) that lines meeting two such forces and the central axis generate a 
hyperbolic paraboloid, one set of whose generators is perpendicular to 
the central axis. 

9. Keferred to the same origin and axes of coordinates two systems 
of forces are given by (A, 7, Z;L,M,N) and (T, T\ Z * ; L\ N% 
Shew that, in general, a unique pair of lines can be found such that forces 
along them may be equivalent to either system ; and prove that the 
shortest distance between them is 

V'iP'~477' ( - K^) ~ *, 

whew n^^LX'+MY't NX' +L'X+M' Y-^N'Z, 

K^xx'-trr+zz', 

and /, 1\ R, Rf have their usual significance. 

[Using the equations of Art. 190 for the central axes of the two 
systems, wo obtain for the shortest distance and the angle a, between 

these central axes, cos a = , 

and = 

Also, by Art. 192, AC and BD be the pair of lines to be found, we 
see that A B must be perpendicular to each central axis, and hence must 
lie along the shortest distance ^ between them. The equations for $ and 0 
of Art. 192 become 

Wa' 

and tan ((^ + «) = ' 

Eliminating B and from these equations, we see that a and - b are 
the roots of the equation 

, rn 2/1 , rpr^ /fcotai ^ 

Hence the required distance the difiereuce of the roots of this 
equation « the given answer, on reduction.] 

10. Shew that the mil lines which are common to three given systems 
of forces are generators of the same system of a hyperboloid of one sheet. 
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210. In the present chapter we shall explain and discuss 
the equilibrium of some of the simpler machines. 

We shall suppose the different portions of these machines to 
be smooth and rigid, that all cords or strings used are perfectly 
flexible, and that the forces acting on the machines always balance, 
so that they are at rest. In actual practice these conditions are 
not even approximately satisfied in the cases of many machines. 

A machine is always used in practice to overcome some 
resistance ; the force we exert on the machine is the Power or 
Effort ; the resistance to be overcome, in whatever form it may 
appear, is called the Weight or Resistance. 


211. Mechanical Advantage, If m any machine an effort 

Tir W . Resistance . ,, , 

P balance a resistance Tv , the ratio -p , i.e. — 

the Mechanical Advantage of the machine, so that 

Resistance = Effort x Mechanical Advantage. 

The term Force-Ratio is sometimes used instead of 
Mechanical Advantage. Almost all machines are constructed 
so that the mechanical advantage is a ratio greater than unity. 


Velocity Ratio. The velocity ratio of any machine is the 
ratio of the distance through which the point of application of 
the effort or “ power ” moves to the distance through which the 
point of application of the resistance, or “ weight,” moves in the 
same time ; so that 

. ^ . Distance through w hich P moves 

Velocity Ratio* which W moves’ 
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If the machine be such that no work has to be done in lifting 
its component parts, and if it be perfectly smooth throughout, 
it will be found that the Mechanical Advantage and the Velocity 
Ratio are equal, so that in this case 

Tf _ Distance through which P moves 
P Distance through which W moves ’ 
and then P x distance through which P moves 

as IT X distance through which W movea, 
is. work done by P » work done against W. 

212. The following we shall thus find to be a universal 
principle, known as the Principle of Work, viz,. Whatever he the 
machine we use, provided that there be no /fiction and that the 
weight of the machine he neglected, the work done by the effort is 
always equivalent to the work done against the weight, or resistance* 

It may be regarded as an extension of the Principle of 
Virtual Work, in which, instead of virtual displacements, we 
have actual finite displacements which are consistent with the 
geometrical relations of the machine. 

Assuming that the machine we are using gives mechanical 
advantage, so that the effort is less than the weight, the distance 
moved through by the effort is therefore greater than the 
distance moved through by the weight in the same proportion. 
This is sometimes expressed in popular language in the form : 
What is gained in power is lost in speed. 

More accurate is the statement that mechanical advantage 
is always gained at a proportionate diminution of speed. No 
work is ever gained by the use of a machine though mechanical 
advantage is generally obtained Some work, in practice, is 
always lost by the use of any machine. 

The uses of a machine are 

(1) to enable a man to lift weights or overcome resistances 
much greater than he could deal with unaided, e,g. by the use 
of a system of pulleys, or a wheel and axle, or a screw-jack, etc,, 

(2) to cause a motion imparted to one point to be changed 
into a more rapid motion at some other point, e*g. in the case of 
a bicycle, 

(3) to enable a force to be applied at a more convenient 
point or in a more convenient manner, e.g. in the use of a poker 
to stir the fire, or in the lifting of a bucket of mortar by means 
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of a long rope poasing over a pulley at the top of a building» the 
other end being pulled by a man standing on the ground. 

213. The Lever* The Lever consists essentially of a rigid 
bar, straight or bent, which has one point fixed about which 
the rest of the lever can turn. This fixed point is called the 
Fulcrum, and the perpendicular distances between the fulcrum 
and the lines of action of the effort and the weight are called 
the arms of the lever. 

Class I. Here the effort P and 
the weight W act on opposite sides of 
the fulcrum G, 

Class II. Here the effort P and 
the weight W act on the same side 
of the fulcrum (7, but tlie former acts 
at a greater distance than the latter 
from the fulcrum. 


w 

vp 


p ! 


X 


B 

Jw 


A 


w 


Class III. Here the effort P and 
the weight W act on the same side of 
the fulcrum G, but the former acts at 
a less distance than the latter from the 
fulcrum. 


B 






c 

'R 


214. Conditions of equilibrium of a straight lever* 

In each case we have three parallel forces acting on the 
body, so that the reaction, P, at the fulcrum must be equal and 
opposite to the resultant of P and W* 

In the first and third classes we see that R and P act in 
opposite directions ; in the second class they act in the some 
direction. In all three classes, since the resultant of P and W 
passes through 0, wo have, as in Art. 31, P . AG » W * BC* 

Q. W AC arm of P , , „ . 

Smee jr « =» win " uf ' ^ * observe that generally m 

Class I, and always in Class II, there is mechanical advantage, 
but that in Class III there is mechanical disadvantage. 

216. Examples of the different classes of levers are : 

Class I. A Poker (when used to stir the fire, the bar of the 
grate being tiie fulorum) \ A Claw-hammer (when used to extraot 
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mtiXs) ; A Crowbar (when used with a point in it resting on a fissed 
support) ; A Pair of Scales ; The Brake of a Pump. 

Double levers of this class are ; A Pair of Scissors, A Pair 
of Pincers. 

Cl^ss IL A Wheelbarrow ; A Cork Squeezer ; A Crowbar 
(with one end in contact with the ground) \ An Oar (assuming the 
end of the oar in contact with the water to he at rest). 

A Pair of Nutcrackers is a double lever of this class. 

Class III. The Treadle of a Lathe ; The Human Forearm 
(when the latter is used to support a weight placed on the palm of 
the hand. The fulcrum is the elbow, and the tension esoerted by 
the muscles is the effort). 

A Pair of Sugar-tongs is a double lever of this class. 

The practical use of levers of the latter class is to apply a 
force at some point at which it is not convenient to apply the 
force directly. 

In the previous article we neglected the weight of the lever 
itself. If this weight be taken into consideration, we obtain the 
conditions of equilibrium by equating to zero the algebraic sum 
of the moments of the forces about the fulcrum G. 

The principle of the lever was known to Archimedes who 
lived in the thiid century B.c. ; until the discovery of the 
Parallelogram of Forces in the sixteenth century it was the 
fundamental principle of Statics. 

216. Bent Levers. 

Lot /( be tt bent lever, of which 0 ia the fulcrum, and let OL and 
OM l)e the perpendiculars from 0 upon the lines of action AC and BC oi 
the effort P and resistance W. 

We have, by taking moments about 0, 

P OM pe rpendicular from fulcrum on d irection o f resistance 

’W*" perpendicular from fulcrum on direction of edort 

To obtain the reaction at 0 let the directions of P and W meet io (7. 
Since there are only three forces acting on 
the body, the direction of the reaction R at 
0 must pass through <7, and then, by Lami’s 
Theorem, we have 

_R , T 

sin AOB’^ sin BCO^ sin A 00' A 

The reaction may also be obtained by 
resolving the forces P, and W in two 
directionB at right angles. 
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la the above articles we have neglected any fHction at the ftiicnun ; 
we have alsp assumed the forces acting on the lever to be in a plane which 
is perpendicular to the axis about which it can turn. If the forces act in 
any other directions the consideration of the equilibrium would be an 
example of Chap. X. 

217. Pulleys. A pulley is composed of a wheel of wood, 
or metal, grooved along its circumference to receive a string or 
rope ; it can turn freely about an axle passing through its centre 
perpendicular to its plane, the ends of this axle being supported 
by a frame of wood called the block, A pulley is said to be 
movable or fixed according as its block is movable or fixed. 

The weight of the pulley is often so small, compared with 
the weights which it supports, that it may be neglected ; such a 
pulley is called a weightless pulley. We shall always neglect 
the weight of the string or rope which passes round the pulley. 

We shall also consider the pulley to be perfectly smooth, 
so that the tension of a string which passes round a pulley is 
constant throughout its length, 

218. We shall discuss three systems of pulleys and shall 
follow the usual order; there is no particular reason for this 
order, but it is convenient to retain it for purposes of reference. 

First system of pulleys. Each string attached to the 
supporting beam. To find ifte relation between the effort or 
power*' and the weight. 

In this system of pulleys the weight is attached to the lowest 
pulley, and the string passing round it 
has one end attached to the fixed beam, * — 
and the other end attached to the next 
highest pulley ; the string paKSsing round 
the latter pulley has one end attached 
to the fired beam, and the other to the 
next pulley, and so on; the effort is 
to the free end of the last 

string. 

Often there is an additional fixed Tj 
pulley over which the free end of the 
last string passes ; the effort may then 
be applied as a downward force. 

Let Ai, Aa, ... be the pulleys, be- 
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ginning from the lowest, and let the tensions of the strings 

passing round them be Let W be the weight and 

P the effort. 

For the equilibrium of the pulleys Ai.At, ... we have, if 
%Ot, ... be their weights, 


Tx 


i' 


J’, = ^ (Z*! + Wj) — 1* + 


Wi , Wi 

2i+ 2"* 


Tt — ^(T, + W|) ~ 


w, w, w, 
2 * 2 * 2 ' 


If there were n movable pulleys, we should have finally 


^ Ctn ^ 


W. 


V)n 


2*1 * 2” ' 2”“"^ 


2*P cs W 2wj + + ... -f 

If the weight of each pulley is w, thgn 
2»P« F-f tf; (1 + 2 + 2* -f-... + 2«“0* F + w(2**-l). 

W 

It follows that the mechanical advantage, -p , depends on 
the weight of the pulleys. 


Let R be the atress on the beam. Since 72, together with the force P, 
supports the s;)’8tem of pullers, together with the weight W, we have 

W^+t(P|+tej+ +Wn. 


219. Verification of the Principle of Work. If the 
weight F be raised through a distance a?, the pulley -4, would, 
if the distance AyA^ remained unchanged, rise a distance x; but, 
at the same time, the length of the string joining Ay to the 
beam is shortened by w, and a portion x of the string therefore 
slips round Ay] hence, altogether, the pulley rises through a 
distance 2x, 

Similarly, the pulley Ag rises a distance 4a?, the pulley Ag 
a distance 8a?, and finally the pulley An sl distance 

Since An rises a distance 2"~*a?, the strings joining it to the 
beam and to the point at which P is applied both shorten by 
2”*^ Hence, since the slack string runs round the pulley An, 
the point of application of P rises through 2’^*^?. 

Hence the work done on the weight and the weights of the 
pulleys F . a? + Wi . a? + Wa . 2a? + Wg , 4a7 +tt; 4 , 8a? + . . . ^Wn . 2**“*a? 

» 2*‘a? . P, by the last article, » work done by the efibrt. 
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220. Second SYSTEM OF PULLEYS. The mme string pmsing 
round oil the pulleys* To find ths relation between the effort and 
the weight 


In this system there are two blocks, each containing pulleys 
the upper block being fixed and 
the lower block movable. The 
same string passes i*ound all the C 
pulleys as in the figures and is 
fastened to either the upper or 
the lower block. 

In either case, let n be the 
number of portions of string at I 
the lower block. Since we have 
only one string passing over 
smooth pulleys, the tension of 
each of these portions is P, so 
that nP = TT + w, where W is 
the weight supported and w is 
the weight of the lower block. 

In practice the pulleys of each block are often placed parallel 
to one another, so that the strings are not mathematically 
parallel ; they are, however, very approximately parallel, so that 
the above relation is still very approximately true. 



$ 221. Third system of pulleys. All 
the strings attached to the weight To find 
the relation between the effort and the 
weight 

In this system the string passing round 
any pulley is attached at one end to a bar, 
from which the weight is suspended, and 
at the other end to the next lower pulley; 
the string round the lowest pulley is at- 
tached at one end to the bar, whilst at 
the other end of this string the power is 
applied. In this system the upper pulley 
is fixed. 

Let Au -4*, 4,. ... be the movable 
pulleys, beginning from the lowest, and let 
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the tewions of the strings passing round these pulleys re- 
spectively be Tu Tu Ttf .... 

If the power be P, we have clearly = P, 

Considering the equilibrium of the pulleys in order, we 
have, if w*, ... be their weights, 

Pa = 2Tx 4- = 2r -f Wxt 

Pg “ 2Pa + W/a — 2*P -f ^Wx + 

P 4 = 2 P, + = 2*P + 2*Wi -4 + Wu 

P„= P + 2*^* txij + 2”‘'* Wj 4 - . . . + 

If there were n pulleys, of which (n — 1 ) would be movable, 
we should have, from the equilibrium of the bar, 
Tr«P«+Pn-i4-... + Pa4-Pt 

(2« - 1) P + (2«-* - 1) -4 (2^-“ - 1) 4- ... 

4-(2>-l)«^„^a-4(2-l)Wn., (1). 

If the weights of the pulleys are all equal to w, this gives 
F« (2« - 1) P 4* w 4- 2"--»-4 ... 4- 2 - (w - 1')] 

« (2« -* 1) P 4- [2« - w - 1]. 

Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pullejs, and therefore equals 
P-4 Ff+«»i+«>a + ...4‘M'w. 

222. In this system we observe that, the greater the weight of each 
pulley, the less is P required to be in order that it may support a given 
weight W. Hence the weights of the pulleys assist the effort If the 
weights of the pulleys be properly chosen, the system will remain in 
equilibrium without the application of any effort whatever. 

For example, suppose we have three movable pulleys, each of weight Wy 
the relation (1) of the last article will become 15 P 4 llw. 

Hence, if llw « W, we have P zero, so that no power need be applied 
at the free end of the string to preserve equilibrium. 

223. The bar supporting the weight W will not remain horizontal, 
unless the point at which the weight is attached be properly chosen. In 
any particular case the proper {mint of attachment can be easily found. 

In the Bgure of Art. 221 let the distances between the points D, P, 
and <7, at which the strings are attached, be successively a, and let the 
point at which the weight is attached be X 

The resultant of Pi, Pa, Pa, and P 4 must pass through X 

Hence by Art. 34, if the weights of the pulleys are n^lected, 

,rv«- p4x04PaXa-4P8X2a+Pix3a 4P. a-42P . 2a+ P. 3a 
DX* ?^T3^pPa-4 * 8P4^4?+2P4‘P 
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224. This system of pulleys was not however designed in 
order to lift weights. If it be used for that purpose it is soon 
found to be unworkable. Its use is to give a short strong pull. 
For example it is used on board a yacht to set up the back stay. 
In the figure of Art. 221, JDEFO is the deck of the yacht to 
which the strings are attached and there is no TF. The strings 
to the pulleys Ai, A^, A^are inclined to the vertical and the 
point 0 is at the top of the mast which is to be kept erect. The 
resistance in this •case is the force at 0 necessaiy to keep the 
mast up, and the effort is applied as in the figure. 

226. Vehtftoation op the Principle of Work. Suppose 
the weight W to ascend through a space as. The string 
joining B to the bar shortens by as, and hence the pulley A, 
descends a distance op. Since the pulley A^ descends as and 
the bar rises the string joining A, to the bar shortens by 2as, 
and this portion slides over A^; hence the pulley A, descends a 
distance equal to together with the distance through which A, 
descends, i.e. A^ descends a distance 2x + as, or 3as. Bence the 
string A^F shortens by which slips over the pulley A,, so 
that the pulley Ai descends a distance 4}X together with the 
distance through which Af descends, %,e. 4® + 3a?, or 7a?. Th^ 
first, second, third, (n ~ l)th movable pulleys therefore 
descend as, Sx, 7a?, ... (2"“* — 1) a? and the point of application of 
P descends (2” — 1) as, so that the velocity ratio is 2^* — 1. 

The work done by the effort and the weights of the pulleys 
[which in this case assist the power] 

9=P.(2”— ]);» +«;i(2**’"* — + + 

+ SWn^ X -f m 

me as. W,hy Art. 221, « work done on the weight W» 

226. The Wheel and 
Axle. This machine con- 
sists of a strong circular ^ 
cylinder, or axle, terminat- 
ing in two pivots, A and B, 
which can turn fireely on 
fixed supports. To the 
cylinder is rigidly attached 
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a wheel, CD, the plane of the wheel being perpendicular to 
the axle. 

Bound the axle is coiled a rope, one end of which is firmly 
attached to the axle, and the other end of which is attached to 
the weight. Round the circumference of the wheel, in a direc- 
tion opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having the 
** power/* or cflfort, applied at its other end. The circumference 
of the wheel is grooved to prevent the rope from slipping off. 

If a be the radius of the axle, and h be the radius of the 
wheel, the condition of equilibrium is, by taking moments 
about the fixed axis, P.6 = W.a (1). 


Hence the mechanical advantage = 


W 

P 


b _ radius of the wheel 
a radius of the axle ’ 


Verification of the Phinciple of Work, Let the 
machine turn through four right angles. A portion of string 
whose length is 27r6 becomes unwound from the wheel, and hence 
P descends through this distance. At the same time a portion 
equal to 27ra becomes wound upon the axle, so that W rises 
through this distance. The work done by P is therefore P x iirb 
and that done against IT is x 27ra. These are equal by the 
relation (1). Also the velocity ratio (Art. 211) 

as ar - «= the mechanical advantage. 

27ra a ^ 

Theoretically, by making the quantity - very large, we can 

Qf 

make the mechanical advantage as great as we please ; practi- 
cally however there are limits. Since the pressure of the fixed 
supports on the axle must balance P and W, it follows that 
the thickness of the axle, 2a, must not be reduced unduly, 
for then the axle would break. Neither can the radius of the 
wheel in practice become very large, for then the machine would 
be unwieldy. Hence the possible values of the mechanical 
advantage are bounded, in one direction by the strength of our 
materials, and in the other direction by the necessity of keeping 
the si 2;6 of the machine within reasonable limits. 


227« Id Art. 226 we have neglected the thicknesses of the ropes. Tf, 
howeveri thojr are too great to be neglected, compared with the radii of the 
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wheel end axle, we may take them into oonaideration by auppositig the 
tenaiona of the ropes to act along their middle threads. 

Suppose the radii of the ropes which pass round the axle and wheel to 
be X and y respectively ; the distances from the line joining the pivots at 
which the tensions now act are (a +4?) and (6-hy) res|>ectivoly. Henoe 
the condition of equilibrium is i^{64-y)«* ir(a+a?), so that 

P _ sum o f the radii of the axle and its rope 
Tf sum of the radii of the wheel and its rop^ ^ 

228. Other forms of the Wheel and Axle are the Windlass, 
used for drawing water from a well, and Capstan, used on boaid 
ship. In these machines the effort instead of being applied, as 
in Art. 226, by means of a rope passing round a cylinder, is 
applied at the ends of a spoke, or spokes, which are inserted in 
a plane perpendicular to the axle. 

In the Windlass the axle is horiisontal, and in the Capstan 
it is vertical. In the latter case 
the resistance consists of the ten- 
sion T of the rope round the axle, 
and the effort consists of the forces 
applied at the ends of bars inserted 
into sockets at the point A of the 
axle. The advantage of pairs of 
arms is that the strain on the 
bearings of the capstan is thereby 
much diminished or destroyed. 

The condition of equilibrium may 
be obtained as in Art. 226. 

229. Differential Wheel and Axle. A slightly modified 
form of the ordinary wheel and axle is the differential wheel 
and axle. In this machine the axle consists of two cylinders, 
having a common axis, joined at their ends, the radii of the two 
cylinders being different. One end of the rope is wound round 
one of these cylinders, and its other end is wound in a contrary 
direction round the other cylinder. Upon the slack portion of 
the rope is slung a pulley to which the weight is attached. The 
part of the rope which passes round the smaller cylinder tends 
to turn the machine in the same direction as the effort. 

As before, let 6 be the radius of the wheel and let a and c 
be the radii of the portions A G and OB of the axle, a being the 
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smaller* Since the pulley is smooth^ the tension T of the string 
round it is the same throughout its length, and hence, for the 
equilibrium of the weight, we have y » J If. 



Taking moments about the line AB for the equilibrium of 
the machine, we have P .b + T T ^c. 

P « ^ f and the mechanical advantage = , 

Jt 0 J c a 

By making the radii c and a of the two portions of the axle very 
nearly equal, we can make the mechanical advantage very great 
without unduly weakening the machine. 


230. Weston’s Differential Pulley. 


In this machine there are two blocks ; the upper contains 


two pulleys of nearly the same size which turn 
together as one pulley; the lower consists of 
one pulley to which the weight If is attached. 

The figure represents a section of the 
machine. An endless chain passes round the 
larger of the upper pulleys, then round the lower 
pulley and the smaller of the upper pulleys; 
the remainder of the chain hangs slack and is 
joined on to the first portion of the chain. The 
effort P is applied as in the figure. The chain 
is prevented from slipping by small projections 
on the surfaces of the upper pulleys, or by de- 
pressions in the pulleys into which the links of 
the chain fib. 
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If T be the tension of the portions of the chain which support 
the weight W, we have, since these portions are approximately 
vertical, on neglecting the weight of the chain and the lower 
pulley, 2T « W (1). 

If It and T be the radii of the larger and smaller pulleys of 
the upper block, we have, by taking moments about the centre 
A of the upper block, 

P.R + T.r^T.R. 

Hence 


P 


WR^r 

2 R 


, and the mechanical advantage 


w _ m 

T'“R^r 


Since R and r are nearly equal, this mechanical advantage is 
therefore very great. 

The differential pulley-block avoids one great disadvantage 
of the differential wheel and axle. In the latter machine a very 
great amount of rope is required in order to raise the weight 
through an appreciable distance. 


231. Wheel and Axle with the pivot resting on rough bearings. 

Let the central circle represent the pivots or JB of Fig., 
Art. 226 (much magnified) when 
looked at endways. 

The resultant action between 
these pivots and the bearings on 
which they rest must be vertical, 
since it balances P and W. Also it 
must make an angle the angle of 
friction, with the normal at the 
point of contact Q, if we assume 
that P is just on the point of over- 
coming W. Hence Q cannot be at 
the lowest point of the pivot, but 
must be as denoted in the figure, where OQ makes an angle X 
with the vertical. The resultant reaction at Q is thus vertical. 


Since R balances P and W, P = P + If (1). 

Also, by taking moments about 0, we have 

P.6 — P.csLdX* If, a (2), 


where c is the radius of the pivot and 6, a the radii of the wheel 
and the axle (as in Ait. 226). 



10 4 
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Hence 

If P be only just sufficient to support W, i,e. if the machine 
be on the point of motion in the direction then, by changing 

the sign of X, we have Pj *= IF \ 

® * J + csmX 

In this case the point of contact Q is on the left of the 
vertical through 0, 

232. The Common Balance. The Common Balance con- 
sists of a rigid beam AB, carrying a scale-pan suspended from 
each end, which can turn freely about a fulcrum 0 outside the 
beam. The fulcrum and the beam are rigidly connected and, 
if the balance be well constructed, at the point 0 is a hard steel 
wedge, whose edge is turned downward and which rests on a 
small plate of agate. 

The body to be weighed is placed in one scale-pan and in 
the other are placed weights, whose magnitudes are known; 
these weights are adjusted until the beam of the balance rests 
in a horizontal position. If Off be perpendicular to the beam, 
and the arras ffA and IJB be of equal length, and if the centre 
of gravity of the beam lie in the line Off, and the scale-pans be 
of equal weight, then the weight of the body is the same as the 
sum of the weights placed in the other scale-pan. 

If the weight of the body be not equal to the sum of the 
weights placed in the other scale-pan, the balance will rest with 
the beam inclined to the horizon. 

In the best balances the beam is usually provided with a 
long pointer attached to the beam at ff. The end of this 
pointer travels along a graduated scale and, when the beam is 
horizontal, the pointer is vertical and points to the zero gradua- 
tion on the scale. 

233. To find the position of equilibrium of a balance when 
the weights placed in the scale-pans are not equal. 

Let the weights placed in the scale-pans be P and W, the 
former being the greater ; let S be the weight of each scale-pau, 
and let the weight of the beam (and the parts rigidly connected 
with it) be W\ acting at a point K on Offn 

[The figure is (irawn out of pTop(yrtion so that the points may 
he distinctly marked; K is aotmlly very wmr the beam.\ 



The Common Btdanoe 246 

When in equilibrium let the beam be inolined at an angle 
0 to the homontal and let OH == k, OK ^ k and Aff r,: SB ’»a. 
Let the horizontal through 0 meet the verticab through A K 
and £ in i, e and if. 6 . 



Taking moments about 0, we have 

{P + 8)0L^{W^^S)0M^W\0Q, 
i.e. (P+>S)^acostf— /i8in^)=(TI^+5i)(acosff-hAsin^)-f TP.jbeixt^* 
, (P- W)a 

. . tanp- 

234, Req^initeB of a good balance. 

(1) The balance must be true. This will be the oa»e if the arms of 
the balance be equal, if the weights of the scalo-pans be equal, and if the 
centre of gravity of the beam be on the line through the fulcrum perpendi- 
cular to the beam ; for the beam will now be horizontal when equal weights 
are placed in the bcalc pans. 

To tost whether the balance is true, first see if the beam is horizontal 
when the scale- pan is empty, and then make the beam horizontal by 
putting sufficient weights in one scale-pan to balance the weight of a body 
placed in the other ; now interchange the body and the weights ; if they 
still balance one another, the balance must be true ; if in tiie second case 
the beam assumes any position inclined to the vertical, the balance is not 
true. 

(2) The balance must 1)6 sensitive, i.e. the beam must, for any 
difierence, however small, between the weights in tlie scale-pans, be 
inclined at an appreciable angle to the horizon. 

For a given difference between P and IF, the greater the inclination of 
the beam to the horizon the more sensitive is the balance ; also the less 
the difference, P- IF, between the weights required to produce a given 
inclination 0, the greater is the sensitiveness of the balancei 
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The aeositireness is therefore appropriately meaeured by 

jrzrW' W>''i;+(P+ jr+IiS)A‘ 

Thtts the sensitiveness of a balanoe will be great if the arm a be fairly 
long in oomparisoD with the distances h and Jt and the weight W* of the 
beam be as small as is consistent with the length and rigidity of the 
machine. 

If A is not sero, it follows that the sensitiveness depends on the values 
of P and i,e. depends on the loads in the scale-pans. In a balance for 
use in a chemical laboratory this is undesirable. Such balances are 
therefore made with h zero, t.a with the point 0 in the hgure coinciding 
with J3, The sensibility then varies inversely with k, the distance of the 
centre of gravity of the beam l)elow 0 or If, 

But we must not make both A and k zero ; for then the points 0 and E 
would both coincide with ff. In this case it is easily seen that the 
balanoe would either, when the weights in the scale-pans wei*e equal, be in 
equilibrium in any position or else, if the weights in the scale-pans were 
not equal, that it would take up a position as nearly vortical as the 
mechanism of the machine would allow. 

(3) The balance must bo stable and must quickly take up its position 
of equilibrium. 

The determination of the time taken by the machine to take up its 
position of equilibrium is essentially a dynamical question. We may 
however assume that this condition is best satisficed when the moment of 
the forces about the fulcrum O is greatest. When the weights m the 
scale- pans are each P, the moment of the forces tending to restore 
equilibrium 

■a (jP-H/S') (a cos B^h sin B) — {P+8) (a cos — A sin B)+W* . k sin B 

•[2{P+aS)A+ W'. qsin^. 

This expression is greatest when A and k are greatest. 

Since the balance is most sensitive when A and k are small, and most 
stable when these quantities are large, we see that in any balance great 
sensitiveness and quick weighing are to a certain extent incompatible. In 
practice this is not very important; for in balances where great sensi- 
tiveness is required (such as lialauces used in a laboratory) we can afford 
to sacrifice quickness of weighing; the op^Kisite is tbo case when the 
balanoe is used for ordinary commercial purposes. To ensure as much as 
possible both the qualities of sensitiveness and quick weighing, the 
balance should be made with fairly light long arms, and at the same time 
the distance of the fulcrum from the beam should be considerable. 

235. By the method of double weighing the weight of a body may be 
accurately determined even if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in the other pan 
put sand, or other suitable material, sufBcient to balanoe the body. Next 
remove the body« and in its place put known weights su£&ciont to again 
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bnlwoe the aand. The wei^t of the body is now dearly equal to the ■»«! 
of the weights. 

This method is used even in the case of extremely good maohines 
when very great accuracy is desired. It is known as Borda*s Method. 

236. The Steelyards. The Common, or Roman, Steelyard 
is a machine for weighing bodies and consists of a bar, AB, 
movable about a fixed fulcrum at a point (7. 

At the point A is attached 
a hook or scale-pan to carry 
the body to be weighed, and 
on the arm QB slides a mov- 
able weight P. The point at 
which P must be placed, in 
order that the beam may rest 
in a horizontal position, de- 
termines the weight of the 
body in the scale-pan. The 
arm GB has numbers en- 
graved on it at different 
points of its length, so that 
the graduation at which the 
weight P rests gives the 
weight of the body. 

Let T7' be the weight of the steelyard and the scale-pan, and 
Q be the point of the beam through which W* acts. The beam 
is usually constructed so that G lies in the shorter arm AO. 

When there is no weight in the scale-pan, let 0 be the point 
in CB at which the movable weight P must be placed to balance 
W\ Moments about C give W ' , QG .CO (i). 

This condition determines the position of the point 0 which 
is the zero of graduation. 

When the weight in the scale-pan is W (=? nP), let be the 

point at which P must be placed. Taking moments, we have 
nP.GA + W'.GC^P. GXn (ii)- 

From (i) and (ii), OXn ~ « - GA. 

Hence, to graduate the steelyard, we must mark off from 0 
successive distances GA, 2(7-4, 3(7-4, ... and at their extremities 
put the figures 1, 2, 3, .... The intermediate spaces can be 
subdivided to shew fractions of P Iba. 
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237. The Daailsli Steelyard consists of a bar A B, terminating 
in a heavy knob, or ball, J5. At A is attached a hook or scale- 
pan to cany the body to be weighed. 

The weight of the body is determined by observing about 
what point of the bar the machine balances. This is often done 
by having a loop of string, which can slide along the bar, and 
finding where the loop must be to give equilibrium. 

Let P be the weight of the bar and scale-pan, and let Q be 
their common centre of gravity. When a body of weight W 
(=s nP) is placed in the scale-pan, lot 0 be the position of the 
fiilcrum* By taking moments about (7, we have 

AO.nP^AC.W^GO.P^{AQ-AG).P. 

n + 1 



A ^ XjiXa C G 

4 3 12 A 1 

Wl L 


Hence, to graduate this steelyard, we must mark off fW>m A 
distances equal to ^AO,^AG, lAO, and at their extremities 
put the figures 1, 2, 8, *... 

Similarly, for fractional weights, take distances equal to 
I AG, iAQt ^AO, and at the ends mark .... 

The point G is easily determined since it is the position of 
the fulcrum when the steelyard balances without any weight in 
the scale-pan. 

238. The Screw. A Screw consists of a cylinder of metal 
round the outside of which runs a protuberant thread of mobaL 

Let A BCD be a solid cylinder, and let EFOH bo a rectangle, 
whose base EF is equal to the circumference of the solid cylinder. 
On EH and FO take points X, N, Q, ... and if, Jf, P, such 
that EL, LN,..*FK, KM, are all equal, and join 

EK^LM.EP,.... 


Thp. 


m 

Wrap the rectangle round the cylinder, so that the point E 
coincides with A and EE with the line AE The point F will 
coincide with E A and the lines EK, LM, NP, ... will now 
become a continuous spiral line on the surface of the cylinder 
and, if we imagine the metal along this spiral line to become 
protuberant, we shall have the thread of a screw. 



It is evident that the thread is an inclined plane running 
round the cylinder, and that its inclination to the horizon is the 
same everywhere and equal to the angle KEF» This angle is 
often called the angle of the screw, and the distance between two 
consecutive threads, measured parallel to the axis, is often called 
the pitch of the screw. The pitch is also defined by other 
writers as the distance advanced along the axis of the screw for 

KF 

an angular turn equal to unit angle, so that the pitch « g— 
with this definition, 

FK 

Also tan (angle of screw) =* 

_ distance betwen^n successive threads 

"" circumference of a circle whose radius is the distance from 
the axis of any point of the screw. 

The section of the thread of the screw has, in practice, various 
shapes. The only kind that we shall consider has the section 
rectangular. 

239. The screw usually works in a fixed support, along the 
inside of which is cut out a hollow of the same shape as the 
thread of the screw, and along which the thread slides. The 
only movement admissible to the screw is to revolve about its 
axis, and at the same time to move in a direction parallel to its 
length. If the screw were placed in an upright position, and a 
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weight placed on its top, the screw would, in general, revolve and 
descend Hence, if the screw is to remain in equilibrium, some 
force must act on it ; this force is usually applied at one end of 
a horizontal arm, the other end of which is rigidly attached to 
the screwt 

240. Jr? a smooth screw, to find the relation between the effort 
and the weight. 

Let a be the distance of any point on the thread of the screw 
from its axis, and b the distance, 

AS, from the axis of the screw, 
of the point at which the effort 
is applied 

The screw is in equilibrium 
under the action of the effort P, 
the weight W, and the reactions 
at the points in which the fixed 
block touches the thread of the 
screw. Let JR, 8, T, ... denote 
the reactions of the block at dif- 
ferent points of the thread of the 
screw. These will all be perpen- 
dicular to the thread of the screw, 
since it is smooth, and therefore 
do no work as the screw revolves. 

For each revolution made by the effort-arm the screw rises 
through a distance equal to the distance between two consecu- 
tive threads. Hence, during each revolution, the work done 
by the effort is 

P X circumference of the circle described by the end of the 
effort-arm, 

and that done against the weight is 

W X distance between two consecutive threads. 

These are equal by the Principle of Work, and hence the 

mechanical advantage =* -p “ 2 7 ra^nlt 

circumference of a circle whose ra dius is the effort-arm 
distance between consecutive threads of the screw 


W 


Tqr 


^ A 




'^1 


r* 



The Sere/vo 


251 




241. Sqnllibrlnm of a rough screw. To find the relation 
between the effort and the resistance in the case of a screw, when 
friction is taken into account 

With the same notation as in Art. 240, let the screw be on 
the point of motion downwards, so that the 
friction acts upwards along the thread. 

The vertical pressures of the block are 
(cos a + /Lt sin a), 5 (cos a -f /x sin a), ... 
and the horizontal components of these 

pressures are R (sin a — /u, cos a), 8 (sin o — /u cos a) 

By resolving vertically, and taking moments about the axis 
of the screw, we have 

Tr = (iJ + jS+ ...)( cosa4*Atsina) .. 
and P . i = a (i2 + 4- r + . . .) (sin a — /a cos a) 


in 

.( 2 ). 


Hence 


P -h _ sin a — /Lt cos a 
W cos a -f /A sin a 


sin (a — X) 
'^cofa(a — A.)* 


Pa.. .V 

Similarly, if the screw be on the point of motion upwards, 
we have, by changing the sign of fju, 

^^asina + MC01«^atan(a + X> 

W 0 cos a — sjn a o 

If the effort have any value between P and Pj, the screw 
^vill be in equilibrium, but the friction will not be limiting 
friction. It will be noted that if the angle a of the screw be 
equal to the angle of friction, X, then the value of the effort P 
is zero. In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a < X, P will be negative, i,e, the screw will not descend 
unless it is forced down. 


242. Theoretically, the mechanical advantage in the case of 
the screw can be made as large as we please, by decreasing 
sufficiently the distance between the threads of the screw. In 
practice, however, this is impossible; for, if we diminish the 
distance between the threads to too small a quantity, the threads 
themselves would not be sufficiently strong to bear the strain 

put upon them. , 

By means of Hunter's Differential Screw this difficulty 
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may be overcome. In this machine we have a screw AD working 
in a fixed block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DS, The screw DE is fastened 


at JE? to a block, so that it can- 
not rotate, but can only move in 
the direction of its length. 

When the effort-arm AB has 
made one revolution, the screw 
AD has advanced a distance 
equal to the distance between 
two consecutive threads, and at 
the same time the smaller screw 
goes into DA a distance equal 
to the distance between two 
consecutive threads of the smaller 
screw. Hence the smaller screw, 
and therefore also the weight, 
advances a distance equal to the 
difference of these two distances. 

Hence, just as in Art. 240, if 
by the Principle of Work 


V vv 



W ^ 27rb 

P ^ 27ra tan a — 2rra tan o? 


_ ci rcum. of the circle desc ribed by the end of the power-arm 
difference of the distances between consecutive threads of 
the two screws. 

By making the distances between consecutive threads of the 
two screws nearly equal, we can make the mechanical advantage 
veiy great without weakening tlie machine. 

243. The Wedge is a piece of iron, or metal, which has 
two plane faces meeting in a sharp edge. 

It is used to split wood or other tough 
substances, its edge being forced in by 
repeated blows applied by a hammer to 
its upper surface. 

The problem of the action of a wedge 
is essentially a dynamical one. We shall 
only consider the statical problem when 
the wedge is just kept in equilibrium by 
a steady force applied to its upper suriace. 
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Let ABC be a section of the wedge and let its &ces be 
equally inclined to the base BO* Let the angle CAB be <l 
Let P be the force applied to the upper face, R and B! the 
normal reactions of the wood at the points where the wedge 
touches the wood, and /xB and fiR the frictions, it being 
assumed that the wedge is on the point of being pushed in. 
Let P be applied at the middle point of BC in a direction 
perpendicular to BC, and let the weight of the wedge be 
negligible in comparison with P. 

llesolving along and perpendicular to BC, we have 

liR sin I - JB cos | sin | - JB" cos ~ (1), 

aud P = /* (iJ + R') cos| + (P + R') ein | (2). 


Hence R =* K, and 


P 



/ACCS 2 + 811^2 


cosX 



if X be the coefficient of friction. 

The splitting power of the wedge is measured by R. For a 
given foi-ce P this splitting ^wer is therefore greatest when a 
is least. Theoretically this will be when a is zero, t.e. when tne 
wedge is of infinitesimal strength. Practically the wedge has 
the greatest splitting power when it is made with as small an 
angle as is consistent with its strength. 


244 If the force of compression exerted by the wood on the wedge be 
great enough, the force P may not be largo enough to make the on 
the point of motion down ; in fact the wedge may be on the point of 
forc^ out. If Pi be the value of P in this case, its value is found by 
changing the sign of /. in Art. 2 A so that we should have 

P,-2P ^8in| - ^ cos = 2P sec X sin • 


If ? be > X, the value of Pi is positive. 

If - be < X, Pi is negative and Uie wedge could therefore only be on 

the potot of slipping out if a pull were applied to its upper surface. 

If ?-X, the wedge will just stick last without the application of any 
2 


force. 
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24K. The Inclined Plane. The Inclined Plane, considered 
as a mechanical power, is a rigid plane inclinod at an angle to 
the horizon. 

It is used to facilitate the raising of heavy bodies. 

3'he equilibrium of a particle on an inclined plane has already 
been consideicd in Arts. 78 — 80. 

To find the work done in dragging a body up a rough 
inclined plane hy means of a force parallel to the plane. 

As in Art. 78 the force which would just move the body 
up the plane is W (sin a -f ya cos a). 

Hence the work done in dragging it from A to G ^ P .AC 

« W.AOmia^fiW.ACco^oL^ W.BC^^pW.AB 

« work done in dragging the body through the same vertical 
height without the intervention of the plane 

+ the work done in dragging it along a horizontal distance equal 
to the base of the inclined plane and of the same roughness 
as the plana 


246. From the preceding article we see that, if our inclined 
plane be rough, the work done by the power is more than the 
work done against the weight. This is true for any machine ; 
the principle may be expressed thus : 

In any machine^ the work done hy the power is equal to the 
work done against the weight, together with the work done against 
the frictional resistances of the machine, and the work done against 
the weights of the component parts of the machine. 

The ratio of the work done on the weight to the work done 
by the effort is, for any machine, called the efficiency of the 
machine, so that, during any small displacement, 


Efficiency 


Us eful work done by the machine 
Work supplied to the machine 


Let Po be the effort required if there were no triclion, and P 
tho actual effort. Then, by Art 211, 


Work done against the weight 

= Po X distance through which its point of application moves. 


and work supplied to the machine 


sK P X distance through which its point of application moves, 
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Hence, by divieion, 

Efficiency = ~ = Effort when there is no friction 
^ -P Actual effort 

We can never get rid entirely of frictional resistances, or 
make our machine without weight, so that some work must 
always be lost through these two causes. Hence the efficiency 
of the machine can never be so great as unity. The more nearly 
the efficiency approaches to unity, the better is the machine. 

There is no machine by whose use we can create work, and 
in practice, however smooth and perfect the machine maybe, we 
always lose work. The only use of any machine is to multiply 
the force we apply, whilst at the same time the distance through 
which the force works is more than proportionately lessened. 

247 . Friction exerts such an important influence on the 
practical working of machines that the theoretical investigations 
are not of much actual use and recourse must for any particular 
machine be had to experiment. The method is the same for all 
kinds of machines. 

The velocity ratio can be obtained by experiment; for in all 
machines it equals the distance through which the effort moves 
divided by the corresponding distance through which the weight, 
or resistance, moves. Call it n. 

Let the weight raised be W. Then the theoretical effort P#, 

, W . 

corresponding to no friction, is — . Find by experiment the 

actual value of the effort P which just raises IT. The actual 

W 

mechanical advantage of the machine is jp , and the efficiency 

p 

of it is, by Art. 246, ^ . 

248, As an example take the case of a class-room model of a differential 
wheel and axle on which some experiments were performed. The machine 
was not at all in good condition and was not cleaned before use, and no 
lubricants were used for the bearings of either it or its pulley. 

With the noUition of Art. 229 the values of a, 6, and c were found to be 

26 

IJ, Of, and 3 inches, so that the value of the velocity ratio 

This value was also verified by experiment ; for it was found that for 
eveiy inch that W went up, P went down nine inches. 
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P WM inc^ured by means of weights put into a eca1e«pan whose 
weight is included in that of P; similarly for FT, The weight of the 
pulley to which W is attached was also included in the weight of W, 

The corresponding values of P and in grammes’ weight, are given in 
the following table; the value of P was that which just overcame the 
weight W The third column gives the oorreB()onding values of f,s. 
the efibrt which would have been required bad there been no frictional 
resistances. 


w 

P 

II 



60 

28 

5*56 

•s 

1-79 

100 

36 

nil 

•31 

2-78 

160 

46 

1667 

•37 

3-3 

260 

60 

27*78 

•46 

417 

460 

90 

60 

•66 

5 

660 

119 

72-22 

•61 

5-46 

850 

147 

94*44 

•64 

5-78 

1050 

176 

116-67 

•67 

6 

1250 

203 

138*88 

•68 

616 

1460 

232 

161-11 

•694 

6-25 


The fourth column gives the values of E, the corresponding efl&ciency, 
and the last column gives the values of J/, the mechanical advantage. 

On plotting out on squared pai>er the above results, the points giving 
P are found to roughly be on a straight line going through the third and 
leist of the above. Hence the relation between P and W is of the form 
PosaW^h^ where a and h are constants. 

Also Pa»45 when 160, and P= 232 when Tr=»1450. 

Hence a««*144 and 6«23*4 approximately, so that P=**144lF4*23'4. 

This IB called the Law of the Machine. 


Also 

Hence 



•111 W 
•144ir>23-4 


•111 W, 


and if* 


W W 

?'*'T44ir+23‘4* 


These give E and if for any weight W. 

The values of E and M get bigger as W increases. Assuming the 
above value of E to be true for all values of then its greatest value is 
when W is infinitely great, and is then about *77, so that in this machine 
at least 23 % of the work put into it is lost. 

So the greatest value of the moohanical advantage ■■ about 7. 

If the machine had been well cleaned and lubricated before the 
experiment, much better results would of course have been obtained. 
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249. Jtust aa in the example ef the last article, 90 , with any other 
machine, the actual efhcienoy ie found to fall considerably short of unity* 

There is one practical advantage which, in general, belongs to machines 
having a comparatively small ef^ciency. It can be shewn that^ in any 
machine in which the magnitude of the effort applied has no efife^ on the 
friction, the load does not run down of its own accord when no effort is 
applied provided that the efficiency is less than Examples of such 
machines are a Screw whose angle is small and whoso ** Power ** or effort 
is applied horizontally as in Art. 241, and an Inclined Plane where the 
effort acts up the plane. 

In machines where the friction does depend on the effort applied no 
such general rule can bo theoretically proved, and each case must be 
coup dered separately. But it may be taken as a rough general rule that 
where the effort has a comparatively small effect on the amount of Action 
then the load will not run down if the efficiency be leas than J. Such 
a machine is said not to “reverse^ or “overhaul.'* 

Thus in the case of the Differential Pulley (Art. 230), as usually 
constructed the efficiency is less than and the load W does not run 
down when no force P is applied, that is, when the machine is left alone 
and the chain let go. This property of not overhauling compensates, in 
great measure, for the comparatively small efficiency. 

In a wheel and axle the mechanical adv^antage is usually great and the 
efficiency usually considerably more than J ; but the fact that it reverses 
does not always make it a more useful machine than the Differential 
Pulley. 

The student, who desires fiuther information as to the practical 
working of machines, should consult Sir Robert Ball's 
MmhamcB or other works on Applied Mechanics. 

EXAMPLES 

1. If the centre of gravity of a wheel and axle be at a distance a ftom 
the axis, shew that the wheel can rest with the plane through the axis and 
the centre of gravity inclined at au angle less than B to the vertical, where 

sin ^as^sin (py b being the radius of the axle, and <t» the angle of friction, 

2. The arms of a balance are equal in length but the beam is unjustly 
loaded ; if a body be placed in succession in each scale-pan and weighed, shew 
that its true weight is the arithmetic mean between its apparent weights. 

3^ The arms of a balance are of unequal length, but the beam 
remains in a horizontal position when the scale-pans are not loaded ; shew 
that, if a body be placed successively in each scale-pan, its true weight is 
the geometric^ mean between its apparent weights. 

Shew also that if a tradesman appear to weigh out equal quantities of 
the same 8ul>stanoe, using alternately each of the scale-pans, he will 
defraud himself 
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4. If a balance be unjustly weighted, and have unequal arms, and if a 
tradesman weigh out to a customer a quantity of some cnibstanoe by 
weighing equal portions in the two scele-pans, shew that he will defraud 
himself if t^ centre of gravity of the beam be in the longer arm. 

5* A common steelyard is graduated on the assumption that its weight 
is Q and the movable weight is W, both which assumptions are incorrect. 
If two masses whose real weights are P and R appear to weigh P4- iT and 
A+ shew that the weight of the movable weight and the steelyard are 

less than theirassumed values by ^(X- 7) and ^ (X— RX)^ 

where - X, and b and a are tbo distances (both measured in 

the same direction) &om the fulcrum to the centre of gravity of the bar 
and to the point of attachment of the substance to be weighed. 

Shew aim that a body whose real weight is S appears to weigh 

„ . S{X-T)-¥P7-RX 
P-^R 

6. Shew that tJie efficieTicy of a ecrew is greatest when tie angle is 



The force required to lift the weight when there is friction, is 
IT j tan (a+ X), and, when there is no friction, it is IF g tan o. 

As in Art. 247 the efficiency, X, «the ratio of these 

^ tano ^ 8in(2a-fX)~8i nX ^ ^ 2 8iu X 

""tan(a+X) sin(2a4-X)+sin X "" sin(2a+X}+BinX * 

X is greatest when 2a + X«90*. 

7. An ordinary block and tackle has two pulleys in the lower block 
and two in the upper. What force must be exerted to lift a load of 
300 lbs. 1 If on account of friction a given force will only lift *46 times as 
much as if the system were frictionluss, find the force required. 

[76 lbs. ; 1668 1 

8. In a block and tackle the velocity ratio is 8 : 1. The fiiction is 

such that only 56 % of the force applied can be usefully employed. Find 
what force will raise 5 cwt. by its use. [1^ cwt.] 

9. In some experiments with a screw-jack the values of the load IP 
were 160, 180, 210, 240 and 270 lbs. wt. and the corresponding values of 
the efibrt P were found to be 20*9, 22*7, 26-76, 28'4 and 31*4 lbs. wt. ; 
assuming that Pna+6IF, find the approximate values of a and h, 

[6*3; 097.J 
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10» In some experiments with a model block and tackle (the seoond 
system of pulleys), the valuos of W (including the weight of the lower 
block) and P expressed in grammes weight wore found to be as follows : 

ir«75, 176, 276, 475, 676, 876, 1076; 

i>=-26, 48, 71, 119, 166, 214, 264. 

Also there were five strings at the lower block. Find an approximate 
relation between F and IF, and the corresponding values for the efficiency 
and mechanical advantage. Draw the graphs of jP, Ey and M, 

[/>«7*3 + -236W\] 

11. The following table gives the load in tons upon a crane, and the 
corresponding effort in lbs. wt ' 

Load 1, 3, 5, 7, 8, 10, 11. 

Eflbrt 9, 20, 28, 37, 42, 61, 66. 

Find the approximate law of the maoliine, and calculate the efficiency 
at the loads 6 and 10 tons, given that the velocity-ratio is 600. 

[P« 4*3 +4*7 If; -8 and *88.] 

12. A weight is lifted by a screw-jack, of pitch J inch, the force being 
applied at right angles to a lever of length 16 inches. The values of the 
weight in tons, and the corresponding force in Ihs., ore given in the 
following table: 

Weight 1, 2*6, 6, 7, 8, 10. 

Force 24, 32, 46, 57, 63, 7a 

Find the approximate law of the machine, and calculate its efficiency 
for the weights 4 and 9 tons. ^ ^ 
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EQUILIBRIUM OF STRINGS AND CHAINS 

250. A FERFECTLT flexible string is such that the action 
across any normal section of it is a single force whose direction 
is along the tangent to the string. This section is supposed to 
be so small that the string may be treated as a carved line. 
The string offers no resistance to being bent at any point and 
hence possesses no rigidity of shape. A chain, whose links are 
very small and perfectly smooth, may be treated as a flexible 
string. 

In the case of a string which is not perfectly flexible, or of a 
wire, the actions across any normal section do not reduce to a 
single tangential force, but to a single force and a couple as we 
have already seen in Chapter VII. 

251. A uniform heavy inextermble string hangt freely under 
the action of gravity; to find the equation of the curve which it 
forme. 
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Let 0 be the lowest point of the curve, P any point of the 
string such that the arc CP ss 8; let 7 be the tension at P and 
the tension at 0. 

Then the portion CP of the string is in equilibrium under 
the action of T, To, and its weight, which is ws, where w is 
the weight of the string per unit of length. 

If yjt be the inclination of the tangent at P to the horizontal, 


we then have 

Tcosi/rnsi; (1), 

and T sini/r - ws {i). 


Let the tension at the lowest point be equal to the weight 
of a length c of the string, so that To « wc, and hence 


( 3 ), 

i.e. , if the axes of x and y be respectively horizontal and 

dx c 

vertical. Differentiating, we have 


^ 1 ^ 1 
c dx c 



1 



On integration. log [^ + \/l + = f + oonst 

If the axis of y be taken to pass through C, we have ^ “ 0 
when a = 0, and hence this constant vanishes. 



,( 4 ). 
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On integration^ 



If the origin 0 be taken at a depth c below (7, we have 
« 0 when a? = 0, and hence ,4=0. 

The equation to the curve with the axes so chosen is thus 


y = ||^e* +«“*] = coosh® (5). 

This curve is known as the Common Catenary, and Osc is 
called its Directrix. 

Equations (3) and (4) give 

s = c tan = c = I - s ~ ^ c 


From these two equations we have 

y= = c» + s» (7). 

This, together with equation (3), gives 

y = c sec and s = c tan ^ (8). 


If PJV’be the ordinate atP and JVFbe drawn j)erpendicular 
to Pr, then the angle YNP = ^ and hence, from (8), we have 


NY^c^OO, 


and 


PT = a = the arc CP, 


(1) now gives T ^ weseesjr^ wy, 

i.e, ths tension at any pomt P of a Catenary is equal to the weight 
of the portion of the string whose length is the vertical distance 
between P and the directrix. 

The quantity o, which defines the size of the Catenary, is 
called its Parameter. 


262. For all values of c, an approximation to the form of the 
curve for small values of x is 2c(y— c) = a7*; this is seen from 
equation (5) of the last article by expanding the right-hand side 
in powers of w. Hence, in the neighbourhood of the lowest point 
of the Catenary, the curve approximates in form to a parabola. 

For large values of x compared with c, the value of e ^ is 
negligible, and the Catenary then approximates in shape to the 
Exponential Curve* 



2 m 


Sag of a chain 

253. Ex. 1« Jk u%tfoTm ehaiti^ of length 2/, i^tt ends to 

two points in the tamo horizontal line at a distance 2a apart If lie only 
a little greater than a, efMto that the tension of the chain is approximat^g 

/ ' ^8 

»qwd to the weight of a length of the chain, and that the'* tag,” 

or depreeeion of the loteeet point of the chain below ite ende, ie i V6a(/-a) 
nearly. 

Since I is very little greater than a, the tension of the chain must be 
very great and hence c must be large. 


Equation (6) of Art 251 then becomes 

The Exponential Theorem gives, on expanding, 

f ^ Frt ® n a* Of* 

2 1_® • 0 J * 

A first spprozimation is then and hence e<m jf ^ f~a ) ' 

SO that the tension at the lowest point is equal to a weight of this length 
of the chain. 

The ordinate of the end of the chain is, by equation (6) of Art, 251, 
given by 

y-|[«*+« '’]“|[2 + 2.^+2.-2 ®-^+...]=c + | + ^^+.... 

Hence the sag of the lowest point 


a* o» 

approx. 


fW^) , /— V— 

S" -i\/6a («-<»). 


It follows easily that If be the sag of the lowest point, then the 
tension there Is approximately equal to a length ^ of the chain. 

Ex. 2. A box hfe is flying at a height h with a length I of wire paid 
outj and with the vertex of the catenary on the ground ; shew that oU the late 

the inclination of the wire to the ground is 2 I , and that its tensions 

f* 4- A* 

there and at the ground are w and > '^here w is the weight of 

the wire per unit of length. 

With the hgure of Art. 251, P is the kite and C is on the ground, so 
that NP=>h ”\‘0 and hence, from the triangle NYP^ 

«- S!A »nd Ai*=c+A--g^-. 

Also cos so that ten I - ^ . 

Also the required temdons at P and 0 are w . PN and w . a 
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Ex. 3. A heavy tmiform string 90 inches long hangs over two smooth 
pegs at different heights. The parts which hang vertically are of lengths 30 
and 33 inehes. Prove that the vertex of the catenary divides the whole string 
in the ratio 4 : 5, and find the distance between the pegs. 

Let $1 and s^ be the arcual distances of the two pegs from the vertex C 
of the catenary, so that Si+8^^27. If c be the parameter of the catenary 
then, by equation (7) of Art. 261, <i*+c*«30^ and ^2^+0®** 38* ; for the ends 
of the strings must lie on the directrix of the catenary by the last property 
of Art. 261, since the tension of the string is unaltered by its passing round 
a smooth peg. 

Hence, easily, ^i=s 1 0, 1 7 and 20v^2, so that 33 “ g • 

Alsoi, fi’om equation (5) of Art. 261, we have 


ar«clog. 


0 


Hence, when y=30 or 33, a;=10V21og,2, or 10^/21og«i5^^. 

Jt7i + 4?2=20v'2log<2*5=28*284x *9l63-25-92, 
so that the horizontal and vertical distances between the pegs are 25*92 
and 3 inches. 


Ex. 4h A uniform chain^ of length tl and weight is sujpended from 
two points t A and P, in the same horizontal line, A load Pis now suspended 
from the middle point D of the string ; if A find the depth below AB 
of the final position of D, 

Let C be the lowest point of the catenary of which DA is a part ; let 
its parameter be c, let the arc and let the ordinate of 2> be y. Then 


Pas vertical component of the tensions at i)i=2Psin^ (Art. 251) 


»=2 


W 

■Tiy- 


8 

y 



Also, by equation (7) of Art. 251, 

and + (1), 

if h be the required depth. 

IP 1^4* 2P h 

These equations give ^ , and ^ | (2). 


Also, if X be the abscissa of /), then by equations (5) and (6) of Art. 261, 

r x-^-a 

we have and y-^h+8-{~l^ce ® , 


»1 + 


h^l 

y+s' 


On substitution from (1) and (2), we have an equation to give A 


Ex. 5. A chainy of length 2^, is hung over two small smooth pulleys 
which are in the same horizontal line at a distance Sta apart ; to find the 
positions of equilibrium and to determine w?i$ther they are stable. 
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Since the tension of the chain 
is unaltered by |)assing over the 
pulley, and since on one side it is 
equal to the weight of the free part 
ANy and on the other it is equal to 
the weight of the chain that would 
stretch vertically down to the 
directrix (Art. 251), it follows that 
N and also N' lie on the directrix 
of the catedary. 



[ 5 p « 


where o is the parameter of the catenary. 

Equation (1) cannot be solved algebraically, but a graphic solution 
may be obtained as follows when a and I are given numerically. 

then (8). 

c a ^ 


Draw the curve and 

the straight line F*w -X. 

€L 

The points, Q and R, in which 
they cut give, on measurement 
of their abscissae, approximate 
solutions for X and hence for c. 
It is clear that there will be two 
real, coincident or imaginary 
solutions according as 

- § tan POX, 

where OP is the tangent from 0 
to the curve. 

Now P is given by 

and is therefore the point (1, s), 
so that tanPOXers. 



There are therefore two, one, or 
no possible catenaries according as 
/ § os. 

One catenary will be somewhat as 
drawn in the first figure and the other 
as in the annexed one. 

The parameter o of the first case is 
clearly greater than in the second. 
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Stability or instabiUty, By Ex. 2 of Art. 144 the heiig^t of the 
oeotroid of the caitenary above its directrix «« ^ 

. its depth below A A*^y - — ^ 

Hence the depth below A A* of the o.a. of the whole chain 


264- 2y 


2(y+6)‘ ' 


Now in the above case ar«Ba; y 




and lemy^^gmice*^ . 

depth below A A' of the centre of gravity of the whole chain 

(;»-a2)+(c-a)» 

U 

Hence, the greater c, the greater is the depth of the centre of gravity 
below AA\ Henco the first form of the possible curves is the stable one, 
and the second is the unstable. 


I cric^ 
1 • O I “ T 7 


2ac 


4f 


6* A uniform heavy string of given length I is attatched to two 
points P and the latter point being at horizontal and vertical distances, 
h and k, from P ; to fi/nd parameter c of the catenary in which it rests. 

Let P be the point {x, y) referred to the directrix Ox and the vortical 
line through the lowest point of the Oatonary (Art. 261), 

Then the equations >f that article give 



ar-= 2 [«*-»-• "] 



*4 a;4-A 

y+^-=2[« ^ * ] 

...(2), 

and 

0*4 A x-{-h a* or 

...(3). 


g4-* r o ^ 

• *< l-^kssace {c^— l) 

,...(4), 

and 

<r4 h ^<r h 

® 4-cc ^m.ce ^(l-s '‘) 


« 

i -5 A 

giving 1 

...(6). 
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This eqostioii cannot bs solved slgehraicslly. A graphie solution 

may be obtained by putting —>mX,aa that (6) gives 

%c 


sinb X^± 


h 


■<7), 


and hence X is given as the point in which the straight lines 
F-± 


meet the curve F<»Binh X 

Oil drawing the curve we obtain two equal and opposite values for X, 

and hence two equal and opposite values for c, provided that — > 1, 

t.e. provided that I is greater than the length PQ. 

The value of e being now known to any degree of approximation^ 
equation (4) gives x and then equation (1) gives y. The solution is 
therefore complete. It is clear that only the positive value of c need be 
taken. For a negative value of c would make y negative. 

Supposing that a value Xj as an approxixnate solution of (7) has been 
obtained by graphic methods, a further approximation may be obtained 

by analysis. For, taking the upper sign in (6) and putting 


we have to solve sinhX^XX, where Xi is an approximate solution. 
Putting X«X]4 whore ( is small, we have 
sinh (Xi + ^)s** X (Xi + ^)» 

t.a. sinh 1 cosh Xi + .. . « X (Xi + (), by Taylor’s theorem. 

Hence, neglecting squares of we have 


. ^ XXjj- sinh X| — Xs inh Xi 

^*"ob3iXi-X " * 

so that Xi+£ IS a second approximation. 


EXAMPLES 

1. Shew that the maximum tension in a wire which weighs *15 lb. 
per yard and hangs with a sag of 1 foot in a horizontal span of 100 feet 
is about lbs. wt 

2. A telegraph is constructed of No. 8 iron wire which weighs 7*3 Iba. 
per 100 feet; the distance between the posts is 150 feet and the wire 
sags 1 foot in the middle. Shew that it is screwed up to a tension of 
about 205 lbs. wt. 

3. A trolley-wire is carried on poles round a curve of 1200 feet radius. 
The poles are 40 yards apart, and in the middle of each span the wire 
sags down 6 inches below the pomts of support If the wire weighs lbs. 
per yard, shew that the resultant horizontal pull on each pole is very 
nearly ISO lbs* wt 
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4. From statical considerationa ahew that the tangents at any two 
pCHots P and Q of a Common Catenary intersect on the vertical through 
the centre of gravity G of the arc PQ, 

5« A uniform heavy chain, of length 165 feet, is suspended from two 
points in a horizontal plane which are 150 feet apart; shew that the 
tension at the lowest point is nearly 1*08 times the weight of the chain. 

6. If a uniform chain be fixed at its ends, and any number of its 
links be free to move along smooth horizontal wires in the same vertical 
plane as the chain, shew that the parts of the chain between these 
successive links are all arcs of the same catenary. 

7« If the velocity of the wind be the same at all heights, and its 
effect on the string attached to a kite be negligible, shew that as the kite 
ascends the force required to hold it diminishes. 

8. A uniform chain, of length %l and weight IT, is suspended from 
two points, A and in the same horizontal line. A load P is now 
suspended from the middle point 2) of the chain and the depth of this 
point below AB is found to be A Shew that each terminal tension is 

sL A 2/<< J 

9. An inelastic string, of length and weight w per unit of length, 
18 suspended from two points at the same level and at a distance apart. 
Find equations to determine the lowest point of the string below the 
point of suspension. 

10. A heavy uniform string, of length is suspended from a fixed 
point A, and its other end B is pulled horizontally by a force equal to the 
weight of a length a of the string. Shew that the horizontal and vertical 

distances between A and B ore a sinh“* ~ and a*-aw 

o 

11. A uniform chain, of length f, is to be suspended from two points, 
A and Bf in the same horizontal line so that either terminal tension is 
n times that at the lowest point. Shew that the span AB must be 

If f>«100 fret and nm»3 shew, fix>m the Tables, that the length is 
about 62*3 fret. 

12. A chain reaches vertically to the ground from the bows of a ship 
about to be launched, and is then laid in a straight line away firom the 
ship for a distance of 80 yards. Its end is attached to a heavy anchor 
which requires a horizontal pull of 25 tons to move it The vertical part 
of thn o^in is hO feet long. What must the chain weigh per foot in 
oBdec when its whole length ie lifted off the ground by the ship 

moving horizontally, the tension may be just snfitcieni to move ths 
anchorf |;08*6«.. ihaj 
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18. ▲ barge is tied hy a uniform chain, SO feet long, one end of which 
is attached to the bow B and the other to the top d of a post, A being 
IS feet higher than S'; the stream exerts a force of 7^ Iba weight on the 
barge and the chain has a mass of | lb. per foot ; shew that the distance 
of B from the vertical through d is 30 log« { feet 

14. A wire 140 yards long hangs between two points, 138 yards apart 
horizontally and 50 feet vertically; shew that the tension at its lowest 
point is about 495 lbs. wt., the wire weighing half a pound per foot 

15. A string, of length hangs between two points (not in the same 
vertical) and makes angles a, $ with the vertical at the points of support 
Shew that, if k is the height of one point above the other and the vertex 
of the catenary does not lie between them, then 

k cos MB Z cos . 

^ 16. A heavy chain, of length has one end tied at A and the other 
is attached to a small heavy ring which can slide on a rough horizontal 
rod which passes through A, If the weight of the ring be n times the 
weight of the chain, shew that its greatest possible distance fh>m A is 

^log[X4’Vi+X*], where 
and p is the coefficient of friction. 

17. One end of a heavy rough uniform string is fastened to a point P 
at a height A above a table, and a length r[< Z— A] of the string rests on 
the table in a vertical plane through P. Shew that the string is pulled as 
far away from P as is possible consistent with equilibrium when z is given 
by the equation 

*»-2(i+pA)z+Z*-AaB-0, 

where f* is the coefficient of friction and Z is the length of the string. 

[The tension at the lowest point is p times the weight of the pari on 
the table, so that Also (A4-c)*— c*+(Z-f)».l 

18. A heavy chain, of total length Z, rests with one end on a rough 
table and the other on a rough floor ; it is stretched out as far as possible 
so that the equilibrium is limiting ; if p be the coefficient of friction both 
of the table and floor and 6 be the height of the table, shew that the 
length on the floor is 

$[* + f ~ \/ that l>b+~. 

19. A chain, of length 2Z and weight 2 IF, hangs with one end A 
attached to a fixed point in a smooth horizontal wire, and the other end B 
attached to a smooth ring which slides along the wire. Initially A and B 
Bit together. Shew that the work done in drawing the ting along the 
wire tin the chain at A ia inclined at an angle of 45* to the vertical m 

(Use Art and the result of £x. 8 of Art 144.} 
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20f A uniform string, of length 18a feet and weight 3 W fK>unde, lies 
on a horiitoiital smooth table along with a rod, of weight 2 W pounds, U> 
the ends pf which its ends are attached. When the middle point of the 
string is raised to a height 7a, the pressure on the table just vanishea 
Shew that the length of tho rod is 16a log« 2 feet, and that the work done 
is 

I Wa (16+64 loga 2) foot-pounds. 

21. A telegraph wire is made of a given material, and such a length I 
is stretched between two posts, distant d apart and of the same height, 
as will produce the least possible tension at the posts. Shew that 

/at ^ sinh X, where X is given by the equation X tanb Xa 1. 

A 


254. A string hangs under gravity and it is loaded so that 
the weight on each elernent of it is proportional to the horizontal 
projection of that element ; to shew that it will hang in the form 
of a parabola. 

Let T be the tension at any point F and that at the 
lowest point A, Draw the tangent 
PT and the perpendiculars PN, PM 
to the horizontal and vertical lines 
through A. 

Since the weight of each ele- 
ment of the string AP is propor- 
tional to its projection on MP, it 
is clear that the abscissa of the 
centre of gravity of AP is the same 
as that of JJfP, i,e, the vertical line through the centre of 
gravity bisects MP, 

Hence, since this vertical line must pass through P, we have 

X 



AT^TN^ 


2 ‘ 


Now PTN is clearly a triangle of forces for the arc AP, 

If then w he the loading per unit of horizontal span of the 

. . , r To wt. of AP wx 

stnng, we have ^ — = — 

If T, he equal to the load ou a length c of the hcnrizontal 
span, thia gives — , ije, so that the curve 'is a 


- 

2 


y 


parabola of latus rectum 2a 



The Pa/rabola of Stupemion Bridgee 271 

AI0O jP =*«»-. PI’ = W*A/t^+~ 

y yV ^ 4t 

•‘WfJ a!» + ^^*wV2cy4 A 

Since the vertical through T bisects MP it will also bisect 
the straight line AP, The curve is thus such that the line 
parallel to its axis through the intersection of two of its tangents 
bisects the line joining their points of contact. But this is a 
fundamental property of the parabola ; so that it is clear without 
any analysis that the curve is a parabola. 

255. The Ctttemiryt when very tightly etretdhedy becomes 
ultimately a parabola to a first approximation. 

Since c is the length of the string whose weight is equal to 
the tension at the lowest point, it becomes very large. 

The equation to the Catenary, referred to axes through the 
lowest point <7, is 

y + o = |[e'’ + e = 1 1^2 + 2 . ^ + 2 . + .„] . 

by the Exponential Theorem, =c + ~ + 24 ^+ ' 

le. 2cy = <r* + j|^ + .... 

When c is made veiy large, a first approximation to the form 
of the Catenary is therefore the parabola /r* = 2cy. We 
should expect this result from another point of view. For 
when the Catenary is very tightly stretched its inclination to 
the horizontal is very small, so that the load on any element, 
vis. its weight which is proportional to the length of the 
element, is therefore very nearly proportional to the projection 
of the element on the horizontal. The case of this article is 
then very nearly that of the last article. 

^256. Suspension Bridges. In the ease of a suspension 
bridge we have two chains hung up so as to be parallel, their 
ends being firmly fixed to supports. From different points of 
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these chains hangf stipporting chains or rods which carry the 
roadway of the bridge, these supporting rods being usually at 
equal horizontal distances from one another. 

The weight of the chain itself and the weights of the 
supporting rods may be neglected in comparison with the weight 
of the roadway. The weight supported hy each of the rods may 
then be taken to be the weight of equal portions of the roadway, 
so that we have the case of Art. 254. Thus the figure of the 
chain of a suspension bridge will approximate veiy closely to 
that of a parabola; the closer the supporting bars, and the 
lighter they and the chain are in comparison with the roadway, 
the more nearly will this figure approach to a parabola. 


£x. 1. The whole load of a suspension bridge is 200 tons evenly 
distributed over its horizontal span, which is 150 feet, and its height is 
20 feet ; shew that the tensions at the lowest point and at the points of 
support are 187^ and 212^ tons weight respectively. 

Ex. Z Shew that the tensions at the ends of a chain whose span is 
30 feet, the depth at its lowest point below the level of the supports 10 feet, 
and the load, which is uniformly distributed across the span, half a ton 
per foot run of the span, are each 9‘375 tons wt. 


Ex. 8. If a chain, of length I and weight TT, is stretched tightly 
between two points A and B which are not in the same horizontal and 
k is the vertical depth of the middle point C of the chain below the line AB^ 


shew that the tension of the chain is 


approximately . 


(Draw oc, cb vertical each to represent ; through a and h draw aO^ 

hO parallel to the tangents at A and B. Then aO, 50, and 'oO represent 
the tensions T, T\ and Ti at A^ B, and <7. 

Since 0a*+06*-20c«+2c6», r»+r'«-2rt»+ 

ss 

7*4- W 

Also Tt »• --g j-k from the properties of the Catenaiy. 


Eliminating we have 2!P+27''*- ^ W. 

But in the limit T^T\ so that this equation gives 




0 -- + 


since i is small.] 
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^JtSU* General equations of equilibrium of a etrmg which 
rents under the action of any given forces. 

Suppose the string to be in one plane in which the forces 
act. Let P be any point 
(m, y) of the string, whose 
arcual distance from a fixed 
point 0 is a. Let Q be a y 
point very close to P, so 
that PQ « and hence Q 
is the point (w + y + Sy). 

Let T and T-hST be 
the tensions at P and Q. 

Let the forces per unit 
of mass of the string at P 
be X and F, so that on the ' 
element PQ the components parallel to the axes are mSs . X and 
mSs . F, where m is the mass per unit of length. 

[Strictly speaking these components do not act at P, but at 
the various points between P and Q; we are however ultimately 
taking PQ very small, so that no error is introduced by making 
them act at P.] 

• > doc 

The tension at P resolved parallel to the axis of « is T ^ , 

and this is clearly equal to some function, f (s), of the arc a, 
since it depends on the position of P. 

The tension at Q, resolved parallel to Oa?, similarly 

« f(s + Ss) «/(j) + 8$f ( 5 ) -h , by Taylor's theorem, 







Equating the forces on PQ in the direction of the axis of sc, 
we then have 
,dx 




:(^S) 

4* terms containing squares and higher powers of 

After cancelling and dividing by &, make &? very small, %.e. 
make Q approach indefinitely close to P, and we have 

g(rg)+-x-o .(1). 


IS 


<6 
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Similarly, resolving the forces parallel to the axis of y, we 
have 

|(rD + -F.o (S). 

If Uie forces, X and F, and also the mass m, be known for 
every point P of the string, the two equations give T at any 
point and also a differential equation for the form of the string. 


258. Ex. 1. Suppose the string to be uniform and to hang freely 
under gravity as in Art. 251. Then, the axes being horizontal and vertical, 
we have and Fa* 

Hence (1) and (2) become 

d 




The first gives »const. »ni^c(say), and hence the horizontal 
tension is constant throughout the string. 

On substituting for T in the second equation, we have ^ 
ePy Ids 1 / 

which is the differential equation of Art. 251. 

2. Let the string be, as in the case of the Suspension Bridge, so 
loaded that on each element the weight is proportional to the horizontal 
projection. 

Then F«0 and Fdf«— Xfio?. 


Hence (1) and (2) give 

... ^ I (ct)-x»g. eg-.- 

On integrating we see that the curve is a paurabola, as iu Art. 254. 

If the mass m of the chain per unit of length vary in any way, we 
have similarly 

If m he given in terms of the position of the element fis, this equation 
gives the form of the curve. It also gives the variation of the mass when 
the form of the curve of the string is given. 


259. Caten€u:*y of uniform strength. Let us find the 
equation of the curve in which a string would hang if its mass 
at each point P were proportional to the tensian there, so that 
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the strength of the string is to be everywhere proportioml to 
the force it has to exert. 

In this case X » 0, Y^^g, and moc T, is. m « XT', where 
X is some constant. 

The equations of Art. 257 then give 

<i> 

Sabstitating for T, we have ^ ^ S ' 




-.“Xp. 


On intogration, this gives tan~* == ^5^* + O^, 

If we choose the lowest point of the string as origin, then 
^ =s 0 when « = 0, and hence Ci « 0. 

^ = tan = tang), if 
Integrating, we have 

, a? 1 as 
g SB ^ a log cos “ * log sec - , 

the constant of integration vanishing since a? and y vanish 
together. 

vr 

The curve has two vertical asymptotes when a? — ± ^ a. 

Law of variation of the muss of the string, 

r-cg-c^i + (|)’.o»c!. 

Hence s = a log tan g + ^) , if « is measured from the 
lowest point. 


itt-a 
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Henee the mass per unit of length at any point distant « 

1 -1 

&om thB lowest point varies as ^ ^ varies as 



260. If the siring does not necessarily lie in one plane, and 
X, F, 2! are the component forces parallel to the axes, the 
equations of equilibrium are» similarly as in Art. 257» 








and 



Hence 



..(1). 




..(2), 

and 



..(3). 

Multiply these equations ^ ^ ^ *»'dd ; 


then, since 



dxdhi 

dad^ 

dy ^ d.: d*. _ 1 d r /dai\* /dyy 

ds d«* d« d.* 2d«Lv^/ Ids/ Vds/J 

= 0, 

we have 

dF / -M da? dy » dz\ ^ 


t.a. 

j m (Xda: + Ydy + Xdi). 


Hence, 

if the external forces have no component along the 

1 

1 

s 

the string, the tension is consUntk 
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Again from (1), (2), and (8) eliminating T and we have 
y dtcd^zl 


t.a 





ci!sS?J 


WE 0, 


JTX -4- TTfjk 4" =* 0> 


where (X, fi, v) are the direction cosines of the binormal of the 
curve in which the string liea 

Hence the resulting external force at any point P of the 
string is perpendicular to the binormal at P, i.e. it always lies 
in the osculating plane at the point P of the string. 

If we multiply (1), (2), and (3) by and ^ and 

add. we have ^ m (X g + y 0 + ^ ^,) = 0, 

T 

U6* — h mil s» 0, 

P 


where p is the radius of curvature^ and R is the resolved part of 
the external force along the principal normal whose direcrion 
cosines are 

Pd?‘ 


Once more, integrating the first three equations of this 
article, we have 

T^ + fmXds=-A, T^+jmrds^B, 

and T~+JmXds==a 

Hence the equation of the curve in which the string lies is 
given by 

A>-JfnXds B^jmTds O-^jmZds 

dx dy * 

m ds da 

where A, P, and 0 are constanta 
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261. String on a given smooth surface under given forces. 
Let JS be the pressure of the surfiu^e at aay point of the 
string and {l^, ^i) the direction cosines of the normal drawn 

inwai^ The equations of equilibrium are then 





(n 




v.(2), 

and 

+ 

(8). 


Also the equation of the surface is known, say 




.(4). 


Since ^ ^ ^ ^ proportional to 


dx ds^ dy ds^ dz ds 

and is therefore zero, we have, as in Art. 260, on multiplying 
(1), (2), (8) by ^ ^ ~ , adding and integrating, 

T=r (7- J m(Xdw+Fdy+ Zdz) (6) 

— (7— if the external forces are given by a potential function F. 

dT 

Again, if from equations (1), (2), (3) we eliminate ^ and R, 
we have 

(y ^ + mX ^ ^ ^ similar terms = 0. 

Substituting the above value of Tin this we have a difrercntial 
equation which, with (4), gives the curve in which the string rests. 


262. If in the previous article the string rests under the 
action of no external forces, then A » F i2r » 0, and hence, 
from (6), T « const. « (7, 

Hence (1), (2), and (3) give 

d^x d^z 


d^x d^y iPz 
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The carve of the strmg is therefore such that its prmcip(d 
normal coinoideB with the normal to the surfuse, so that the 
osculating plane at every point of the string passes through the 
normal to the sur&ce. Such a curve is called a Geodesic of the 
surihce, and is such that any element PQ of it is the shortest 
distance <m the surface between P and Q. 

EXAMPLES 

L In the catenary of tmiform strength, prove that 

««»alog(gec4*4’tan cos ^ cosh and pMaoosh^, 

where p is the radius of curvature and ^ the inclination of the tangent 
to the axis of x. 

Hence shew that the mass per unit length at any point varies as the 
oorresponding radius of curvatuze, 

2. A catenaiy of uniform strength has a span of 50 feet and its total 
weight is 600 lbs. ; the density of the material is 80 lbs. per cubic foot 
and the tension is 20 lbs. weight per square inch of its section ; find the 
equation to its curve, and the areas of its cross sections at its lowest and 

[ V X 25 25 *1 

^ » leg. sec ; 15 cot ^ and 16 oosec ^ sq. ina 

8. If the density at any point of a cord vary as the radius of curvature 
of the curve in which it hangs, shew that this curve is the catenary of 
uniform strength. 

4. Shew that the form of the curve of a suspension bridge when the 
weight of the rods is taken into account, but the weight of the rest of 
the bridge neglected, is the orthogonal projection of a catenary, the rods 
being supposed vertical and equidistant. 

5. Find the form in which a chain bangs when the line-density is 

given by sec^ ^ being the tension at the lowest point and s being 

measured from this point [A circle, of radius a.] 

6. A string, of length ira, is fastened to two points of a straight line, 
distant 2a from one another, and is repelled by a force perpendicular to 
the line and rests in the form of a semi-circle. Shew that the force varies 
inversely as the square of the distance from the given lina 

7« In a non-uniform string hanging under gravity the area of the 
cross section at any point is inversely proportional to the tension. Shew 
that the curve is an arc of a parabola with its axis vertical 

A If a uniform string hangs in the form of a parabola, whose focus 
is 8, under the action of normal forces only, shew that the force at any 

point F varies inversely as (8F)^ and that the tenami is caostant* 
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263. Liffkt tneaimstble string resting on a smooth pirns 
curve. 

Let jPQ be an element Ss of the string, the arc OP being s 
and 0 a fixed point on the curve. 

Let T and T-t ST he the tensions at jP and Q, the tangents 
at which are inclined at angles ^ and to any fixed line. 

Let M be the reaction of the curve per unit of length of the 
element PQ, so that the reaction on the element may be taken 
to be BSs acting along the normal at P drawn outwards. 



Resolving along the tangent and normal at P, we have 
(T+ST)coBS^Ir==:T ) 
and (7+ ST) sin S^fr == jRSs) 

To the first order of we have cos Sylr =» 1, and sin Syjr = 
Hence, neglecting squares of small quantities, we have 


( 1 ), 

and T^R^ = Rp (2), 


where p is the radius of curvature at P, (1) gives T » constant. 

Hence the tension of a light string passing round a smooth 
curve is constant throughout. 

Also (2) gives P x - , the normal reaction varies as the 
P 

curvature of the curve. 

264. Heavy siring resting against a smooth curve. 

If the line from which is measured be horizontal and 
taken as the axis of a we have, in addition to the forces of the 
previous article, a vertical force whs acting at P. 
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Hence, inetead of the equations of the previous article, we 
obtain 


(T Hh BT) cos B"^ aa r -f w* . sin ^ 1 
and (T + STy sin B^ft « RBs w . Ss . cos * 

These give, as before, 

ST as . sin ^ B toSy 

and T ^ =5 ii -I- w cos 


( 1 ), 

( 2 ). 


(1) gives T« G^wy, assuming to to be constant. 

Hence, if 2\ and Tg be the tensions at two points whose 
ordinates are y^ and y^, 

t.c, if a heavy uniform string rests against a smooth curve the 
difference of the tensions at any two points is equal to the weight 
of a portion of the string whose length is equal to the vertical 
distance between the two points. 

When T is known, then (2) gives 

T 

ii W COB 

P 

where p is the radius of curvature at P. 


265« A heavy uniform striny reeta eymmefncally on a amooth 

eatenary vfhoae aaeia u verti^ and vertex upwards; find the tension and 
pressure on the curve at any point. 

The equations of the previous article become in this case 

dT 

(U 

T 

and (2). 

P 

Bai«»etanV'. so 

r- - Kwfsec^o-Beciff], 

when) is the inclination of the tangent at either of the ftee ends. 
Hence (2) gives 

Hence M varies inversely as the square of the distance below the 
directrix of the oaienazy« 
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260. Light ineaitenaihle string resting in limiting eqtalihrium 
on a rongh plane curve under the action of no external forces. 

Let PQ be m element of the string; let the are OP be s, 
where 0 is a fixed point ; let PQ be Ss, and the angles that the 
tangents at P and Q make with some fixed line be ^ and 



Let the tensions at the points where the string leaves the 
curve be T, and T„ and suppose the tension Pi to be on the point 
of overcoming P«, so that the element PQ is on the point of 
motion in the direction PQ and hence the fiiction acts in the 
direction PT. 

If i2 be the reaction on PQ per unit of length, the total 
normal reaction on PQ may be taken to be P8s acting at P, 
and the tangential action is /ultSs acting in the direction PT. 

Besolving the forces along the tangent and normal at P, we 
then have 

(T + ST) cos S^ » P+ fiRSs, 
and (T + ST) sin = RSs, 

But cos sc 1, and sin S^fr ^ neglecting squares of S^. 

These equations therefore give 
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AT 

Eliminating R, vre have 

/. log r =■ 4* const., 

i>. T^Aef^t 

If be measured from a line which ss parallel^to the direc- 
tion at the point where the string leaves the curve, then r*» To 
when i|r « 0. 

Hence il«To and T^T^,e^*, giving the tension at any 
point P in terms of the terminal tension and the angle through 
which the tangent at P has turned from the terminal tangent. 

267. As a numerical example, take the case of a rope 
twisted through one complete revolution round a post. For an 
ordinary hemp rope round an oak post, /i is about 

Hence ^ *■ e*'*' « / « (2*718)* about 23, so that the 

tension of the rope is increased 23 times by its being twisted 
once round the post. 

If it be twisted twice round, the ratio becomes about ^ 
or about 535. 


268. Heavy String. If the string be heavy and w its 
weight per unit of length then, the angle ^jr being measured 
from the horizontal, we have, in place of the equations of the 
previous article, 

(T 4- ST) cos 8^ « T 4 4 tvSs sin 1 

and (T 4 ST) sin 8*^ « fZ Ss 4 ti/Ss cos ^ ) 

Hence, in the limit, 

^ = ftJJ 4 sin (1), 

and = 2Z 41 /^ 008 ^ (2). 

as 


W(sm^ 

As 

Since in our figure 8 and ^ increase together, p. 
AT 

^ — ftT^Wp (sin — COB 
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To integiate this linear differential equation we, acoording 
to the Qsoal rale, multiply tr** and have, on integration, 

ssG +fwp (sin /aoos d^. 

The curve on which the string rests being known, we can 
obtain p in terms of and the integral on the right-hand side 
can be feund. T is thus determined. 

The reaction R is then found &om either equation (1) or (2). 

m Ex. A wtiiform ineMentihU strmg^ of length Z, hangs in Umitvng 
egutlihrUm over a fixed rough cylinder^ of radius a, whose axis is horisontod; 
shew thmt the length of the greater of the two vertiaal portions is 

I — ira 2fM 

i+^‘ 

Let the shorter and longer portions hanging from points A and at 
the ends of the horizontal diameter AB^ be and ai^d let motion be 
about to ensue from A towards B. Then, 7* being the tension at a point P 
such that AP subtends an angle $ at the centre, we have, as in ^e last 
article^ 

(7’+ bT) cos - y — fiBds ^mgeoBSdstmO^ 


and 

(7’+ 570 sin dd - Rbs-\>mg sin ddn—Ot 

and 

T 

~--«/2-wwBin d, 

€t 

Hence 

dT 

-|;4T«W4^a(cosd+f*sind). 

. A (1 — M*) ^ cos d 

•mmgae ^ 

When dwQ, T^nngyiy and when ds«fr, T^mgy%, 



and 

■mgra +fl 

Hence 

yi* **)• 

•Also yi+^a+ira—L 

Hence the resulta 
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EXAMPLES 

H. A BiDgld moviiblQ puUey, of weight is just supported by a 
power P which is applied to oue eud of a light cord which goes under the 
pulley and is then fisustened to a hxed point ; shew that^ if be the angle 
subtended at the centre by the part of the string in contact with the 
pull^, then P*(l-2fl^coB^-fe^^)» TP. 

2. A light string is passed over two rough pegs A and B in the 
same borieontal line at a distance 2a apart. The ends are fast^ed to 
a weight and in the position of limiting ec^uilibrium AB subtends a 
right angle at (7. Shew that the horizontal distance of C in this position 

firom the middle point of AB is a tanh » where /» is the coefficient 
of friction. 


3. A heavy paurticle is attached to an endless light ineztensible string 
which passes over a rough pulley fixed in a vertical plane. If the strai^t 
parts of the string are inclined to each other at an angle a, prove that| 
for limiting equilibrium, their inclinations to the vertical are 


tan*"* 


sing 


4. Four rough circular pegs are at the angular points of a square in 
a vertical plane with its sides horizontal and vertical Over each peg 
passes a string supporting a weight TT, and the other ends of these four 
strings are knotted together. Shew that the greatest weight that can be 
attached to this knot, so that it may remain in equilibrium at the centre 

ftir 

of the square, is 2 ^We * sinh 

6. Three equally rough pegs A, J5, C of the same circular cross 
section are placed at the corners of an equilateral triangle, so that BC is 
horizontal and A above BC, Shew that the greatest weight which can be 
supported by a weight W tied to the end of a string; which is carried once 

round the pegs and does not completely surround each peg, is whim 

^ is the coefficient of friction. 

6. A circle rests in a vertical plane, being pressed against a perfectly 
rough vertical wall by a string fixed to a point in the wall above the 
circle. The string sustains a weight P, and the coefficient of friction 
between the string and the circle is /a. If TT be the weight of the circle 
and 6 the angle between the string smd the wall, shew that^ if the circle 

is on the point of sliding, then P (1 +co8 d) s'** * TF+ 

7* A weightless string lies stretched in one plane across a rough 
sphere of radius a ; shew that the distance of the plane from the centre 
cannot exceed a sin t » where s is the angle of frictioa 
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8. If A heavy tmiform airing pasaes round varioua smooth curves in 
the same vertical plane and its ends hang verticidly, shew that they are 
in the same horizontal straight line. 

9. A uniform heavy string rests on a smooth parabola^ whose axis is 
vertical and vertex upwards, so that its ends are at the extremities of 
the latos rectum. Shew that the pressure on the curvoi at the point 
whore the tangent makes an angle <t> with the horizontal, is 

^(2coa*^+cos^), 

where w is the weight of the string per unit of length. 

10. Upon a rough circle hxed vertically is placed a string which 
subtends an angle p at the centre. If the string is on the point of slip- 
ping off, prove that the angular distance a of its upper end from the 
highest point of the circle is determined by the equation 

cos (a ~ 2€) ’ 

where < is the angle of friction and a is measured in the direction towards 
which the string is slipping. 

11. A uniform heavy string rests on the upper surface of a rough 
vertical circle of radius a, and partly hangs vertically. Prove that, if one 
end be at the highest point of the circle, the greatest length that can hang 

freel7 is ■ 

12. A heavy chain, of length f, rests partly on a rough table and the 
remainder after passing over the smooth odge of the table, which is 
rounded off in the form oi a cylinder of radius a, hangs freely down. If 
the coe^^cieut of friction is ft, shew that the least length on the table is 



13. A heavy uniform chain rests on a rough cycloid, whose axis is 
vertical and vertex upwards, one end of the chain being at the vertex and 
the other at a cusp ; if the equilibrium be limiting, shew that 

<l+,x*)« 2 -3. 

14s. A heavy uniform string is placed upon a rough catenary, whose 
axis is vertical and vertex upwards j the coefficient of friction being given 
by shew that the string will be in limiting equilibrium with one 

end at the vertex if its length is equal to the parameter of the catenary. 


15. A string rests on a rough semicircle, being acted on by a constant 
attractive force towards one of its extremities, and the friction is just 
sufficient to prevent motion. Shew that the co^cieut of friction is given 


by 


3ft 
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16. An inejctendible string, wliose length is % peases <rm two equal 
smooth ciroular pulleys whose centres ere in the same horisontal Une and 
at a distance Sib apart. If a be the radius of the pulleys, and ^ the angle 
subtended at the centre of one of the pulleys by the portion of string in 

oontact with it, prove that & 4*^ cos cot sin log tan 

17. A string, whose length is 2, Is hung oveat two small rough pegs at 
a distance SSa apc^ in a horizontal line. If one free end of the string is 
as much as possible lower than tho other, the inclination, d, of the tangent 
to the verti^ at either peg is given by the equation 

I B 

sin d log cot - cos d 4 cosh {fi ( ir - d)} . 

Shew also that the lengths of the vertical portions are in the ratio 

1 $^ and that the part of the string between the pegs is of length 
Saoot d -i* log cot 

270. Central Forces. An ineodenstble Firing ts tn equi- 
librium in one plane under the action of forces^ which vary 
according to some function of the distance from a given point 0, 
and act either towards or from 0; to find the curve of equilibrium. 

Let PQ be an element & of the string, where s is the arc 
OP measured from some fixed 
point C of the curve. Let T and 
T+ ST he the tensions at P and 
Q, and and 4 S^fr the angles 
which the tangents at P and Q 
make with some fixed line Oa. 

Let F be the force at P per 
unit of length in the direction 
OP, so that some function of r 
« ^ (r). The resultant of the 
forces from 0 to the different 
points of the arc PQ may be 
taken to be FSs along OP] for 
, in the limit we shall take Ss to 
be very small. 


Resolving tho forces on the element PQ along and perpen- 
dicular to the tangent at P, we have 

(r4 ST) cos S^lt — r4 FmSs eostf>- 0 (1), 

and (3r 4 SD sin Si|r sin « 0 (2), 


where m is the mass of the string per unit of length. 
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Fattjbg oosSV^^l and and taking to be 

indefinitely email, these give in the limit 

= (3X 

and T ^ FmpBm^=> Fm Fin, .p^ (4), 

where p is the perpendicular from 0 upon the tangent at P. 

(3) gives mFdr + -d (5), 

and, dividing (3) by (4), we have 

dT dp 
T ^ p * 

and hence T.p «= const. — B (6). 

The equation (6) may be more easily obtained by considering 
the equilibrium of the finite portion, CP, of the string. 

Take moments about 0 for all the forces acting on CP, All 
the central forces acting on it pass through 0, and thus have no 
moments about 0« Hence the moments about 0 of the tensions 
at P and 0 are equal. Hence 

T.p^ Te.po — constant (7), 

where To is the tension at C and po is the perpendicular firom 0 
upon the tangent at C, 

The equations (5), and (6) or (7), give all the conditions of 
equilibrium. 

First, let the force F be given; then (5) gives T, and, on 
substitution in (6), we have a relation between p and r. 

Also in any curve we have 

1^11 /dry 

Eliminating p between these two relations, we have a differen- 
tial equation to give r in terms of ft 

The result will contain three arbitrary constants. Two of 
them will be found since the two terminal points C and D of 
the string are given; the third will be determined fiom the 
fact that the length of the string between C and i) is given. 

Secondly, let the form of the string be given. We are thus 
given the relation between the p and r of the curva 
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1 AT 

(6) then gives T in terms of r, and (3) gives jP*. ^ , 
and hence we have F in terms of r. 


271» Sz. 1. Shew that a etring mil rest in the form of a portion of a 
eardioid if it be anted upon hg a fort^ from ite pole mrging ae 

1 

{dietancey 

The equation to a eardioid is r»»a(l +co9 so that 

p J i (S) * " i i ^ i ~ ^ 


Hence equation (6) gives B , 


From equation (3) we tlien have 


.r-h. 

m dr 2m 

Ex. 2. An infinite etiirg passes through two small smooth rings A and 
B, and ts acted upon by a force from a given fixed point 0 which varies 
inversely as the cube of the distance Shew that the part oj the stung 
between the rings is in the form of the arc of a circle. 

Lot Ti be the tension at 
any point Pi of the straight 
portion of the stnng at a dis- 
tance X from the centre 0, 

Then 

(ri+87’,)+^«;r-ri=0, 


giving 


dx 


pm 


and 





P. 


Since the stnng must ”6 , . 

clearly have zero tension at 

infinity, we have Hence, if OA »«cr, the tension ot .4 is Now 

the tension of the stnng is unaltered by passing through the smooth ring 
at 80 that the tension of the curved paii at A is also. 

For the curved part, equation (6) of the last article then gives 

Also, when r«a, we have seen that ^ , so that A is zero. 


IQ 


, so that A IS zero. 
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Equ&tioQ (6) then gives 

1 fn/i X 

.11 /dry 

■ ■ 


where X is some oonstsnt 


1 

'r 


X* 


•% r«=X sin y), which is the equation of a circle. 

If OA be the initial line, if OBm^h and L A0B"»a^ then the two points 
(a, 0} and (b, a) lie on the curve, so that the equation becomes 


r<»acosd+ 


&-acosa 
sin a 


sin^. 


EXAMPLES 

Find the law of force in the case of strings resting in the form of the 
following curves under a central force i^from the pole : 

1. Parabola, focus the pole. 

2. Equiangular spiral, [Focr**.] 

3. Bectangular hyperbola, centre the pole. 

[j^is constant and attractive.] 

4. Lemniscate, r*-Ba*cos2d. [F'ocr"*.] 

5. cos nd«a^. [jFac and is attractive if »>!.] 

6. If a string be in equilibrium under any central forces, the resultant 
action of these central forces on any portion BQ of the string is along OT, 
where 0 is the centre of force and T is the point of intersection of tangents 
at P and 

7. A homogeneous string rests under the action of a central repulsive 
force varying inversely as the square of the distance ; verify that the form 
ill equilibrium is one or other of the curves 

1 + sec a cos sin a), or 1 + sech a cosh (d sinh a)* 

8. A string, whose length is infinite, has one end attached to a fixed 
point 0 and after passing through a small smooth fixed ring goes to infinity. 
It is acted upon by a central repulsive force from 0 varying inversely as 
the nth power of the distance. Shew that the curved part of the string is 
given by the equation 

f**- cos (n - 2) 

If n vs 2, show that the curved part is an equiangular spiral. 

9. A string rests in the form of a plane curve under the action of a 
central repulsive force ; if the force at any point be proportional to the 
curvature, prove that the curve is a parabola. 
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272. ITxtensible strings. The equatioiu of equilibrium 
for extensible strings are formed as in the previous part of this 
chapter. The tension of any element of the string is connected, 
by means of Hooke’s Law, with the stretched and unstretched 
lengths of the element. It must be carefully noted that a 
heavy elastic string when stretched is not of constant density, 
even if it were uniform when in the unstretched state. 


273. A uniform extensible string, of weight W and natural 
length I, is suspended from a fixed point and at the other end is 
hung a weight W': if \he the coefficient of elasticity, shew that 

I VW 1 

the whole extension of the string ^ ^ 2 “ ^ • 

Let T and T-f-ST be the tensions of the string at depths 
X and X 4- bx, and let a?* be the unstretched 
length of the part whose stretched length is 
x<. Hence the weight of the part whose 

W 


stretched length is 


I 


. Sx^. 


For the equilibrium of this element we have 


T+ST+y.cUc,. 


Sx 


so that 


dT 

dx^ 


W 
I * 


Also, by Hooke’s Law, Tm X 


0 ). 

““ ^Xq 

'“sir * 


Sx, 


r 

*w' 


p» 

IQ. 


BO that 


(1) and (2) give 


dx 

dxf 

d^x 

dx^ 

dx 

dx^ 


T 

w 

‘~Xl’ 




.( 2 ). 


.(3). 


Now, when T mast 

dx 

dxt 


= W', and hence then, by (2), 

14 .^' 

. 1 + 
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W IT 

Heuce, from (3), 1 + — = — — + 


dx W , , W-i-W' 


•'* XI 2 '^v'^ X j®* 


W+ W'\ 


.( 4 ), 


the constant of integration being zero since w and sc^ vanish 
together. 

(4) gives the stretched length corresponding to any un- 
stretched length. Wlieri = we have the whole stretching 


Wl^ 

XI 2^ 


W+ W' 
X 



274. A heavy uniform elastic string is hung up u/nder 
gravity as in the common catenary. If c he the length of the 
unstretched string whoseweightisequalto the tension at the lowest 
point, and k be the ratio of this tension to the modulus of elasticity , 
find equations to give the form of the string, 

Tjet (a?, y) be the coordinates of a point whose arcual dis- 
tance from the lowest point is s, and let T be the tension at that 
point; also let s^ be the unstretched length of this arc s^ so that 

T ^ ds — dsfi 
X dsQ 


where w is the weight of unit length of unstretchcd string. 
The equations of Art. 257 arc then 



+ 

1 


k sat 0, 

1 

and 

-T^+- 
ds 1 



i.e. 




(2), 

aad 




(3). 
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These give 


= const. = wo. 


since s and «, vanish together. 

Squaring and adding, we have T = w + 
Hence, by (1), 

dx dx d<t f 1 & "1 e 

is, Ss is."** 


ri+1].^. 


(Z«o da dso ® [ 
and, by squaring and adding. 


0 Vc®+ 


- (5), 


ds , . A /— r 

5.1+JV0.+V. 

Integrating these equations, we have 
7„ . 1 ^O + VV+C® 


a: = A:s. + clog"-^^^“*- 
y-k “ + VV + c® - c 


— s« f 


+ V + C* log 


^0 + V »S*o* + C® 




taking x and y to vanish with s. 

(7) detennines So in terms of y and then (6) and (8) give x 
and s as functions of y. 

The equations (4) and (5) give 


^ dx 0 


and hence, from (8), 
ko 

8 = ctan -g [seci|r . tan ‘yfr + log (sec yjr 4- tan \/r)]. 

If we put So ~ c sinh u, the equations (G^, (7), and (8) can bo 
written 

- *= w -f i sinh u, 
c 

^ -h 1 4- T = cosh tt -f T cosh 22 £, 
c 4 4 

and ^ — sinh a 4* ^ 4- r sinh 2il 

0 3& it 
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275. Sz. An extensible string is being wmd very sHotsly on to th4 
rim of a tsheel^ rough enough to prevent any sliding^ amd the other end is 
attacked to a might W uthich is on the ground at a depth I below the centre 
of the whedy so that then the hanging part is initially vertical and 
stretched. Skew that the work done in turning the wheel so as to just lift 
t/te weight off the ground is 

where the weight of the string is neglected. 

At any instant during the o|ieration let ar be the unstretcbod length of 
the string that is then vortical^ and T its tension, so that^ by Hooke’s Law, 

( 1 ). 


When I becomes I a. b9, where a is the radius of the wheel, and bB is the 
angle tuined through by the wheel, then 

Jl- ^ 

/+a. bO-x 


I- 




1 "\’Ci , bB 

TUT” 

l^a.bB^ 


so that 


a.bB 


Hence the work done during this infinitesimal stretching 

T.xbT IT.bT 
X “ 3r+x * 


tT.abB^ 


Hence the whole work done until the weight rises, ie. until T is equal to W 




w+x 


EXAMPLES 

1, When a uniform elastic string AB is hung up under gravity, prove 
that the upper half of the string lengthens three times as much as the 
lower half. If P is a point on it such that AP : PB ; : ^2 - 1 : 1, shew also 
that the stretchings of the parts above and below F are equal. 

2. A heavy elastic string of natural length 21, which would stretch to 
Al if hung up by one end, rests on a smooth table of width 2a with its ends 
hanging over the sides of the table ; find the whole extension of the string, 
and s hew that the tension of the part in contact with the table is 

times the weight of the string, 

3w An extensible string, uniform when unstretohed and of length ^ 
lies initially unstretohed in a straight line on a horhsontal plane. The 
string is then pulled at one end in the direction of its length pranced, with 
a gradually increasing force, so that the acceleration is always infinitely 
sm al l Shaw that when the force is F the extension of the string is 

i ^ weight of the stringy X the coef&cient of elasticity, 

/i the coefficient of frictiou and F<yk 
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4. A hewvy elastic string, of weight W and unstratohed length 

la placed upon a amooth double indined plane, the inclinations of whose 
faces to the horizontal are a and a'; shew that the total extension 
of the string is 

Eh. sing sing* 

SX sin a -f sin g^ * 

5. An elastic string rests on a rough inclined plane with the upper 

end fixed to the plane ; shew that its extension will lie between the limits 

Tri!Bin(a±f) , . . . 

2X ““cos# * where a is the inclination of the plane, t the angle of 
firiotion, W the weight of the string and X its modulus of elasticity. 

6. A is an elastic cord whose natural length is 10 ft., whose mass is 
6 lbs,, and whose modulus of elasticity is 80 lbs. wt. It is suspended 
vertically from its end A, and a mass of 10 lbs. is attached to its end B ; 
find the length to which it stretches if it is allowed to gradually reach its 
final position. Shew also that the density of the material at the middle 
point of A 5 is in the stretched cord diminished in the ratio 32 :37. 

7# If a uniform elastic string fixed at one end be acted upon at each 
point P hy a force P in the direction of its length, so that the tepision 
at jP varies as its distance from the free end, prove that log F^/F varies 
as the unstretched distance of P from the fixed end, F^ being the value 
of F at the fixed end, 

8. A uniform string, of weight w and modulus of elasticity X, is lying 
in a stretched state on a rough horizontal table whose coefficient of friction 
is fi. If it be everywhere on the point of contracting, shew that its 

stretched length is ^1+^^ times its unstretched length. 

9. A uniform heavy elastic string, of natural length 2a, is stretched 
as much as possible and lies in limiting equilibrium on a rough inclined 
plane ; shew that the direction of the friction changes at a point of the 
string whose natural distance from the upper end is a [1 4- tang cot ej, 
where € is the angle of friction and a is the inclination of the plane 
to the horizon. 

10. A uniform beam, of length f, rests along a line of greatest 
slope of a plane which is inclined to the horizon at an angle a. The 
beam is then subject to an extension from an increase of temperature 
and then to contraction from cooling to its original temperature. Find 
what points of the beam remain at rest during each of the two operations 
and shew that on the whole the beam descends through a distance along 
the plane equal to X^ tan a cot c, where X is the elongation of the beam per 
unit length for the extreme variation of temperature, and « is the angle 
of friotiom 
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11. Alt elastic string, of natural length a and weight has one 
extremity fastened to a point in a smooth horizontal table and rotates on 
the table with uniform angular velocity » ; shew that the stretched length 




where X is the modulus of elasticity. 


12. A light elastic band, whose un stretched length is 2a, is placed 
round four rough pegs A, i?, 0, i) which are at the angular points of 
a square of side a, K it be taken hold of at a point P between A and P, 
and pulled in the direction AB, shew that it will begin to slip round both 

AP "*T 

A and B at the same time if 


13. A weight P just supports another weight Q by means of a fine 
elastic string which passes over a rough circular cylinder whose axis 
is horizontal; shew that the extension of the portion of the string in 

contact with the cylinder is ^here a is the radius of the 

cylinder, /a is the coeffic lent of friction and X is the modulus of elasticity. 


14. A spider hangs suspended by a light elastic thread from the ceiling, 
the modulus of the thread being equal to half the weight of the spider. 
Shew that, in climbing to the ceiling, tbe work done by the spider is 
one-third less than it would be if the thread were inokiKstic. 


15. A heavy clastic string, whose unstretched length is I and whose 
mass is fil, lies loosely coiled on a horizontal table. If one end of the 
string be slowly lifted vertically until the whole string hangs just clear of 
the table, shew that the work done is 




where X is the modulus of elasticity of the string. 

[When the end has been lifted a distance a?, if a?o be the unstretched 

length of a?, then, by Art. 273, Also the tension Pat the 

•aA 

upper end^fxgxo, so that the work done, whilst a? becomes 
= Integrating this between limits 0 and I, we 

have the given result.] 


16. If a uniform elastic string be at rest on a horizontal plane 
in its natural state with one end fixed to the edge, and if it then be 
allowed to hang freely from the point, prove that the loss of gravitational 

potential enevgy is where w is the weight of the string, a is 

its natural longthi and X is Hooke’s modulus. 
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BfISCBLLANEOUS EXAMPLES ON STRINGS AND CHAINS 


1. A ring, of weight 1^6, is attached to the middle point C of a string, 
of length I and weight wl^ which hangs symmetricallj over two smooth 
pegs in the same horizontal line, the ends of the string hanging vertically* 
Shew that the parameter c of the catenary is given by the equation 

a 

where 2a is the distance between the pegs, and that the least value of 
I for which equilibrium is possible occurs when 

(c-ap c* 6* 

Shew also that the angle d which the tangent at C makes with the 


vertical is given by the equation h tan & log hence 

that its greatest value is cos'i ~ , since a cannot bo negative* 


% A flexible string, of length %l and line-density <r, has a heavy bead 
of mass knotted to it at its middle point; the ends of the string 
are fastened to two fixed points at a distance apart slightly less than 
%l\ shew that the parameter of the catenary of either half of the string is 
approximately 


[ f ' 


3. Two smooth circular cylinders, each of radius a, are placed with 
their axes parallel in a horizontal plane and at a distance 2b {> 2a) apart. 
A uniform string is placed symmetrically across the cylinders with its 
ends hanging freely. Shew that the least possible length of the string is 
26s + 2a (2 tan"^«— tf). [Assume the result of Pago 287, Ex. 16.] 


4. A rod, of length 26, is suspended horizontally and symmetrically by 
two heavy strings attached to its ends and to two fixed points which are 
at a vertical distance a above it and at a distance 2 (a +6) apart. If the 
length of each string be Z, shew that the tension of the rod is equal to the 
weight of a piece of string whose length c is given by the equation 

p sx a*+ 4c2 sinh* ^ 


5. A bar, of length 2a, has its ends fastened to those of a heavy 
string, of len^h 2/, by which it is hung symmetrically over a peg. The 
weight of the bar is n times and the horizont^d tension times the 
weight of the string. Prove that 




|(w+l)cosech 


-A— »coth 
ml 
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Static* 

^6. nnifbrtn chain, of length hugs from two fixed points A, Bm 
the same level at a (^stance 2a apart Shew that» if • varies, the 

minimum depth of the directrix of the catenary is -p=as, where $ is 

va* — 1 

given by stanhsoil, and that the corresponding value of # is 

2a 


Prove also that there are two values of » for which the directrix is 
at any given depth greater than this minimum depth, and that if a be 
slightly increased beyond the greater of these two values the directrii 
falls, whilst if it be slightly increased beyond the least of these two 
values the directrix rises. 


7. A uniform chain has its ends attached to two pegs, one of which is 
distant Sa horizontally from the other and is at a depth 26 below it. 
Shew that, as the lengUi of the chain alters, the parameter of the catenary 
with the highest directrix is determined by 

2 — coth - * ^ cosech* - . 
c c c* e 


a A uniform chain, of length 2i^, hangs between two points A, B at 
the same level and the depth of its lowest point below AB is Jk, If the 
distance AB(ma) be increased by the small quantity da, prove that the 

vertex of the catenary will rise through the height 6a. where 
^ is the inclination to the horizontal of the tangent at A or B, 


9. A given length I of uniform heavy chain is securely fastened to a 
fixed point at one end, and hangs over a smooth peg in the same horizontal 
at a distance 2a from it Shew that there are two positions of equilibrium 


or none according w ^5 



where f is the positive root of the 


equation 

Shew also that if there are two positions of equilibrium then the one 
for which the parameter of the catenary is the greater is stable. 


10. A uniform chain of given length is fastened at its ends to two 
points in the same horizontal line, and passes over a smooth peg midway 
between these points. Show that, if the symmetrical position of equi- 
Hbrium be the only one, it Is stable for displacements in the vertical 
plane; but if an unsymmotrical position also exist, the former is unstable. 


11. If a chain of length a is held at its ends, and swung round, and 
the ends are then drawn apart till the chain is practically straight and its 
tension is equal to the weight of a length h of the chain, shew that the 


number of revolutions per second is 
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12. A heavy unifortn etring hanga fh>ni one end in equilibrium in a 
wind blowing horizontally with uniform velocity. On the aaeumption 
that the wind exerta at any point of the string a normal force per unit 
length proportional to sin* shew that the equation giving the form of 
the string is 

p (oos ^ — tan * X (cos ^4'Cot a)**^**« constant, 

where a is a constant such that the value of ^ at the free end of the 
string is cos*i(tana). 

13. Find the velocity at which the power transmitted by a belt is a 

maximum. When this is the case, shew that the ratio of the tension on 
the tight side to that on the slack side is :8, where is the 

coefficient of friction and u is the angle of contact l^tween the belt 
and the pulley. 

[If a he the radius of the pulley, m the mass per unit length, and » 
the angular velocity of the bolt, then, by elementary Dynamics, 

Hence ^ — /jw?«)*a*, so that Hence, if Tx and 

Tq be the terminal tensions, we have easily 

Hence the power transmitted 

s* (2^1 - Tq) aoi == (e^ - 1) (iTo - 

and it is thus a maximum, for difierent values of when 2’»i 

and then 

Tx 2^+1 , 

% — 

14. An endless string hangs symmetrically round a smooth right 
cylinder, of radius a, whose axis is horizontal. If the string have 
contact with the cylinder along three-quarters of the cizeumferenoe, 
find its whole length and the position of its lowest point. 

15. A heavy uniform string surrounds a vertical circle, being just 
so stretched that it is on the point of leaving the circle at the lowest 
point ; shew that the tension at the highest point is three times that 
at the lowest. 

16. A smooth elliptic disc (semi-axes a, b) is fixed in a vertical plane 
with its axes equally inclined to the vertical. A heavy string passes 
tightly round the disc and is gradually loosened. Shew that the eccentric 
angle 0 of the point at which the string leaves the disc is given by 

2a*6 tan* <j} — a (3a* — 6*) tan* 4* ^ (36* — a*) tan <f> — 2a6® 0. 

[The point is determined by the fact that at it the pressure of the 
curve is zero and a minimum.] 

17. A uniform string, the ends of which are fastened at a point A, 
surrounds a centre of force at 0, which repels with a force varying inversely 
as the square of the distance. Shew that, if the length of the string ia 
4tOAf the internal angle between the two parts of the string at A is 120*« 
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X8. Shew that a uniform string will rest in the form of the arc of a 
circle if it be acted upon by a central force from a point on the cir- 
cumference varying inversely as the cube of the distanca 

19* ABCD is a square of side 6. A uniform string of line-density cr, 
fixed at B and i>, is in equilibrium under a repulsive force /ur*^ from A, 
If the tangents to the string at B and B are perpendicular to BB, and if 

the tension at each of these points is shew that the shape of the string 
is the curve (sin ^+cos 

20. Shew that an arc of an equiangular spiral is a possible form for 
a catenary of uniform strength, whose ends are fixed, to assume under the 
action of a repulsive force from the x>ole varying inversely as the distance. 

21. An inextonsible endless string of given length is under the action 
of two central forces varying inversely as the cube of the distance from 
two fixed points ; shew that a circle is a possible form of the string in 
equilibrium, and find the position of its centre. 

22. Shew that a string can rest in equilibrium in the form of au ellipse 

under the action of two repulsive forces from its foci of magnitude /xr "" i 

and where r and r' are the focal distances of any point B, and 

prove that the tension at the point B is proportional to the perpendicular 
from the centre upon the tangent at B* 

23. A smooth circular cylinder, of radius a, is fixed with its axis vertical 
and a smooth horizontal peg is fasioned into it. An endless string, of 
length 2^, is then thrown over the cylinder and catches on the peg. Prove 
that in the po.siti<m of equilibrium the angle between the parts of the 

string at the peg is 2cot“^-, where csinh 

[The origin being at iho lowest point 0 of the string, the axis of z 
vertical, and ac being the length of the circular arc which is the pro- 
jection of any arc OBy we have, by resolving horizontally and vertically, 

3^ ( ^ 3^) ^ ^ constant =s=wc. lienee 

% ( ^ ^ f ~ ^ . This is the diflbrential equation of Art 251, 

d$ \djc/ c ’ c ax ^ 

and the same solution holds good. It follows that the string will not 

be distuibed if the cylinder be developed into a vertical plane.] 

24. A uniform heavy string, of length 2^, hangs in contact with a 
smooth vertical cylinder of radius r. It is fixed to two points, which are 
in a horizontal plane and also in a vortical plane through the axis of the 
cylinder, each being at distance a from the axis, where a>r. Shew that 
the depth y of the lowest point of the string below either support is given by 

rsin"^ 

fit »’“jf 
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25. A string rests on a smooth sphere outting all the sections through 
a fixed diameter at a constant angle. Shew that it would so rest if acted 
on by a force varying inversely as the square of the distance perpendicular 
to the given diameter and that the tension vanes inversely as that distance^ 
[Using polar coordinates (a, d, <^} the curve of tho string cuts the 

meridians at a constant angle d if « cos ft and ^^^assinft 
Hence easily 

^ -secos d cos 008 /9 -sin <#» sin ^ » cos d sin cos i9 + cos ^ sin 3 
dz 

and ^ — -sindoosft Taking moments about the fixed diameter, we 

have Tsm 8, a —constant, so that ^ . 

sin d 

The third equation of Art. 261 gives 

iZ cos d«^ ^ ^ ^ 2 ero. 

Hence, if be the force perpendicular to the given diameter and 
outward, equation (1) of Art. 261 gives 

-L ^ f ( o 4 . /I ^ sin 6 sin 

^cos^- -^(^2’^j--J^(^CO8/S0OtdcO8« ^rr") 


A cos d) 
a silled* 


so that F 


_A_ 

a sin^ d 


•] 


26. The extremities of a stiing of length ore 

attached to two points on the surface of a right circular cone at distances 
r and er respectively from its vertex, whore 2a is the angle of the cone and 
<f) is tho angle between the i>lauos thi^ough the axis and each of the points. 
If the string rest in equilibrium on the sui’face under the action of a 
repulsive centre of force at the vertex varying inversely as the square of 
the distance, then the curve of equilibrium will cut each generator at the 
same angle. [Here e is tho base of the Napierian system of logarithms.] 

27. Find the form of a smooth surface of revolution such that when its 
axis is vertical any uniform string resting upon it will cut all the meridian 
curves at the same angle. [The generating curve is a rectangular hyperbola.] 


28. Two Bcaleqmns, of weight Xn, are connected by a weightless elastic 
string, of modulus X, which hangs symmetrically over a fixed rough horizontal 
cylinder of radius a. Initially the string is uniformly stretched throughout 
If one of the scale-pans is gradually loaded, prove that, before the other 
moves, the natural length of the additional vertical portion of the string 

.. -j.- is i. • wtm 

supporting the first is -log 
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29. A heavy elastic string, of length 2a and modulus of elasticity 
equal to its weight, rests in equilibrium on a smooth parabola of latus 
rectum 4ca The aiis of the parabola is vertical and the £ree end of the 
string is at the vertex which is the lowest point. Find the point on the 
parabola to vrhich the upper end is aitachod, and shew that the tension 
there is ir(V2 — X), where W is the weight of the string. 

30. An elastic string, originally uniform and of length is fastened at 
two given points and is in equilibrium in the form of a portion of a circle 
under the action of a repulsive force tending from a given point in the 
circumference ; hud the law of force. 


31. A heavy elastic string, which is unifonn when unstretohed, is 
placed round a smooth circular cylinder whose axis is horizontal and is 
just not in contact with the lowest point of the cylinder; if T be the 
tension at a point the radius to which is inclined at d to the vertical, then 
coBdH--5, where X is the modulus of elasticity and A and 
B are constants depending on the weight of the string, the modulus of 
elasticity and the radius of the cylinder. 

If w be equal to the weight of a length of unstretched string equal in 
length to the radius of the cylinder and if it be also equal to the modulus 
of elasticity, shew that the tension Ti at the highest point is given by 


2’i + 


T^. 

‘ia 


9+V6 


32* A heavy elastic string, uniform when unstretched, rests on the 
convex side of a smooth vertical circle, one end being fastened to the 
highest point of the circle. If in the position of equilibrium the whole 
length is equal to a quadrant of tho circle, prove that the unstretched 
length equals a v^2log, (V2+ 1), whoro a is the radius of the circle, 2m 
is the modulus of elasticity, and w is the weight of a unit length of 
unstretched string. 


33. An elastic string, uniform when unstretched, lies at rest in a 
smooth circular tube under the action of an attracting force, equal to 
fi times the distance, tending to a point on tho circumference of the tube 
just opposite to the middle point of the string. If the string when in 
equilibrium just occupies a semi-circle, shew that the greatest tension is 

— X, where X is the modulus of elasticity, a is the radius of 
the tube, and p the mass of unit length of unstretched string. 

34. A heavy elastic string, of natural length hangs from a fixed 
point in a state of equilibrium, and its total extension is pi. The string is 
now enclosed in a smooth fixed helical tube, the tangent to which at any 
point malces a constant angle a with the horizontal. The highest point of 
the string is attached to the tube, and the string takes up its position of 
equilibrium. Shew that the total extension is now pi sin tu 
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S5. A uniform string in ons plane is in equilibrium under the action 
of a central foroe ; shew that the latter varies as ^ , 

'What is the kinetic analogue f 

If the string be elastic, shew that, in order that the string majaasume 
a given form, the central force must vary “ ^ ^ > where a is a 

constant for every point of the same string. 

36. Over a fixed sphere, of radius a, there rests horisontally a heavy 

elastic ring of natural radius a Shew that, in its equilibrium position, the 

angle 2a which a diameter of the ring subtends at the centre of the 

% * • Vi « 1 sin a — sin B ^ 

sphere is given by tan , where cm,a sin ft and h times 

sin p 

the weight of the ring is equal to the modulus of elasticity. 

If the sphere be slightly rough (coefficient of friction /i), shew that| 
before equilibrium is broken, the ring can be lowered till the angle 2a 

IS moreasod, approximately, by 2a — «“ • 


37. A rough surface of revolution is fixed with its axis vertical ; an 
endless clastic stnng rests on it lying in a horizontal plane and being 
uniformly stretched. If tlie string be on the point of slipping up 
wherever it is placed, find the equation of the generating curve of 

the Buriaoe and shew that it reduces to j?-py»a(l +f>*)log^, where X is 

c 

the modulus of elasticity and ^ is the coefficient *of friction, 27rXp is the 
weight and 2ira the natural length of the stnng, and the y-axis is the axis 
of revolution. 


38. An endless slightly extensible strap is stretched over two equal 
pulleys; show that the maximum couple which the strap can exert on 
either pulley is 

2a(c4irCT) - 
2 /* 

where a is the radius of either pulley, c the distance of their centres, p the 
coefficient of friction, and T the tension with which the strap is put oa 

39. If a bicycle tyre be regarded as a thin elastic band, stretched 
within a smooth groove of depth a? in a rim whose outer radius is a, 
shew that the work required to remove the tyre from the rim is 

5?^ (sin oos(^ +sin ^ » 

where I is the unstretched length of the hand, X is its coefficient of 
elasticity, and the breadth of the wheel is neglected. 
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ATTRACTIONS AND POTENTIAL 


276. The law of attraction between particles of matter, 
known as the Newtonian Law of Gravitation, is as follows: Every 
partick of malter attracts every other partick of matter with a 
force which varies directly as the product of the masses of the 
.particles and inversely as the square of the distance between ^eni. 
Hence the attraction between two particles, of nii and wi, 

grammes, placed at a distance of x centimetres is 7 dynes, 

where 7 is a constant whose value will be found in a later 
article. This quantity 7 is called the Constant of Attraction. 

At the present stage of the Student’s reading the above law 
must be looked upon as an hypothesis, and no proof can be given 
here. But he may assume that this law is found to hold good 
throughout the Universe, and that it is sufficient to account for 
the motion of the heavenly bodies. The verification of its truth 
is obtained from Dpainical considerations. 

We shall have a few examples in which some other law of 
attraction, besides that of the inverse square, is assumed, but 
these assumptions do not correspond to any such attractions as 
we meet with in the physical universe. 


277. To find the attraction of a thin uniform rod AB upon 


an external point P. 

Draw PN,{-p}, perpen- 
dicular to the rod. Let Q 
be any point of the rod such 
that NQ = a and / NPQ ^6, 
and let QR be an element 
Sx. 

If & be the cross section 
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and p the density of the rod, the attraction of the element QB 
on a unit of mass at P 

_ 7^p * 

^ p* sec*^ p * 

since ajaojp tan 0 and hence Saj ap sec? 0 . SP* 

The direction of this attraction ultimately, when QR is very 
small, is in the direction PQ. 

Its components along and perpendicular to PjV'are 
7^P sin 0 . S0 ^ 

“ p 

Hence, if X and Y are the component attractions of the 
whole rod along and perpendicular to PX, and if z NFA « a 
and A NPB « we have 

^ “ i . - p — p ^ J. “ p 

and 

- * [- o« (2). 

If P be the resultant attraction inclined at (f) to PX, then 

iE = VZ*+ P = — Sin a)® + (cos a — cos ^8)* 

P 

* ^ V2-2 co8 (/9 -o) = sin 

= ^ Bin iiAPB) (3). 

j X # ^ cos a — COS )8 ^ a + /3 

and tan 6==*^ = 5 - =« tan » 

^ X sm /8 — Bin a 2 


so that 


and hence the direction of the resultant attraction bisects the 
angle APB. 

Cor. If the rod AB be infinite in length, then a = — 90** and 

i8«90". 


Hence R - 


, so that the attraction of an infinite rod on 


an external point varies inversely as the distance of the point 
from the rod 


t$ 
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278. If in the result (8) of the previous article we put p » 0, 
t.e. ti^e P on the surfiM^ of the rod, we have infinity as the 
result. This is clearly impossible. The reason fiir the apparent 
failure of our analysis is that in our working we assum^ each 
element of the cross section at Q to be at the same distance from 
P. Now if P be on the bar, the distances firom P of points of 
the oraes section through P vary fiom zero to the diameter of 
the bar and hence cannot be taken to be equal 

This case is further considered in Ex. 2 of Art. 285. 


27ft To shew that tiie attraction of arod AB at am, eeitemal 
point P is the same as tiiat 
of the are of a circle, of 
like material, with centre P 
and of radius equal to the 
perpendicular from P on 
AB, which is intercepted by 

the lines PA and PB. 

QR being an element of ^ 

the rod, let Q'i2' be the correspondmg element of the circular arc. 
Th attraction of Q'R’ at P Q'jy , QR 

attraction of QR at P ™ PQ* ' PQ* 

QR PQ>_QR QS . 

where QS is perpendicular to PR, 



PQ 


cos SQR . sec* 6 < 


PN 


. cos 0 . sec* 0 = 1. 


JPQ ' V — jpQ 

Hence the attractions of corresponding elements of the arc 
and rod are the same and in the same direction. 

The resultant attractions must thus be the same in the two 
cases. 


280. A ttraction of a uniform 
tMn rectangular plate upon a 
unit maee rUuctUd on a perpen^ 
dicuUar to the plate through iu 
centre, 

Ijet ABCD be the plate, of 
thiokness k and density p; let 
and 

where P is the aitraoted unit 




AUrcustim cf a ReetmngvAait Fk^ 307 


If CTFba a Beotion of the plate parallel to AB at a disiaooe 9 from 0, 
whose breadth la its attraction on by Art, 277» if Af be the middle 
point of UV^ 

* ■"^ “** “8“ “ ‘ 
and acts in the direction PS, 

Hence the total attraction X along PO 


! 


2ypk . dof a h 

-* VA*+** " ^ VP+P* 


. X _ /•» ote 

* * 4y/jA “ y 0 (A»+»») s/A*+»«+a* ’ 
Put «« A tan so that the limits for d are zero and 

j. 1 


dx 

>}W^ 

^ are zero and 


tan*"^ , £.a sin'*^ - 

«ln“» —4= 


Jjs+A*' 

§ln“* ^ 

X 1 /* 0 08 B d B 

Aypk^ A Jo \^A*-fa^~a®sin*d 

8in~* 

1 r • » sin ^ “1 1.1 

VA^+o*Jo aA V(A*+o-»)(A*-f A*) 

jPmb ^^ain"* , where if is the mass of the plate. 


EXAMPLES 

1. A triangular framework of three rods, of uniform mass per unit of 
length, attracts according to the law of Nature ; shew that a particle will 
be in equilibrium uuder their attraction if placed at the in-oentre of the 
triangle. 

[Use the theorem of Art. 279.] 

% Shew that the attraction of a uniform rod AB on a unit mass at P, 
in the direction parallel to AB, varies as . 

3. Two straight wires, of length I and I' and of masses m and m\ are 
placed BO that they are in the same straight line and the distance between 
the ends next one another is o; shew that the force of attraction between 

, . . . mm\ _(^+c)(r+c) 

the two wires is y -gplog 

4. Shew that the attraction of a thin uniform straight bar, of line 
density a* and length I, on another uniform thin straight bar, of line 
density o' and length i', placed parallel to it and symmetrically with respect 

to it at a distance 4, is y^ 

Explain the meaning of this expression when A is sero. 


ao-3 
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5. Two tbin straight aniform rods^ AB and (7i>, are pivoted together 
at tboir middle pointe. Shew that the attxaotion Mween them i^uoee 
to a couple of moment (AO^ BCfjooBeoa, where m and are their 

line densities and a is the angle between them. 


6. Two uniform non-intorsooting straight bars, of infinite length and 
of line densities o* and o-', attract according to the Newtonian law. Shew 
that the resultant force between the bars is «r<r</ coseo a, where a is the 
angle between the bars. 

[Let VC/f «»c, be the shortest distance between the bars; then^ bj 
symmetry, the resultant force is along OC/, Let P be any point on the 
first bar such that and p the perpendicular from P on the second 

bar, so that a. The attraction at Pof the second bar, by 

Art. 277, Cor., « , and the resultant of this along 0(y^ 


Hence the whole attraction 


+* 2 y<r^c 

-«• c*4-f®sin*a 


(rtff =etc.] 


281. To find the attraction of a uniform droular plate, of 
radius a and small thicks 
ness k, upon a point P 
which is on the aoois of the 
plate at a distance p from 
its centre. 

Consider the portion 
of the plate included be- 
tween two concentric cir- 
cles of radii oj and a? + 

The attraction of any 
point Q of it upon a unit 
mass at P is along the line PQ, and its component in the 
direction PO 



mass of the element at Q ^ 

» Y- cos OFQ 

mass of the element at Q 
» 7 . ^ ■ 

The same is true for ea.ch point of the elementary area. 
Hence the resultant attraction of this elementary area 

2iraJ ,Bx.Jcp „ , wBx 

-y. - 

where p is the density of the plate per unit of area. 
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The attraction of the whole plate therefore 


■ li ■■ - v5^] • 


If a be the angle that any radius Oil of the plate subtends 
at P, then 


OP p 
cos a « -g-r as — £=— 

P" Va* + jp* ' 

and the resultant attraction of the plate, which is clearly in the 
direction PO, 

=a 2'rrf^kp [1 — cos a]. 


Cor. Let the radius a of the plate become infinite, and 
hence the angle a equal to 90'' ; the resultant attraction then 
is 27rykp, which is independent of jt), the distance of the attracted 
point from the plate. 

Hence the attraction of an infinite thin plate upon a 
pomt P, situated at a finite distance from the plate, is inde- 
pendent of the distance of P and is equal to 27 ry X mass of the 
plate per unit of area. 


282. Change in the attraction of a thin attracting surface on 
a wait mass as the latter crosses the surface normally from om 
side to the other. 

Let P and P' be two points, on opposite sides of, and 
indefinitely close to, the surface, so that PP' is 
normal to the surface. 

Round PP' as axis describe on the surface 
a small circle of area A, and let the rest of the 
plate be called B, 

Then 

Attraction at P « attraction of A at P to- 
gether with the attraction of P at P ...(1), 

and 

Attraction at P' =« attraction of A at P' together with the 
attraction of B at P' (2). 

Now P and P being indefinitely close together, the attrac- 
tion of P at P the attraction of P at P in the liniit 
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Also A is to P as ^ as its attraction is ooncemed as an 
infinite plate is to a point at a finite distance. 

Hence, by the oorollaiy to the last article, the attraction of 
A at P « iirypk, and the attniction of A at P' « - 27rypk 

Hence, from (1) and (2) by subtraction, 

Attraction at P — attraction at P' *= 4s7rypk 

Thus the change in the attraction on the unit mass as it 
passes normally from a position indefinitely close to the attracting 
surface on one side to a position indefinitely close on the other 
side is ^iryph, £Uid therefore depends only on the thickness and 
density of the plate at the point of crossing. 


283. To shew that the component attraction in a direction 


normal to its plane of a uni* 
Jorm plane lamina, of any 
shape, at any point P is ymm, 
where m is the mass per unit 
area of the lamina, and w 
is the solid angle subtended 
at P by the lamina. 

LetQP beany veiysmall 
element of the lamina which 
subtends an angle at P, 
and let PQ or PB be r. 

Then, in the limit, the 


P 



attraction of this element on P 


area BQ 


Draw PM perpendicular to the lamina, and QJST perpen- 
dicular to PB, so that 


^BQN^dO^^ ZQBN^ ^RPM^e. 


The attraction of QR on P resolved along PM 


area RQ . cos 0 


ym. 


area QN 
FQ‘ 


ym.Sia, 


Hence the resultant attraction on P in the direction normal 
to the lamina » Xym.Sto » ymu, where m is the whole solid 
angle subtended by the lamina at P. 
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284. All frustta of a uniform com^ of tte $aim thioknm 
and with their pUme fiices parallel to the hose of the oone, eccert 
equal aUraoUone at the vertex of the cone. 

Let AB and CD be two sections of the cone, of the same 
small thickness t, which 
axe parallel to the base of 
the cona 

Iwet any cone, of ver- 
tex P, and very small 
vertical angle at P cut 
these sections in the very Q 
small curves QR and QR\ 

Since QR and Q*R! 
are similar curves, their areas, and hence also their masses since 
they are of equal thickness, are proportional to the squares of 
their distances from the vertex. 

^ attraction of QR at P _ area QR area Q^B! 
attraction oiQR'&tf ~ ~7V ~ PQ'* 

tae&QB ^ 

“ • PQ> “ PQ'* ‘P(r~ 

Since the attractions of corresponding elements QR and Q 
are equal, the attractions of the whole areas AB and CB are 
the same both in magnitude and direction. 

Hence, by summation, the attractions of any two frustra of 
the same finite thickness are the same both in magnitude and 
direction. 



285. Ex. 1. Find the attraction of a uniform solid right mrcular 
conCy of height h and vertical angle 2a, at the centre 0 of us plam base. 

The plane section at a height if above the base subtends an angle 2^ 
at 0, where 

X X cos a 

^ (A — x)® tan^"a 24a; sm* a+ A* sin® a 


The attraction of this section of thickness 


■<»2»r‘ypftx j^l — 


Hence the attraction of the whole cone 




Art aSL 


/q |^1 


- 4* sin* a cos^ 
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O0 putting yrna^hmn* a, this 

-J^idn*«L + A* ftin* a cos^ oJ 

■* Sfryp|y ^ooaa \(y2+ A* sin* a cos* a 

—A sin* a 00 s a log (y sin* a cos® o) J ^ 

- , r , . . , 0O8o + C08*aT 

^2iryph mt| a | Bin a+oos a— am a cos a log — BID* a T 


-]AooS*« 
i^0in*a 


Ex* 2. The law of attraoiion being that of the inveree distance^ find the 
attraction of a uniform droular ditc on an external point in its own plane. 
Deduce the attraction of an infinite circular cylinder^ catracUng aceording 
to the law of Nature. 

Let a be the radius, p 
the density and k the thick- 
ness of the disc, and 0 the 
distance of the given point 
P from the centre 0. Let 
6 be the angle any radius 
vector through P makes 
with OP. 

Then the total attrac- 
tion of the disc 

the limits of r being PQi and P$s, 

i.e, coos d-Va®- c* sin* d and e cos d-h - 0 * sin * $, 



and those of S being zero and sin*^ 


Hence the attraction 


•4yhp jy/aJ^ 


c® sm* d . cos 3d6 


The attraction therefore 


J ^ cos® (l>d<l>f if c sin d »a sin 
vykpa^ 


Mass of the disc 

0 ' ^ Distance from the centre’ ^ 

that P is attracted as it would be if the whole mass of the disc were 
collected at its centre. 

Next, let the circle be the normal cross section of an infinite cylinder. 
The attraction of the filament of infinite length through E perpendicular 

to the plane of the paper is, by Art, 277, Cor,, equal to f 
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in tho direction Pi2. The Attraction of the infinite cylinder ia thue the 
eame ae that of the above disc, if for h we put 2, exid so 

If P be actually on the surface of the cylinder, so that this 
attraction becomes ^trypcu We hence have the attraction of a thin rod 
on a point upon its surface [cf. Art. 278]. 

If P be inside the cylinder, the attraction on it = 2 x cos d, 

the limits for r being zero to c cos d 4- - c* sin^ d and fbr 0 from 0 to ir. 

This easily gives fiTrypc as the attraction at P» 


EXAMPLES 

1. Shew that the attraction of a uniform cylinder of height h, radius o, 
and density p, at a point on its axis at a distance o from its end and out- 
side it, is 27ryp [A - + (tf 4- ^0^ + \^^4^]. 

2* Show that the attraction of a spherical segment on a unit particle 
at itB vertex is SirypA j^l - i and that on a unit particle at the 

centre of its base is (2a - A)l], whore a is the 

radius and p the density of the sphere and A is the height of the segment 

3. Prove that a solid uniform hemisphere, of radius a, oierts no 
resultant attraction at a point on its axis at a distance o from the centre 
given by the equation 12c*--8a®c43a**i(X 

Shew that o « y approximately. 

4 A right circular cone, of uniform density p, has its axis vertical md 
vertex upwards. Shew that its attraction at a point P on the axis, at a 
distance e above the vertex, is 

2irypc sin o cos a (*““ 2 ”*** f)} ’ 

where 2a is the vertical angle of tho cone and o-/5 the angle which the 
radius of its base subtends at P. 

6. A frustum of a uniform thin hollow cone attracts a particle placed 
at the vertex ; shew that the attraction is 2^ y<r sin a cos a log - , whore R 
and r are the radii of tho circular ends, o is the semivertioal angle of the 
oOTie, and rr is the superficial density of the cone. 

6. A homogeneous right circular cylinder is of infinite lengjth in one 
direction, and at the other end the section is perpendicular to the generatiws ; 
prove that the attraction of tho cylinder on a particle at the centre 

thi, ^ i, where if is tho mass of the cylinder per unit of length. 
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7. ATwrtioaleKilidtijlinderof lidghtayradiiuir,aiid dmsItypylKMiiided 
by plane imds perpendioular to ita iud% ia divided by a plane tl^ugh the 
axifl into two parte. Shew that the horizontal attra^on of one part on a 

f* 

pariiole et the centre of the base is 2yap log — ~ , and find the 

ang^e the resultant attraction makes with the axia» 

$• A homogeneous prism, infinite in length, whose cross section is an 
equilateral triangle AUC attracts a particle at A ; shew that the resultant 

attraction is , where if is the mass of a unit length of the prism and 

a is the kngth of a side of the triangle. 


9. Show that the attraction of a thin elliptic disc, of uniform thick- 


ness h and uniform density p, at the focus is 2iryJlsp 
2a and 2h are its semi-axes. 



, where 


[The attraction required “ J J y^P^^dBdr ^ limits being zero to 


1-^eoosd 


for r, and from zero to 2tr for A We thus introduce the infinite 


quantity log r, when r is zero. To avoid this, take any circle, of radius X, 
[<<» (1 - e)] surrounding the focus. The resultant attraction of this circle 
is zero by symmetry. Evaluate the above integral between limits X and 

5 -—^ — for r, and zero and 2ir for d.l 
l-ecosd * •* 


10. An elliptic disc, of mass M and semi-axes a and h, attracts according 

to the law ; shew that its component attractions at an internal 

distance ^ 

point («, y) in directions parallel to the axes are * 

and 

a +0 a a+o 6 

Deduce that in the case of an infinite homogeneous elliptic cylinder of 
density p, which attracts according to the law of Nature, the components 

are and where a and b are the semi-axes of its 

a±b a a^b b* 

cross section* 

11* Shew that the attraction of a circular disc of radius a, whose 
law of attraction is 

where if is the mass of the disc and e the distance from the centre of the 
attracted point which is in the plane of the disa 

12* Find the attraction of a lamina in the shape of a uniform circular 
annulus on an external point in its plane, the law of attraction being that 
of the inverse seventh power of the distance. 
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^6. Attraction of a thin uniform spherical shell on an 

ea^emal or internal point Jp. 

Let a be the radius of the spherical shell, k and p its 
thickuesB and density, 
and c the distance of P 
firom its centre 0, 

If Q be any point 
of the shell, QN the 
perpendicular on OP, 
and ^ » z POQ, then all 
the points on a circle 
with NQ as radius are 
at equal distances from P, and the attraction of each on P 

resolved along PO 

Hence the resultant attraction of the portion of the shell 
generated by the arc a,S(? 

, aB0 , 2iTa sin 0 
^ykp cos ^ 

Now JB* = a* + c* — 2ac cos 0^ 

so that It . SR ^ ac Bm0 s B0* 

Hence the attraction of this elementary portion 

^ j a cos</).^ j a /JS* + c*-a*\ 5 .^ 
^2n-ykp, J-- = [ ^5 j oR 

First, let P be outside the shell so that c> a. If we integrate 
the quantity thus found for values of R between PA ajnd PR, 
%.e. between (c — a) and (c + a), we have the resultant attraction 
of the whole shell. 

. resultant attraction = f mkp — -- . dR 


•irykp^ 

4arykpa* 


B 


it }c-. 

(o + a)— (c 


a)- 


0* — o* ^ c* — 
c + o « 


Hi 


Mass of the shell 

5^ , 


and is thus the same as it would be if the whole mass of tihe 
shell were concentrated at 0. 
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SecmMy, let P be inside the shell as at Pi> so that c<€l 
The limits of the integration are now P^A and PjjB, i.e. a — o 
and a + c. 

Heace the resultant attraction 
as, ^7^/^ -f 0° — g” _ wykp a 

d* i a-ff P* ^ L J»“^ 


TT* 




•a f/ . N / X . a®-c* a* — c* ^ 

- (a + a) - (a - c) + — ; 0. 

L a+c a-c 


Hemce a uniform thin spherical shell attracts an external 
point just as it would if its whole mass were collected at its 
centre, whilst its attraction on an internal point is zero. 


287. ^t^rac^ion of a uniform solid sphere at cm esrtemal or 
interned point 

Conceive the sphere as made up of an infinite number of 
concentric shells, each of 
indefinitely small thick- 
ness. 

If P be outside the 
sphere, it is outside each 
of these shells, and hence 
the attraction of each 
shell on a unit mass at P 
_ Mass of the shell 

. 

Hence the total attraction at P 

_ Sum of the masses of the shells 
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Mass of the whole sphere 

0 > 


and is therefore the same as it would be if the whole mass of 
the sphere were concentrated at its centre 0. 

If the point be within the substance of the sphere as at Pu 
then for ail the shells of a radius greater than OPi, Pi is an 
internal point and hence, by Art. 286, the attraction of all such 
shells is aero. We need only therefore consider shells of a 
radius y which is less than 0P|, (t 


Attro^ion of a Solid Sphere 


m.7 


For any such shell is an external point and its attraetion 

, „ Mass of the shell , 

at Pi =7. t ' '“'y- — * ' and we must m- 

tegrate this for values of y &om zero to a 
Hence the resultant attraction at Py 




4 


Hence for a point inside the sphere the attraction yaries 
directly as the distance of the attracted point from the centre. 


288. Attraction of a spherical sIwlL QeoTnetriccU Proof 


Let P be an external 
point and Q its inverse, so 
that CQ.CP=^CA*=^a\ 

Through Q as vertex 
draw a very slender cone 
to cut the sphere in very 
small areas ES and E'S'. 

Since 

OP.CQ^a*^GE\ 
CQ_CR 
* GR^OP* 



BO that the triangles GQR, GRP are similar. 

So also the triangles GQR', GRP are similar* 


Hence 


^_gR_CR _QR' 
RP^CP'~ CP'^RP 


( 1 ), 


and ^GPR^^GRQ^^GRQ^/lGPR (2). 

Thus 

Attraction of RS at P _ area area RR^ 
Attraction oiRS* at P RR * RR 

area R8 RR 
area RR * RP^ * 


Draw RN, RR perpendicular to SQR. 

Then area RS «= cross area RN x sec NR8 
» cross area RN x sec GRQ, 

since (7P, RQ are respectively perpenchcular to RS and RN. 
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So ai^a KS^ *» cross area RN" x sec CRQ, 


a rea R S ^ cr oss a rea JB A' _ QR 
area RS ^ "" cross area RN' QR** 

Hence 


Attraction of RS at P ^ QR RR 
Attraction of RS! at P ** QR^ BP^ 


1, by equation (1). 


Thus the attraction of these elementary areas at P are 
equal and, by (2), they are equally inclined to 0P\ hence their 
resultant is along OP. 

Also, if So be the solid angle of the slender cone at Q and 
p be the mass of the shell per unit of area, then, 

component along PO of the attraction of RS 


area RS 

•yp^—jpj^^-.oosCPR-. 


:yp 


area RS x cos ORQ 
PR 


area RS, cos NR8 area RN QR*. So 

-yp- jpjj, — 

» ®* 

-•y/j.Sw.gpj. 


Hence the total attraction of the shell 


’ Sw . 


o* 

01^' 




rypa* j. Mass of the shell 
^ 


Since the attraction of RS and RS' aro equal, it follows 
that the portion of the shell to the right of the inverse point Q, 
and the part to the left of it, attract P equally. 

Also the plane through Q perpendicular to CA contains all 
the points of contact of tangents to the shell drawn from P, ie. 
it is the polar plane of P. Henc^ the polar plane of P divides 
the shell into two parts whose attractions at P are equal. 
Secondly, consider the attraction at Q, Then 

Attraction of RS at Q area RS area RS' QR QR'* - 
Attraction ofP'fiT atQ” QR ^ QR^ “ CP'* ’ 

Hence the resultant attraction of RS and RS at Q is zero. 
So for all such slender cones. Therefore the attraction of the 
whole shell on Q is zero. 

Also the part of the shell to the right of a plane through Q 
perpendicular to CA and the part to the left attract Q equally. 
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289 . Valw of frawty on iha top of a tfMdtmd (f hdfhit 
m above Ihe EartiCs surface. 

If a be the radius of the Earth and g the attatction doe to 
gravity at its sur&oe, then the value of gravity at a height an 

above the surface = , where S' ** hence this value 

If O' be the density of the material of the tableland (assumed 
to be homogeneous), its attraction at a point close to its sui&ce 
is 2,iTyx(T, by Art 281. 

Now, if p be the mean density of the Earth, 


^ o» 3 ' 

8 sc^ty 

Hence the attraction of the tableland = — a. 

2 ap^ 

The total attraction, g\ at the top of the tableland thus 
f- 2x1 3 a?<r f- 2a; 3a;<rl 


If we assume, as an approximation, that the mean density a 
of the rocks near the Earth’s surface is about one-half that of 
the mean density p of the whole Earth, this gives 



290. Value of the constant of gravitation. 

By the use of the proposition of Art. 287, and the known 
value of the acceleration due to gravity at the Earth’s smrface, 
we can obtain an approximate value for the constant of 
gravitation. 

For, if ^ be the mass of the Earth and B its radius in any 
system of units, its attraction on a unit mass at the surface 

E.l 

-7.^. 


E 


Hence 


in 
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CenHmetre-Cframme-Second Units. 

In this system E » fir£* x mean density, 

and i2 6‘37 x 10' cms. 

Now the mean density of the Earth, according to the most 
recent determination by C. V. Boys, is 5‘527. 

Hence (1) gives 

981 =. 7 . l-n-iJ X 6 527 = 7 . ~ x 6-37 x 10» x 5-627. 

Hence 7 « 6*66 x lO"**, the force of attraction between 
two concentrated masses, each equal to one gramme, placed at 
a distance of one centimetre is 6*66 x 10“^ djmes. 

It is easily seen that the force of attraction between two 
concentrated masses each equal to about 3877 grammes, placed 
at a distance of one centimetre, is one dyne. 

Ft-Lh.-8ec. Units. 

As a rough approximation, taking the Earth to be a sphere 
of 4000 miles radius, (1) gives 

4 * 77 * 

82*2 * 7 . ^ X 4000 X 5280 x 5*527 x 62 

since the mean density of the Earth is 5*527 times that of 
water, i.e. is 5*527 x 62^ lbs. per cubic foot. 

Hence 7 » 105 x 10”® nearly. 

The force of attraction between two uniform spheres, each 
of mass one pound, whose centres are one foot apart, is thus 
1-06 X 10”* poundals approximately. 

Dimensions of 7. If [F] denote the dimensions of 7 and 
[if], [X], [T] the units of mass, length and time, then equation 
(1) gives 

EXAMPLES 

1. The centre of a sphere of silver, of radius 5‘6 cms. and sp. gr. 10|, 
is dishmt 17 oms* from the centre of a sphere of gold, of radios 3onm. axid 
Sfp. gr. 19|^ ; shew that the attraction due to the two spheres is sero at a 
point between them distant 11 cms. hrom the centre of the silver sphere. 
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2k Draw a graph ahawiu^ Ihe weight of a particle hi its dSffi«raiit 
positione ae it k hrooght up from the centre of t^e Earth and t aVn to 
infinity. 

3. Shew that to bring any maae from the centre of the Earthy treated 
as homogeneous, to the surfoce requires half as much work as that required 
to remore it from the suriSaoe to infinity against the Earth’s attraction. 

4. If the Earth (supposed spherical) were covered by an ocean of 
uniform depth A, prove that the value of gravity at the bottom of the ocean 
would exceed that at the top by 4iryh(^p~^ar) approximately, where <r 
is the density of the ocean and p is ihe mean density of the Earth. 

5. If half the mass of the Earth were concentrated in an extremely 
thin uniform external crust, shew that at the centre of a oirculaF gap in 
the crust the intensity of gravity would be less than its normal value by 
oDe-fi>urth. 


6. The density of a sphere varies as the depth bdow the surface ; 
shew that the resultant attraction is greatest at a depth equal to } of the 
radius, and that its value there is | of the value at the surface. 

7. If a sphere consist of concentric layers, of uniform density, shew 
that its attraction is the same at any point of its volume if the density at 
each point varies inversely as the distance from the centre 


8* Determine at external and internal points the attraction of a solid 
sphere of radius a, given that its density at a distance r from the centre 



9. If the density of a solid sphere is a frinction of the distance from 
the centre, shew that its attraction begins to increase as we penetrate into 
the sphere, if the density at the surface is less than two-thirds of the 
mean density of the sphere. 


10. Shew that the attraction of a uniform thin hemispherical sheU, 
of mass M and radius a, at a point on the diameter perpendicular to the 
plane of the rim of the shell and at a distance x from its centre, is 



a 


11. Find the attraction of a colid homogeneou$ hemiiphere at a point O 
on the edge of its ptaate base. 

Take O as the origin of coordinates ; Ox as the line through the centre 
0 of the base, Os perpendicular to the base. Then using polar coordinates 
r, d, the attraction Z along Oz 


-iih 


dr,rdS,raiQ 


cosd. 


The limits for r are 0 to 2a cos sin d, since the equation to the surface 
of the sphere is ( 4 P— f^ns2aa;«n2aroos0Bind« 


ax 


ts 
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The liialts fat 6 eero to ^ , and those for ^ are — ^ “I- 
Hduoe Z^yp j j 

The component attraction X towards the centre 

[This result follows also because clearly the resultant attraction of the 
hemisphere along 00 must be half that of the complete sphere.] 

By synunetryi the attraction along Oy ranishes. 

Hence the resuliani attraction is inclined at 

o 

tan-» -to Oa 


12. Shew that at the southern base of a hemispherical hill, of radius 
a and density p, the apparent latitude is diminished by | ^ , whore a is 

2 <7T 

the mean density and r the radius of the Earth. 


13. If the northern and southern hemispheres of the Earth had been 
of uniform densities p and <r jrespectively, the mean density being as at 
present, prove that gravity at the equator would be greater than it is now 
in the ratio 








and that the deviation of the plumb-line from the seuith at any point of 
the equator would bo 


tan“^ 


pf^Q- 


)• 


14. If a mountain, in the form of an enveloping cone of semi vertical 
angle a, were added to a sphere of uniform density, then gravity at its 
summit would be 

1 -f sin^a-cos^o 
^ ^sina * 

where g is the value of gravity at all points of the surface of the sphere 
and the mountain is supposed to be of the same density as the sphere. 


15. Find if ih^re ii any law of attraction, in addition to tha$ of the 
inveree eguare of the dUtance, by which the attraction of a thin uniform 
^hericed ehell would he zero at an internal point. 

Let the law of attraction he , so that, by Art. 286, we have given 

Ja^e f{li)dR^O (1), 

for all values of c less than a. 



AU/raeUom. EwompU» 

Difforetitiatizig this dquation with rsspect to 0 , wo obtslo 

Agoin^ difierentmtmg (1) with respeot to a» we have 

Elimina ting the integral from these two equations, we obtain 
/*(a-f0)-*/(o-0). 

This lotion is true for all values of a and for all valvies of 0 less than n. 
It follows that /(r) is the same for all values of r, U4U that / (r) is constant 
-A (say). 

Hence the only law of force admissible 

16. I^nd if thsre ti other law of attraction^ in addition to that of 
the inverse sg%uzre of the distance^ hy which the attraction of a thin uniform 
shell of radius a woiUd be the same at all external points as if its mass were 
collected at its centre. 




Let the law of attraction be so that, by Art. 286, we have given 


nh ^ J ga /W dn^Afrykpa*/-^, 


and henoe 


1 




f{R)dR^Af{p) 




( 1 ). 


This is to be true for all values of a and all values of 0 greater than a. 
Difilerentiate with respect to a, and we have 


1 




f{R)dR 

••• 

Difierentiate this with respect to e and a respectively ; thus we obtain 

L c+a 0— a J L 0—0 J } «-a 

and 

L 0+a 0 — a J L c—a J J ^ 

Hence, on elimination of the integral, ” ^0 

values of a and for all values of 0 greater than 0 s. 


ai-2 
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Hence must be oonetaat. /(r)«»j4r>+lf, irhere A and B aie 

JB 

arbitrary coDatanta; hence the law of force required •■ilr-f 

Thus the only possible laws are those of the direct distance, and inverse 
square, or a combination of them. 


THE POTENTIAL. 

291. The potential at a point P of an attracting mass M is 
the work done on a unit 
mass aa it moves from an 
infinite distance, by any 
path, curved or straight, 
to the point P, 

Consider any elemen* 
tary portion, m, of the 
attracting mass at 0 
and let P^P* be any ^ r p 

elementaiy arc of the path of the particle, where 

OPi^R and OP, = JS + SP. 

Draw P^N perpendicular to OPj. Then, in the limit, 

ON^OP^^R-^Sli. 

P|iV'*OP,-OiV^=P-(P + SP)«-8P. 

Hence the work done by the attraction of m as the unit 
mass moves from P| to Pi 

Henoe the whole work done by this attraction as the unit 
mass moves from infinity to P, where OP is r. 





The Potential 


m 

A similar result is true for elements »»,, mi, ... <rf the 
attmcting mass at 0„ 0„ .... 

Hence the total work done by the 
whole attracting maim 

TOT TOTi 7m, 



■/? 


dnk 


Thus the potential of a mass M at any point P is obtained 
as follows ; Let Am be any element of M whose distomoe from P 

/ Afit 

~ , where the integral is iaJem 

throughout the attracting mass. 

This quantity is usually denoted by V. 

292* If F be the potential of an attracting mass at any 
point P, whose coordinates 
are w, y, z, we can shew that 
dV , , 

^ IS the component attrac- 
tion at P parallel to the axis 
of X in the direction of x 
increasing, and similarly for 
dV , dV 
dy dz 

For let dm be an element 
of the attracting mass at the 
point Q, whose coordinates are x\ y\ z\ Then, by the definition 
of the preceding article, 

f - 

^ J FQ — a?')® + (y — y')* + (z — zy 

I ^ .(.-.0 

J {((v^xJ + iy-y'y + ie-e'W 


o 


fdm m — (^ [dm 

where 6 is the iuoliustion of QP to the axis of sx 
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Now the attraction of the elenuoit dm on P is 7 . 


dm 


along PQ, and hence the resolved part of this attraction along 

dtn 

the negative direction of the axis of « «« 7 . cos 0. 

Henoe the attraction of the whole mass resolved parallel to 

/ dm 

Thenefore, from (1), it follows that 
dV 

^ as the resultant attraction of the whole mass parallel to 
the axis of a? in the direction of x increasmg. 
dV dV 

Similarly and ^ arc the resultant attractions in the 
directions of the axes of y and s. 


293. From the preceding articles we thus see that we may 
obtain the potential at any point by finding the value of the 
t dffi 

integral */ / “ taken throughout the mass of the body, or, if it 

be more convenient, we can find it from the property that its 
differential coefficients with respect to w, y, a are equal to the 
resultant forces in the directions of these coordinates. 

Also if V be first found we can easily obtain the component 
forces by differentiation. 


294. If Ss be an element of a line drawn firom P in any 
direction, whose projections on the axis of », y, a are Sw, Sy, and 
Ss, and whose direction cosines are therefore 





St 

5' 


then the resultant force along the element Ss 
^dV 

dy da ^ dt da da' 

If this element Sa be PP', this expresses the foot that the 
fotoe in the direction PP' 

* Potential at P' — Potential at P 

mm Jj bn '■ ' ' TV TV ' i 
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20S. From the preceding article it follows that if the 
position of P be given by the usual polar oooidinates r, 
the resultant attractions are 


^ in the direction of r, 

1 dV 

r W to r in the plane of 


and 


1 ^ 
rsin ff d<p 


perpendicular to the plane of A 


296. When the attracted point P is inside the attracted 
mass, in which case some of the values of r ore zero, it seems at 

r dtn 

first sight as if the value of the potential ly, — might be 
infinite. 

But it can easily be shewn that this is not so. For take P 
as the origin of polar coordinates (r, e, and <f>) in three dimen- 
sions, in which case Sm » Sr . rSff . r sin ffS<f> . p. 


Hence the jiotential F = 7 JJJ p.r sin ddrd0d<l>, and hence 
is finite even if r be zero for some of the elements. 


dV 


[dm 


Similarly, by (1) of Art. 292, « — 7 jpj^ • cos QP« 

*—7 J jj cos ^ sin g=g— 7 J IJpsin*^ <soB^drd9d^, 


and hence no element of it becomes infinite even if r be zero. 

The potential and components of attraction therefore are 
continuous functions, if eveiy element of the attracting mass is 
of finite volume density. 

But the same will not be true of the second differential 
coefficients of the potential. For differentiating the expression 
of Art. 292 with respect to x, we have 

r 1 

® PQ* J’ 

Taking the attracted point (®, y, e) as the origin aa above, 
and substituting in polar coordinates, this gives 

edrd0i<i.. 

Here the quantity under the integral sign is infinite, when 
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r yamahes, ie. for some values of r when the attracted point is 
iom^de the attracting mass. 

Hence the second differential coefficient is not continuous as 
we pass from outside to inside the attracting mass. 

The above results will not necessarily hold for other laws of 
attraction than that of Nature. For instance, if the law were 
that of the inverse cube of the distance, the above integral for 
dV 

-r would have an r in its denominator, and so some of its 

elements would become infinite if the attracted particle were 
within the attracting mass. 

297 . Potential for laws of attraction other than that of the 
inverse square. 

"if the law of attraction be 7 . potential of a 

mass mat a distance r, as in Art. 291, 

fv- 7 ^/i\ _ 7^ [JLSY - L 

j«V ii* y 

Hence the potential of the whole mass M «= j • 

This holds so long as n is positive and greater than unity. 

If the law be that of the inverse distance, t.e. if n » 1 , the 

potential « J ^ ■ j dP » — ym j^log li » £7 — ym log r, 

where (7 is an infinite constant. 

Also the potential of the whole attracting mass 

« (7i — 7 J log rc?m, 

where Oj is also an infinite constant. 

298 . Potential of a thin uniform rod at any eatemal poinL 
With the figure and notation of Art. 277, the potential of the 

rod AB at P 

.dx ^ sec” 6d6 

J a p sec d 


’ /. 


ykp log 


sec $d0 = ykp 
(; “ 


tan 


tan 


) 


tan 


u ^ 2 


(M) 


(M)]: 
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Now ^ PAB » g + at, so that tan 1 j « tajo 

Also ^ PBA = - /8, so that 


PBA 
2 ‘ 


Hence the potential at P 

- ykp log cot . cot . 

If AB^a, AP^Ti, and BP^r^, then, by the ordinary 
formulae in Trigonometry, 

PAB PBA / « (tf — ra) / 8(s — r,) 

^ 2 2 V (^ - n) {8-a)\/ r,) (a — a) 

«: ^ « n -f r, -i- fl 

« — a ri + r, — a * 

Hence the potential at P 


= yirp log 


n 4- ra -h g 
rx + r, - g ' 


Cor. 1. It follows that the potential is constant for ail 
points for which Vi + r, is constant, is. for all points which lie 
on an ellipse whose foci are A and B. 

Hence, in the case of a thin rod AB, the equi-potential 
curves are ellipses whose foci axe A and B. 

Cor. 2. If the rod be of infinite length in both directions, 
the potential V 

o f^yfcp.dx! o , /*• dx 

“^J« -pg- 

■» 2ykp l^log {a + Va? + p’j J 

«■ 0 — 2ykp logp, 

where C is an infinite constant. 

This resnlt may also be obtained fi?om the result of Art. 277, 

Cor.; for ^ «• — force of attraction a* — 

’ dp p 

,*« V»0— 2ykp logp. 
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Oor. 8. If the rod be of infinite length in the direction AS 
podaoed, hot ends at A, the potential at P 

W 

- (f + §)]] “ [o" - log tan j , 

where (7^ is an infinite constant, 

290. Potential of a uniform thin circular •plate at a point on 
its asm. 

With the figure and notation of Art. 281, the potential at P 

•e 27rykp ^ 

« 27 rykp [Vp* + a* — p\ 

Or the potential V may be obtained from the result of 
Art. 281, For 

dV 


dp 


attraction in the direction OP 

* V ~ 27r7A‘p [V^a*^ p* — |)] 4- (7. 

The constant G is zero; for when p is zero, 

V ~ the potential of the plate at its centre 


EXAMPLES 

1. If a uniform rod be of infinite length, shew that the work done 
in removing a unit particle against its attraction, from a perpendicular 
distance to a ^lerpendicular distanoe ys, is 

Syiplog^. 
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2. Two equal uniform bare, id maeaes mt wA mi and len^h ^ are 
aymxnatrioally placed eo as to be parallel and at a distance yi. I^w 
iJiat the work done against their mutual attractions in pulling one away 
symmetricallyi till it is at a distance from the other, is 

*y^[y-Vi?+P-nog 

[Use the result of Ei. 4, page 307.] 

3. The potential of a distribution of matter is given by 

F-«loe 

® «+*+Vy*+*^+(«+*)* * 

find the most compact distribution of matter that will produce 11 

4. A number n of equal, infinitely long, homogeneous straight filaments 
lie on a cylinder of radius a, and are at equal distances firom one another. 
Shew that the potential at any point P can be put in the form 

C-ym log (r — 2a*r** cos nd + a*"), 

where r and d are the polar coordinates of P referred to an origin which 
is the intersection of the axis of the cylinder with a plane through P 
peipendicular to it 

5. Shew that the potential of the surfaces of a cube at the centre ol 
the cube is 

2^[6Iog(2+V3)-*r]. 

€» 

where Sia is the length of a side and H is the mass of a face supposed 
indefinitely thin. 

Deduce that the potential of a cube at its centre is 

^[eiog(2+V3)-»l 

where M is its mass and 2a the length of one of the edges of the cube* 
Deduce also that the value of the potential of the cube at one of its 
comers is one^half the value at its centra 
[Start with the result of Art 260.] 

6. Shew that the potential of a thin homogeneous ring, of mass m 
and radius a, at a point in its plane distant c from its centre is C-ymlogc 
or (7-ymloga, according as c is 2 o, the law of force being inversely as 
the distance. 

7. Shew that the potential of an infinite uniform thin cylindrical shell 
at a point P is 

U-4»ryuifloga or U-4iryoiflogr, 

M p is insido or outside the cylinder, the mass per unit area 
being if, the ladius of the shell ct, and r being the distance of P fitom 
its axis. 



suaie» 


8L III the plane of a thin imiform emmlar ring, of radius o oms, and 
mass if grammes, a point Ois talmn at a distance o£mm the centre (c>a); 
shew that the potential at 0 due to the gravitation of the ring is 


where 


^o+a 






%s/ao 

a+c 


9. Shew that the potential of a uniform circular disc, of mass M 
and radius a, at a point in its plane distant 0 from its centre, is 

^ Vos' -c* sin* or ^ * */«* - e* sin* 

according as 0 is less or greater than a. 


10. Find the potential of a uniform lamina, bounded by two con* 
centrio circles whose radii are a and 6, at a point in its plane distant r 

£rom the common centre, the law of attraction being • 


11« The density of an elliptic lamina varies as the distance from the 
major axis, the mass of a unit element of area at unit distance being 
Shew that the potential due to the lamina at a focus is %yiib\ 


12. 0 is the centre of a homogeneous hemisphere and A is the other 
end of the radius perpendicular to its base. If the radius be a cms., the 
density p grammes per cub. cm., and y be the constant of gravitation, 
shew that the work done against the attraction of the hemisphere in 
canying one gramme from 0 to .d is 

8irypa»ri— |^/8Jergs. 


13. Shew that the quantity of work necessary to move one con- 
densed unit of mass along any path from the middle point of the base of 
a homogeneous solid cone to the vertex is 


wy ph? sin^ a cos a 



cosa(l+oosa) 
sin 0(1 -sin a) 


+ 


OOS^aH-sin*a-l "j 

sin’ocoB^a J’ 


where h is the height and 2a the vertical angle of the cone, and ^ is its 
density. 


800. Potential of a thin vniform spherioal shell at an 
external or internal point. 

With the figure and notation of Art 286 the potential at 
an external point P 

ad0.2*fra^6 


-J yip. 
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Also A. SB woo Bind. 8 ^, as in that aitio!& 
Hence the potential 

-27rTr*p2£^[^=2,r-yi/.5 

_ Mass of the shell 
-7* OP . 


47r«yApa* 

c 


so that, for an external point, the potential of the shell is the 
same as it would be if the whole mass of the shell were collected 
at its centre. 

For an internal point Pj the limits for the integration 
are from R == PiA to i.e. from a — o to a + a Hence the 
potential at Pj 


: 2it^kp - P s= 4m*i1cpa « 7 . 

<5 L Aa-0 


Mass of the shell 
Its radius 


Hence, for an intenial point Pj, the potential is constant and 
equal therefore to its value for a point at the centre. 


301. Potential of a uniform solid sphere at am external or 
internal point. 

Take the figure and notation of Art. 287, and conceive the 
sphere as made up of an infinite number of thm concentric 
spherical shells as in that article. 

If P be outside the sphere, it is outside each of these shells, 

for any one of which the potential at P » 7 . ^ 

by the last article. 

Hence the total potential at an external point P 
Sum of the masses of the shells 
OP 

Mass of the sphere 
- 7 - op^ > 

and is therefore the same as it would be if the whole mass of 
the sphere were concentrated at its centre. 

If the point be inside the sphere, then for all the shells of 
radius y leas than OPx, Pi is an external point, and hence, by 

Art. 800, the potential for such a shell = 7 . and this 

must be integrated between limits 0 and 0. 
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For all the sheila of radius y greater than OPu Pi is an 
internal point, and hence, by Art 300, the potential for such a 

shell as , and this must be integrated between limits 

0 and a. 

Hence, finally, the potential at an internal point Pi 

0 y 

* ^ **" 27rp7(a* - <P) 

^27ryp (a’-f)* 


802. Potential and attraction of a sphericaft shell, of finite 
thickness, bounded by spheres of radii a and 6. 



Let 0 be the centre and p the density of the shell. 
Conceive this shell of finite thickness to be composed of an 
infinite number of thin shells, and apply the results of Art. 300. 

First ; for a point Pj (OPi = act) within the inner surfece of 
the shell, the second case applies, and the potential at it 

“ /,'y* “ iiryp (a> - 6*> 

Seeondiy ; for a point P, (0P% * x) between the two bounding 
surfaces ; for the shells of a less radius than s;, P, is an external 
point and the first case of Art. SOO holds ; whilst, for shells of a 
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greater radios, P, Is an intemal point and the case 

applies. Hence the potential at P, 

J i « Jm y 

“ 1 ’^^ 27r/>7(a*-«^ 

Thirdly', for a point (OPu = x\ external to the whole given 
shell and therefore to all the thin shells, the potential V 

47rp7 a* — 6* 

** } a? * 3 a? * 

Wo thus have the following results for V and its differential 
coefficients : 



[ ' 1 

T<h 

h-^x<a 

x>a 

r 

2iryp(o*-6“) 


^ttrpy 

3 X 

dV 

IF 

0 

-YhS] 

^npy a® — 6* 

<PV 

dxP 

0 

1 


Sjrpy a* — &* 

3 4^ 


It will be noted that, if we conceive the point P as travelling 
from the centre 0 outwards through the positions Pj, Pj, P|, 
dV 

the values of V and ^ are always continuous, and in particular 


are continuous at the values a; = 6 and a =* a, t.e. when the point 
P passes into, and out of, the attracting matter. 
d^V 

But the value of is discontinuous at these valuea 
d^V 

At the value a; « 6, suddenly changes from 0 to - 47r7p, 
and at the value irs:a, it suddenly changes from 


47r7p 




8irpy a* — IP 

~T~ o* ' 
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The accompanying figure, taken from Thomson and Tait’s 

dV 

Natwrad PhUoaophy, illustrates the variations . 

OE, ON are the radii b and a of the bounding sur&ces of the 
shell 



V is represented by the continuous curve A BQO, which has 

dV 

no abrupt change of direction; by the continuous curve 

d^V 

OEFD which changes its direction abruptly at E and F\ 

by the discontinuous curve consisting of the three portions OE, 
OH and KL* 


EXAMPLES 

!• Shew that the potential of a zone of a thin hoinogonGons spherical 

shell at any point P on the axis of the zone is , where M is the mass 

of the zone and fi, are the distances of the point P from the bounding 
edges of the zona 



Th^ Potential. Bamn^lei 8S7 

2. Shew that half of the potential of a uniform spherical sh^l at ah 
external point 0 is due to that portion of the sphere which is neaier to 0 
than the centre is. 

3. If the radius of a sphere be a, its densitj p, and the distance of 
an internal point from the centre O be 5, show that the difference of the 
potentials at P due to the two portions into which the sphere is divided 
by a plane through P perpendicular to OP is 

[«»-(««- 6 *)*]. 


4> Find the potential of a solid homogeneous attracting sphere, of 
radius a and density together with a uniform distribution on the 

surface of the sphere of repelling matter of surface density ^ , at any point 

inside the sphere, and also at any point outside the sphere. 

[py («•— X®) inside ; zero outside.] 

5. Shew that the potential of a solid hemisphere, of radius a and 
density p, at an external point P situated on the axis at a distance ^ £ix>m 
the centre is 

the upper or lower sign being taken according as P is on the convex or 
plane side of the body. 


6. If the density of a sphere at a point distant x from its centre is 
^ sin where k and c are given constants, prove that the attraction at an 
internal point distant x from the centre is 


. j /e . X 1 x\ 
~ -cca-). 


and find the potential 

7. Shew that the potential of a uniform spherical shell, of small 
thickness k^ and of density p and radius a, at an external point, distant e 
iroia its centre, is 

if the law of force be that of the nth power of the distance. 


8, Shew that tbe mean value, taken for all points on a spherical sur- 
face, of the potential of attracting matter outside the surfEbce is equal to the 
potential of the attracting matter at the centre of the spherical surface. 

If the attracting matter lie within the spherical surface, shew that the 
corresponding mean value of the potential is equal to y multiplied by the 
quotient of ti^ mass by the radius of the sphere. 

as 


82 
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9* Shew that the mean value, taken for all points on the surface of a 
circular c^^linder of infinite length, of the potential of an attracting mass 
external to the cylinder is equal to the mean value of the potential of the 
same mass for points taken on the axis of the cylinder* 


MISCELLANEOUS EXAMPLES ON ATTRACTIONS 
AND POTENTIAL 


1. NS is a magnet and P a magnetic particle^ $o that P is acted on hy 
forces, towards N and from S, varying inversely as the square of the distance. 
If 0 he the middle point of NS, if NOP^ B, amd if OP he great compared 
with the dimensions of the magnet, prove that the resultant attraction at P 
makes an angle tan"^ (J tan B) with PO. 

Let OP^r, ON^OS^a, and uNOP«^B, The attraction of the magnet 
is equivalent to that of equal quantities of positive and negative magnetism 
at its poles N and S, 

ri 


Hence the potential F at P 
Now 2ar cos B, 

Henco, neglecting the square of a, 

ri 

_ _ ^ _ I 1 — t^rxtx a 

NJ 


So 






2/za 


cos^. 


Hence, if X and T are the forces along PO and perpendicular to PO in 
the dii^ction of B decreasing, 

dV 4fia 


- -r 

dr 


' COB B^ 


and 


« I dV 2ua » ^ 
-= sm B. 
r dB r® 


Hence the required angle « tan « tan j^~ tan . 


2* Iron filings are spread on a piece of paper on which is placed a 
magnet whose poles are S and N\ shew that the curves in which the 
filings arrange themselves are given by the equations cos cos const., 
where B and ff are the angles PSX and PNX and JT is A point in 8N 
produced. 

Shew also that all the filings which point towards a given point 0 on 
SN lie on a circle. 

[Each filing is a little magnet, and thus must set itself in the direction 
of the resultant force on either pole ; otherwise it would be acted upon by 
a couple.] 



Attractions and Potential. Examples 839 

3. A very thin uniform circular ring u composed of attracting matter; 
shev? that a pariide constrained to remain in its plane mil be in unstable 
equilibrium at its centre. 

Let 0 be the centre of the ring, P the attracted particle at a small 
distance e from 0. Then, OP being the initial line, the attraction of the 
ring in the direction OP 

icrQ f" yhp adB ^ acosd-c^ 

j oa2 + c2-2accoa d - 2ac cos d 

Jo + 

= -^'’ f^{acoaS-o+ZecM*e)de, 
squares of e being neglected, 

2dl* ,0. 

L 2 4 Jo a* 

The attraction therefore tends to increase c, ie to increase the distance 
of the attracted particle from the centre. The equilibrium is thus un- 
stable. 

4. n equal centres of forces are ranged symmetrically round the 
circumference of a circle ; each force is repulsive and varies inversely as 
the mth power of the distance. Shew that a particle placed at the 
centre of the circle is in stable equilibrium, except when m is unity. 


5. Eight central forces, the centres of which are at the corners of a 
cube, attract, according to the same law and with the same absolute 
intensity, a particle placed very near the centre of the cube ; shew that 
their resultant action passes through the centre of the cube, unless the 
law of force be that of the inverse square. 


6, A particle is attracted according to the inverse cube of the distance 

Stt 

by an infinite number of equal masses arranged at distances ~ along a 

straight line distant y from the particle. Show that the smallest angle 
which the direction of the resultant action can make with the line is 

Lsiuh my 

[If V be the potential at any point (jr, y), the origin being at any one 

, ^ ^ w sinh my - 

of the attracting masses, we obtam F- 


7. If every particle of matter attracted every other particle with a 
force proportional to the nth power of the distance, shew that, at any point 
within the matter, the attraction would be infinite if n< — 2. 


Z%‘Z 
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8, An infioitie series of parallel mfixiite long rode^ of iinifbrm line* 
density fi, are placed at equal intervals e in a plane. Shew that the 
resultant attraction at a point in the plane^ whose distance from the 

nearest rod is a, is cot — . 

c c 

[Use the expression for sin din factors, and, by logarithmic differentia- 
tion, obtain a series for cot d,] 

9. A uniform wire of infinite length attracts according to the inverse 
nth power of the distance ; shew that the resulting attraction is 



where m Is the mass per unit length of the wire and c is its least distance 
from the attracted point. 


10. Shew that the attraction of a uniform cube, of density p, at a 

4 

point distant r from its centre is - ynpr towards the centre, if r be small. 


11. A uniform cube attracts according to the law of nature. Shew 
that the attraction at a point situated at a corner consists of three com- 
ponents along the edges equal to 

ypa|log,(8+2V2)(2- J3)+ 

where p is the density and a the length of an edge. 


12. An infinitely long homogeneous prism, of density p, has a rectangular 
cross section, of length a and breadth b. Shew that, at any point on one 
of the edges, the components of the attraction along the sides a and b of 
the cross section through the point are 

yp j^2atan*ig4-61og?^i^ and yp |^2fr tan " ^ ~ + a log ■ 


13. From the preceding, shew that the apparent latitude of a point 
on one edge of a long deep narrow crevasse of breadth a, running east and 

west, is altered by the angle nearly by the presence of the crevasse, 

where po and p are respectively the surface density and the mean density 
of the Earth and r is its radius. 

l*rove also that, if the depth A of the crevasse be small compared with 
its breadth a, then the alteration is | nearly. 



Att^dctions und Potef^Uidh JExci/nfiples 341 


14. Shew that gravity is diminished by | 

at the middle point of the surface of a canal of rectangular section whose 
length is great compainsd with its depth a; the breadth being 2a, r being 
the radius of the Earth, and n the ratio of the density of water to the 
mean density of the Earth, 

15. ^ A lamina bounded internally and OiXtemally by concentric circles, 
of radii b and a respectively, is formed of material attracting according 
to the law (distance) Shew that the resultant attraction vanishes at 
points distant 



from its centre. 


16. Shew that the attraction at any internal point of a homogeneous 
sphere of radius or, every element of which attracts with a force proportional 
to its mass and inversely proportional to the cube of the distance, is 


nfM 

X 


a^+A** 


log 




where x is the distance of the point from the centre of the sphere and is 
the attraction of unit mass at unit distance. 


17. The matter of a spherical shell attracts with a force varying as the 
inverse fifth power of the distance. Shew that the attraction on an external 
G JP 

point P is yif whore Jf is the mass of the shell, (7 its centre, and 

FT is the tangent from P. 

What does this become when P is inside the shell? 


18. If the law of force be the inverse fifth power of the distance, 
shew that the attraction of a uniform solid sphere, of density p and radius a, 
at an external point distant o from the centre is 

rrp r2ca(c*+a*) . , c-a\ 


19. Shew that the attraction of a solid oblate spheroid of small 

eccentricity and whose semi^axes are a, a, 6 is a on a unit 

4 / 4*\ 

particle at the end of the axis a, and ^ yirp f 1 + y j h at the end of the 
axis 6, where &»(1 - f) a. 

20. Shew that the attraction of a uniform hemispherical shell, of 
radius at a point in the plane of its rim distant r (> a) from the centre, 

is made up of a force ^ towards the centre, and a force 


2Ma f * 

iFf^ J 0 •h/r*^a* gin*A 

perpendicular to the plane. 

Hence fi.nd the attraction of a solid hemisphere at a point on its rim. 
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21. A solid, of density is formed by the revolution about the axis 

of s! of the part out off from the parabola by its evolute 

4 (j? — 2a)®, 

Shew that the attraction at the cusp of the evolute is 
nypa [4 sinh-* 4+5 VTT - 27]. 

22. Shew that the attraction at the focus /S' of a segment of a para- 
boloid of revolution, bounded by a plane perpendicular to the axis at a 
distance b from the vertex, is 

4irypalog,-^, 

where 4a is the latus rectum of the generating parabola. 

23. Shew that the resultant attraction of one-half of a solid homo- 
geneotis oblate spheroid cut off by an equatoreal plane, at a point on the 
rim of the base, is inclined to the plane of the base at an angle whose 
tangent is 

4n (tanh*^s— e) 

7r(a8m'’^6-ce) ' 

where a and c are the semi-axes and e is the eccentricity of the meridian 
section. 


24, If a lamina contains the origin and is bounded by the hyperbola 
= shew that the /e-component of its attraction at any point on 
the ellipse 

_ - . ^nymah 


where 4 is the r>coordinate of the point, and m is the mass of the.lamina 
per unit of area. 


25. Shew that the attraction at a pole of a solid prolate spheroid due 
to the matter on the far side of the equatoreal x>lane is 

where a is the semi-axis, e the eccentricity of the meridian, and p is the 
density. 


26. The arc of a curve attracts a particle placed at its pole with a 
law of attraction equal to (distance)’*; if the resultant attraction of 
the arc always bisects the angle between the radii veotores to its ends, 
shew that the equation to the curve is sin {(w- 1) 6} « const. 


27. If a homogeneous solid of revolution, whose mass if and density p 
are given, be such that its attraction at a point 0 on the axis of revolution 
is a maximum, shew that the solid is generated by the revolution of a 
curve whose equation is 

H-a^cosA 
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[Let Ox be the axis of revolution. It is dear that 0 must lie on the 
solid. The surface, which is such that the attraction resolved along Ox 
of a particle, placed anywhere on it, is always the same^ is dearly 

cos B 

const., f.6. r«««a*coBd (1). 

Choose a so that this surface just includes all the mass M of the given 
matter, ia so that Jf amass of the surface of revolution given by (1) 

^ ^ easily found by integration. The surface thus obtained 

is the required one. For suppose we remove an element mi of the mass 
from a point inside this surface to a point outside it, and let and 
OPg meet the surface in Qi and Then clearly attraction of «ii at Pj on a 
particle at 0>its attraction when at Qi, and its attraction when at 
P) < its attraction when at whilst >t8 attractions when at and 
resolved along Ox are the same. Hence, by removing the mass mi from 
any point inside the above surface to any point outside, we have lessened 
the attraction along Ox, Hence the proposition.] 


28. A umform solid sphere, of mass M, is mi in two hy a plane through 
its centre; sh^ that the reaction between the halves due to their mutual 
3 

attraction ^ 7 ^ » where a is the radius of the sphere. 


Clearly the attraction of one half on itself is zero ; for it is the re- 
sultant of pairs of equal and opposite forcoa Hence the attraction ^f 
one half on the other half is equal to the attraction of the whole sphere 
on that half. Let P be any point of this half, OP^r, uPOZ^B, where 0 
is the centre and OZ perpendicular to the cutting plane. 

4 

The attraction of the whole sphere at P ay , ^ ngr [Art. 287], and the 


element of volume having this attraction 


ardddr x2irrsin B, 


Henoe the attraction of the whole sphere on the hemisphere resolved 
perpendicular to the plane base 



p.rdBdr, 2irr sin B 



coaB 


a -y7r*p*a** 


3y ^ 
16' a^ * 


The resultant reaction between the two halves is clearly equal to the 
resultant attraction between them. 

Aliter. Consider a sphere of fluid at rest under its own attraction. 

4 

The attraction at a point distant r from the centre «y • | npr. 
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Hence ^e f^damental equation of Hydrostatic^) givee 

P 8 

2 2 

p*(?- 

since the pressure clearly vanishes at the surface of the sphere. 

The resultant pressure across a plane through the centre then 

y 2frrdr,p=s^ir*p^yj (a^r’-r^)dr . 

If one of the hemispheres be now made rigid, it will be in equilibrium 
under the same forces as before, and hence the required reaction 

3y 

29. If a self-attracting shell of mass if, bounded by concentric 
spheres of radii a and 5, be cut by a plane through the centre, prove that 
the pressure between the halves is 

3yifa aa^.2a6 + 36* 

16 (a* + 06+ 6*)*' 

30. Shew that the force required to separate the two parts of a solid 
uniform sphere, of radius o, divided in any manner is y — , - . PP\ where 
M, M* are the masses and P, F* the centres of gravity of the two parts. 

31. The mass of a unit length of an infinite homogeneous cylinder, of 
radius o, is if. It is divided into two parts by a plane through its axis. 
Shew that the pressure between the two parts due to thoir mutual 

, . 4vJf* 

attractions is — — per unit length of the cylinder. 

OTTO 

32. A lune is divided off from a thin spherical shell by two great 
circles whose planes cut at an angle 2a. Shew that the attraction of the 

j/a 

rest of the shell on the lune is y — « sin a, where M is the m«iss of the shell 

A a* 

and g is its radius. 

33. A solid homogeneous sphere is laid on a thin uniform circular 
plate so as to touch it at its centre, and the sphere and plate have their 
radii and masses equal. Show that the reaction between them due to 

their mutual gravitation is 4A/t sin*’ ~ of the weight of either, where X is 

o 

the ratio of the radius of either to the radius of the Earth, and p is the 
ratio of the density of the sphere to the mean density of the Earth. 

34. A homogeneous sphere, of radius a and mass Jfi , is in contact 
with the centre of the plane face of a homogeneous hemisphere, of radius a 
and mass Jf^, Shew that the pressure between them duo to their mutual 

attraction is - 1). 
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35. A unjform circular plate, of mass rests in contact with a iSxed 
rough gravitating sphere of the same radius. A small m is then 
fastened to the rim of the plate. Shew that the plate will turn through 

an angle whose circular measure is if the squares of this ratio be 
neglected. 


36* Shew that the potential of a uniform thin equilateral triangle ABG 
at a point P, situated on a perpendicular to its pl^e drawn through its 
centre 0, is 


^yMcotaT. I 
j tan a, log 


2 4-v^ 3 sin a 
2 - sin a 


4 ir 


+4 tan'*(<^/ 3 co 8 n)J, 


where if is the mass of the triangle, a is its side, and LOP A 

[Consider the triangle as made up of straight lines parallel to its base.] 


37. Shew that the potential of a uniform regular tetrahedron, formed 
of gravitational matter, at its centre is 

y J{61og(V3W2)-;J^}. 

where M is the mass of the tetrahedron and a the length of an edge. 

[Use the result of the previous question.] 


38. A particle is let fall from an angular point of a regular tetrahedron 
whose opposite face consists of matter of surface density cr attracting as 
the inverse square. Shew that, when it strikes this face, the square of 
its velocity is 

2 y(ra*^|^log^l+ ^^ + V2cot-iV8- 
where a is the length of a side and the remaining faces exert no attraction. 


39. If M and M‘ be any two masses, and if F be the potential of M* 
at any element dM of Jf, and V be the iH>teiitial of M at any element dM* 
of M\ shew that 

\VdiP^\rdM, 


40. If be the potential of any point due to a distribution of matter 
attracting acxording to the tith power of the distance, and r,|,j the 
potential due to the same distribution attracting as the (n - 2)th power of 
the distance, shew that 

vaF„=.(n-l)(n + 2)r„.,, 


41, If y, f) be the potential at an internal point P ( 4 ?, y, m) of a 
thin heterogeneous spherical shell, then the potential at an external 
point P* ( 4 /, y', d) is 

r'i • 7 ^;- 

where a is the radius of the shell and r' the distance of P* from its 
centre, 
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ATTRACTIONS AND POTENTIAL {vmtimed), 
GENERAL THEOREMS 


303. Surface Integral of Normal Attraction over 
ANY CLOSED SURFACE (GauSs’ Theorem). 

If N he ike normal attraction at any point of the element B8 
of any dosed eurfcuse, measured positively along the normal out- 
wards, due to any attracting mass, then JN.dS = — ^r/irM, 
where M is the amount of the attracting mass within ths surface, 
the integral being taken over the whole surface. 

Let 0 be the position of any element m of the attracting 
mass within the closed 
surface. 

Through 0 draw a 
cone of very small ver- 
tical angle and let it 
cat the surface in the 
elements PQ and P'Q', 
whose areas are hS and 
hS'. 

The attractions of 
the mass m at these 
elements are 

rpn.^cosOPN along PN, 



and ym . cos OFF along FF, 

where PF and FN' are the outward drawn normals at P 
and F. 
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Through Q an<l Q' draw normal sections QM and Q'M of 
this slender cone, let Sw be the solid angle of the cone, and 
let 6 be the angle between the elements QM and QP, so that 
6 « the supplement of the angle between the normals OM and 


OPN. 


area QM 


&/g.C 08 ^ 


^dS. cos OPN 
0P“ 


in the limit when PQ is very small, and similarly 

. Sfif'.cosOFJr 

as 


Hence the normal attractions for the elements S8 and S8* 
at P and P' are each — ym . Bg). 

Hence the total normal attraction for the whole surface 

3= — ym • SSft) = — . 4ir, 

t.s. for the single particle rn at 0 

Similarly for all other particles of the attracting mass inside 
the surface. Hence finally, for the whole mass, 

Next, let 0i be the position of a particle of the attracting 
mass outside the closed surface, and draw similarly a slender 
cone cutting the surface in BS and B'S\ Then, just as before, 
the normal attractions at R8 and R' S' are yirii . Sq)i in magnitude. 
But their sign is opposite. For at P the attraction is positive 
measured along the outward drawn normal RL, and at R' it is 
negative. Hence the elements of the normal attraction for the 
surfaces RS and BfS' are yvh . Bcoi and — ynit . so that their 
sum is zero. 

The same result is true for all such slender cones draTO 
through Ov Hence the surface integral of normal attraction 
is zero for any such elementary mass as outside the closed 
surface, and so it is zero for the total mass Mi which lies out- 
side the closed surface. 

[In the above figure it will be noted that, when the attracting 
mass is inside the surfiice as at 0, both the angles OPN and 
OP*N' are obtuse i when it is outside, as at Oi, one of the angles 
OiR'Lt is obtuse and the other OiRL is acute.] 
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904 . When the closed curve is out by the slender cone in more than 
two sections as in the following hgure^ the same result is easily seen to be 
true. 



For the angles OP^JV^, OP^N^, OP*N' and are aU 

obtuse, and hence the element of the integral for each is — ymbtn ; also the 
angles OPiN^ OP^N^^ and OPiNi are all acute, and hence the corre- 
sponding elements are +7971^0) ; so that for all these points the sum of the 
elements 

mt — bym . dof) 4*37171 . 3 a) ss — 27m . 3 o», 
as in the first figure. Hence, as before, for the whole surface 
JiV’. dS^ — 7Jf . 47 rt 

Similarly, starting with the point Ou the angles OiRiLxy OiR^L^^ and 
OiR^L^ are obtuse and the corresponding elements of the integral each 
- ymi . dfloi ; also the three angles Oi RL, OxR^L^^ 0 \ R\L^ are acute and the 
corresponding elements 4- 7m] , 3 «>i ; so that for this slender cone the total 
surface integral of normal attraction is zero. 

Hence, as in the case of the first figure, \N , 

805 . When the point 0 is on the surface, f.e. wlien the element m is 
on the surface, the slender cone through 0 either meets the surface in one 
point, or in an odd number of points. In either case, the element of the 
surface integral due to it is — ym . cfa>. Hence the whole surface integral 
due to 4n is — jTmdW, where <fa> refers to the solid angle on one side only 
of the tangent plane at 0, so that lymdoi^ - 7m . 27 r. 
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Similarly for any other element of mass on the surface. 

Hence, if J/i be the attracting mass on the closed surface, the surface 
integral due to it is — Sir yMi. 

306. Laplace’s and Poisson’s Equations. 

If N be the normal attraction at any point of a closed 
surface measured outwards, then, by Art. 303, we have 

JN.dS^-^^iryM ( 1 ), 

where M is the amount of attracting matter contained by the 
closed surface. 

Take as the closed surface the small rectangular parallelo* 
piped one of whose angular points P is the point (ob, y, g), and 
whose edges PQ, PR, PS are pazullcl to the axes and of lengths 
Sx, Sy, Bs respectively. 



The face PRTS being very small, the force at each point 

dV 

of it is ultimately the same and equal to — towards the 
negative direction of Ox, 

Hence the component of J AT . dS due to this face is 

-di 

dV 

Also, ^ “ /(^)» component force parallel to the positive 

direction of Ox at each point of QUVW 
+ Sir) a * f (x) -f Sx ,f* (a?) + ... 
dV 

« ^ -b &B -f terms containing higher powers of 
Hence the component of J N, dS due to this &oe 


\d(g da^ 


Sa?-f • * • 
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Hence the component of fN.dS due to these two faces 

So the compooonts for the faces perpendicular to y and z are 

Sa.Sy^Sz Soc.Sy.Sz •••J 

Also, if the small parallelopiped be inside the attracting 
mass, then M » mass of the parallelopiped = Ba,Sy,Sz.p, 

Hence equation (1) gives 


. oy . c£ 1 ^ -h ^ 4- ^ 2 4* small quantities J 

as — 4i'rry X Sai,Sy*8z.p^ 


is, on dividing by Sx ,Sy , Sz and proceeding to the limit, 


V»F = 


d^V d^V d^V 


This is Poisson's Equation. 

If P and the small parallelepiped be outside the attracting 
mass, then the mass inside the parallelopiped is zero, and the 
equation (1) becomes 


V^F=. 


da^ dy* ^ dz^ 


This is Laplace’s Equation. 

This ma}^ also be proved by simple differentiation. For as 
in Art. 296, differentiating the expressions of Art. 292, we have 


^ ^ 

dj?* ^ dy*” ^ dz^ 


«-ry 



(x - xy + (y - yy + (z - z')» 

P(? 


]• 


If P be outside the attracting mass, so that PQ never 
vanishes, this gives 

d^F d^F d»F 
daf^ ^ dy^ dz^ 


807. By the ordinary methods of the Differential Calculus 
for changing the coordinates x, y, z into polar coordinates r, d, ^ 
(i.c. where a;»roos^sind, y^rsin^sin^, ««'i‘cus^), or, 
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by a method similar to the previous article, Poisson's equation 
may be put into the form 


[rM . r ™ es* . ^ Jr + [r ra os*. Sr . 

» — 4777/0. Sr.rS^.rsin 


t.e. 


r* [ dr \ 




^ - - , . . dF\ 

dr sin 6 dd dO ) 


1 ^ 

8 in*d d<^ \d^ 

s — 47r7p . 


)] 


•(1). 


• d^V 2 dV ld^V cnteaV l d>F 
dr* r dr r* dd* r* dd r* sin* d d(j!>* 

« — 47r7p (2). 

Again, if we use cylindrical coordinates tsr, d, and z (so that 
a; = Tsr cos d and y = tar n’n d), the equation becomes 


d«r \ d«r/ dd Vcr dd/ dz \ dz ) 


— irryptsF^ 


is. 


disr* «r d-cr tsr* dd* d<i?* 


— 47r7p (3). 


If the point considered be not within the attracting mass, 
the right-hand members of (1), (2), and (3) are zero, and we 
have the corresponding forms of Laplace's equation. 


308. By the use of the equations of the previous article we 
may at once obtain the values of V in some simple casea 

Spherical Shell. Clearly V depends only on the distance r 
of the point P considered from the centre of the shell, and is 
independent of d and 0. 

Hence equation (1 ) of Art, 307 gives 

»•* AA — const., i.e. K= — + P. 
dr r 

(i) If P bo inside the shell, then clearly the resultant 
dV 

attraction -v— vanishes at the centre, so that A == 0. 
dr 

Hence V is constant all through the inside of the shell and 

Mass 

5* its value at the centre = 7 . - 




852 Statics 

(ii) If P be outside the shell, then, since V must Visnish at 
infinity, J9 « 0 . 

Also, V being continuous, its value must at the surface of 
the shell agree with that of the internal potential, so that 

A Mass . . 

“ “ 7 * A = 7 . AT . 

a ^ Radius ’ 

M 

Hence outside the shell the potential « 7 , . 

Solid Sphere. Internal point Here, since V is independent 
of 6 and Poisson’s equation gives 

1 d \ ,dV-]_ . 

r® dr dr J 

^dV 4f7r 

Now resultant attraction at the centre * 0 , so 

that C » 0 . 


7 pr, i.e. K | Trypr* -f P, 


But clearly V at the centre = J — 2‘7rypo* = B. 

. \ « 2'Trypa* — I TrypT^, 

309. Ex. 1. Matter U distr^uted between the infinite cylindere r»« Ja 
and r^a in wuch a way that the demity is proportio 7 val ~ 

mass per unit length paraUel to the axis ts M. Find the law of potential 
within the matter^ and prove that the difference between the potetuials of 
the distribution at the outer and inner surfaces is 
*y^(29-3;Uog.2). 


if the density be X , then 


The potential V is clearly a function of r only, so that Poisson’s 
equation [(3) of Art. 307] becomes 

IrfF . 

^+7^ + 4»ryV — =0. 
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fiiV 

taken ow tbe inner surface is aero, by Gauss* Themm^ 
wid is by symmetry constant over this inner sur£ieM)Sk 

**• **’*§• 

Hence ^ ^ iryXo* ( 3 ), 


. *. (2) gives VbsA log r — ^a*r — + B. 

[Also Laplace’s equation gives, for a point outside the larger cylinder, 
V^m^C log r+D, where D is an infinite constant, since V must clearly be 
aero at infinity. Since the potentials within and without the mass have 
the same value at the outer surface of the cylinder, it follows that B is 
also an infinite constant.] 


Fa-r.. 

I 





- - yt log,2+ j| n-yXa* - (29 - 33 log,2)L 


Ex. 2. If one value ofF satisfying the equation 
d^V ^ cP^V d^V ^ 

expressed in polar coordinates, then r-l’H'fiyrd, </>) is another value of F 
satisfying the equation. 


310. Equipotential Surfaces. For any attracting raass if 
the potential V at any point P, (a?, y, z), will be some function 
(f> (a?, y, z) of the coordinates of the point, so that V^(f>(a:, y, x). 

V will have a constant value C for all points P whose 
coordinates satisfy the equation 

y, - O)- 

The surface given by (1) will be such that the jx)tential at 
any point of it for the given attracting mass is constant. It is 
hence called an Equipotential Surface. By giving a series of 
diflferent values to C, we get a series of equipotential surfaces. 

The same result will clearly be true whatever be the coor- 
dinates in terms of which V is expressed. 

Thus in the case of the rod AB, (Art, 298), the potential at 
P IS 


ykp log 


^i±JV± « 
n + r, - a 




and is therefore constant wherever ri 4- r* is constant. 
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But if n + ra, i,e* AP + BP, is constant, tlie locus of P in 
the plane of the paper 
is an ellipse whose fod 
are A and B, Hence 
its locus in space is the 
sur&ce obtained by ro- 
tating this ellipse about 
AB as axis. The equi- 
potential surfaces are 
therefore ellipsoids of 
revolution obtained by 
rotating confocal el- 
lipses, whose foci are 
A and B, about AB as 
axis. Some of these 
ellipses are shown in the figure. 

Again, in the case of the spherical shells and sphere of 
Arta 300 and 301, the potential must clearly depend only on the 
distance of the point from the centre, and is thus constant for 
all points which lie on the surface of a concentric sphere. Thus 
the equipotential surfaces in these cases are a series of concentric 
spheres. 

311 . The attracting force at any point P is normal to the 
equipotential surface which passes through P. 

For if P' be any point close to P on the equipotential surface 
passing through P, then, by Art. 294, the attracting force in the 
direction PP' 

T- ^ Potential at P' — Potential at P 
l^t. ~ 

0, since P and P' are on the same equipotential surface. 

Hence for every direction PP', which lies in the tangent 
plane at P, the attracting force is zero. 

The resultant attraction at P must therefore be in the 
direction of the normal to the equipotential surface through P. 

Analytically, any line lying in the tangent plane at P, whose 
direction cosines are (i, m, n), is perpendicular to the normal to 
the equipotential surface ^ {oo, y, z) = (7, whose direction cosines 
are proportional to 

dx* 


dS , dd> 

4 - s- 
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But since ^ , ~ , and ~ are the components of the ath 

tractive force along the axes, this equation expresses the fact 
that the component of the attractive force resolved along the 
line (i, m, n) is zero. 

This being true for all lines lying in the tangent plane, it 
follows that the resultant attractive force must be normal to the 
equipotential surface, and so no work is done by the attracting 
mass as the particle is moved firom one point of an equipotential 
surface to any other point of the same equipotential surface. 

312. If Sn he the length of the element of the normal drawn 
from any point P to meet the neat consecutive equipotential surfaoBf 
the resultant attracting force at P varies inversely as Sn, 

For if V be the potential at P, and F + SF the potential at 
the point P^ where the normal PP' meets the next equipotential 
surface, the attractive force at P, by Art. 294, 

_ Potential at' P' - Potential atP (F+SF)-F SF 
PP' In 

Hence for points P on the same equipotential surface F the 
resultant attraction varies inversely as 8n» 

313. The Equipotential Surfaces are often called Level 
Surfaces, or Surfaces de niveau^ from an analogy with the Earth. 
If we consider gravity constant, the equipotential surface at any 
point of the Earth’s surface is a horizontal plane, or rather a 
portion of a very large sphere concentric with the Earth. Just 
as no work is done against gravity in moving a particle along a 
smooth horizontal plane, so no work is done against the attraction 
of a mass if we move a particle along one of its equipotential 
surfaces. 

814. Lines of Force. If from a point P there be drawn an 
element PP' in the direction of the resulting attraction at P, 
then an element P'P" in the direction of the resulting attraction 
at P', and so on, then, in the limit when these elements are taken 
indefinitely small, they lie on a curve which is called a Line 
of Force. 
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In other words, a Line of Force is a curves such that the 
togent at any point of it is in the direction of the resultant 
attractive force at that point. 

Since the elements PP\ ..,are normal to the equi** 
potential surfaces through P, P', ...,it follows that the line of 
Force is at each point of its length perpendicular to the 
corresponding equipotontial surface. 

Hence the Lines of * Force are lines which cut orthogonally 
the system of Equipotential Surfaces. 

In the case of the spherical shells and sphere of Arta 800 
and 301, the lines of force are any straight lines drawn 
from the centre 0, They cut orthogonally all the Equipotential 
Surfaces, the spheres whose centres are 0. 

In the case of a thin rod AB the equipotential curves 
are ellipses whose foci are A and B (Fig. Art. 310). Now 
a series of confocal ellipses are cut orthogonally by a series of 
hyperbolas with the same foci. Hence the lines of forces for 
a thin rod consist of the h}^erbolas whose foci are the ends of 
the rod. Some of these hyperbolas are shewn in the figure of 
Art. 310. 

316* Tube of Force* If through eveiy point of a small 
closed curve we draw the corresponding line 
of force, we obtain a Tube of Forca 

By the definition of a line of force, it is 
clear that at any point P on the curved part 
of a tube of force there is no resultant attrac- 
tion in a direction normal to the curve. 

Consider the portion of a Tube of Force 
bounded by two small normal sections S^andS,, 
let Pi and Pa be the attractive forces normal 
to the ends and 8%, and let this portion 
of the tube contain none of the attracting matter. 

Apply the theorem of Art. 303 to the tube. At all points 
such as P on the curved portion the element of the integral is 
sero, since there is no normal force there. The only elements 
of this integral therefore come from the ends, and the theorem 
therefore gives 

Pi.Si + (^P,)^a«a 

Hence Pi . » Pi . 8^ 
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The same theorem holds whatever be the lei^gth of the tube 
ocmsidered. He&ce Fi . Si must be the same so long as we beep 
to the same tube, the attractive force at any point of the 
same tube of force is inversely proportional to the normal 
section of the tube. 

816. As a particular case consider the attraction of a solid 
sphere at an external point. The tubes of force are thin cones 
whose vertices are at the centre 0 of the sphere. Si is then a 
section of such a small cone^ and hence its area varies as the 
square of the distance &om the centre. It follows, as was 
proved in Art. 287, that the resultant attraction at an external 
point varies inversely as the square of the distance from the 
centre. 

Again take an infinite solid circular cylinder. By symmetry, 
the lines of force starting from any point 0 of its axis are 
straight lines perpendicular to the axis OA of the cylinder* The 
tubes of force in this case are wedges and the area of the 
section 8i varies as the distance from the axis OA. Hence the 
resultant attraction of the infinite cylinder, at any point external 
to itself, varies inversely as the distance of the point from the 
axis. [C£ Art. 285, £x. 2.] 

EXAMPLES 

1. N and S are the poles of a magnet* If 0 and <l> are the an^es 

that AP and SP make with NS produced, and SP^r^^ the lines 

of force due to the magnet are given by 

cos $ ~ cos 0 a= const., 

and the equipoteutial surfaces by the revolution about NS of the curves 

1 - — arconst. 

r r' 

2. Two infinite straight rods, alike in every respect, intersect one 
another at right angles. Shew that the equipotential curves in their plane 
are rectangular hyperbolas. 

3. If the law of attraction of a thin uniform straight rod is that of 
the inverse cube, shew that the equipotential surfaoes are generated by 
the revolution of a family of curves whose polar equation is 

±2(irsin 0 cot (cr sin $) 

about the initial line, 2a being the length of the rod and c a parameter. 
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4 * The i0Q[afttion8 of two ln$nite rods of the eatne deneil^ aito 
y«jctano, z^c and j?tana, f»-o. 

Find the eqiiations of thoir equipotential surfaces, and shew that, for a 
particle placed on the axis of j?, the region in which displacements are 
stable is separated from those in which they are unstable by the surfaces 
cy GOHa’-szsm o«« ±(^ sin a cos o+c®), 

{The separating surface is given by F(a., y, ,)» V(*,o, olt ^here y and z are 
small compared with s.] 

S17» Work done by the mutual attractive forces of the 
particles of d self attracting system^ whilst the particles are 
brought from an infinite distance from one another to the positions 
they occupy in the given system. 

Let the component particles be mj, wig, and let Ai, •** 

be their positions in 

the given system. f \ 

Let the distance 1 
between nii and J 

be called ria, and in f 
general let the distance V "As ( 
between m, and mt be 

First, bring from infinity to its assigned position A^; the 
work done is zero ; for there are no particles of the system near 
enough to exert attraction on it. 

Next, bring jfrom infinity to its position A^; the work 

done »= the potential of r/ij at -d j x = 7 • . 

n* 

Next, bring m, to its position A^ ; the work done on it 



«= TWj (potential of vh and at Ag ) « 7 -h 7 , 

and so on for the other particles of the eystemu 

Hence the total work done in collecting all the particles 
from rest at infinite distances from one another to their positions 
in the configumtion A 


TyM r^j 


-f 7^4 


I ^#4 





mim, 

rn 


( 1 ). 



Work 4on$ hy a s^jP-attraetiny »y^&n SS9 

When the particles have aU been brought to their positions m 
configuration A., let be the potentials of the system at 

Alf A.^ •mmm 


Then F, « 7 -h 7 + 7 , 

^14 




mi ^ nu m. 

M* ”28 ”a4 


Hence, clearly, expression (1) 

[For in the expression S ( F any such term as 7 — — * 

is twice repeated, once in the element F« x vt>g and once in the 
element Vt x nit, ] 

Hence the work done in bringing the particles from infinity 
to the configuration A 

where V is the potential of the body A at any element dm of 
itself, and the integration is taken throughout the configura- 
tion A. 

Conversely, the work done by the mutual attractive forces 
of the system as its particles are scattered bo an infinite distance 
from one another is — ^ / F. dm. 

We can hence find the work done as the body changes from 
one configuration A to another configuration B, 

For this work 

«= work done in the changing of its form from A to infinity 
+ „ „ „ „ « » »» » infinity to £ 

«-J/F.dm + J/F.dm', 

where the first integral is taken throughout the system in the 
configuration A, and the second is similarly taken throughout 
the configuration B, 

318. Ex. A self-attrmting spherej of uniform density p amd radius a, 
ehanges to one of uniform density and radius b; skew that ike work done by 

its mutual attractive forces is ^ ~ ^ » where M is the mass 0 / the 

sphere, 
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In the iBirst sha^ the potential et a diatanoe a? from the eentre^ hy 
Art. 801, ' 

•■fryp 

.% I J V.dm^ I nyp ^2a*- x ^na^pdm 

<m4v‘yp* |^|a* - “ j| "-‘yp*®*- 

,, 3 Jf* 

. am ■= r V . T- . 


8 Jf 
■6>’ a- 


Hence the required work«« | y . if * Q - , 


EXAMPLES 

Shew that the work required against gravity to condense the Earth, 
supposed uniform density, into a thin spherical shell of the same radius 

is equal to ~ footdbs., M being the mass of the Earth in Iba ^nd a its 
radius in f^t. 

2. The radius of a sphere is a and its mass is if; if the density at 
any point of it varies inversely as the distance from the centre, shew that 
the work done in bringing the particles of the sphere from infinity under 

their mutual attraction is ? . 

O Cb 

So Show that the work done in collecting the particles of a thin circular 
disc, attracting according to the Newtonian Law, from an infinite distance 

is I , where M is the mass of the disc and a its radius. 

8 na ’ 

[The potential P at a distance x from the centre is easily seen to be 

tr 

4yp J sin* ^ dB, Hence the required work 

ir 


4fl‘yp*aS /*1 — COS®^j^ 4^ryp*a® r^f 


a 


ff+un 

3 L 2Jo 3 3 Tra •* 

A In the case of a homogeneous oblate spheroid of eccentricity sin 3, 
semi-mijor axis a, and mass the work done in moving the particles to 

an infinite distance against their own attractions is |y 

o' m amp 



8 . Fiim that for tmmreu^mginMtM,v>komfot0iitk3,UVm^ 
rmitmt font it £ at tit point {«, p, t\ 

ths lix^ mUgtal lending throughout all apace. 

Verify the caae for a aolid komogeneoua aphere. 

Consider the mtegral jjj V.V^Vdxdyda taken tbrougk ajl space 
bounded by an infinite sphere. 

On integration by parts, 




Here 



must have given to it its values at the points where 


the parallelopiped, on hyUz as base and with its other sides parallel to 
meets the infinite sphere. Hence, if be the elemmt of the sphere 
out off by this parallelepiped !iybzt>»bS. cos where X is the angle the 
normal to dS makes with the axis of ae. 


Hence 


//[^S]W 


r^oosXfliis; 


j 17 

taken all over the infinite sphere. Now V ^ is a quantity of the order 

of the inverse cube of the distance of dS from any point of the attracting 
mass, and is of the order of the square of this same infinite distance^ 
Hence 

/ 

Thus (1) gives 

and hence 


mt ^ JJ JjR^djrdyda. 

Now witliin the attracting mass V* r« — 4rr yp, and, without it, r^^O. 
Hence j j j Vpdxdyda^ j j j R^dxdydzp 


t,e. 


i j VdM^ ^ If I 


8yif» 


In the case of a solid sphere the left-hand member « ae in 

Art 318. Within the ^here 2— r and without it £Art 267]. 
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319., The potential of any attracting mass, or masses, cannot 
he an absolute maadmum or an absolute minimum at any point 
at which there is none of the attracting mass. 

For let P be the point and describe a very small sphere 
vjrhose centre is P. If the potential F at P were an absolute 
maximum, it must be greater than at any point Q of the sphere. 

Hence must be negative whatever be the direction in which 

Sn is drawn from P. Hence the normal force JV* of attraction, 
dV 

which equals at any point Q of the sphere, must be always 

negative, so that ^N.dS taken over the sphere must be a 
negative quantity. 

But, by Gauss’ Theorem (Art. 303), this integral must be 
zero, since the very small sphere with centre P contains none 
of the attracting mass. It is therefore impossible that the 
potential at P should be a maximum. 

Neither can it be an absolute minimum at P ; for then, by 
a similar reasoning, JN.dS would be a positive quantity. 


Cor. 1. Earnshaw's Theorem. If a particle he in equili- 
brium under the action of forces following the law of the inverse 
square, the equilibrium cannot he stable for all displacements. 
For if it be at rest at P and be displaced through a small 


distance to Q, then, if it is to return towards P, ^ must be 


negative ; and if the equilibrium is to be stable this must be 
true for all such displacements. Hence V must be an absolute 


maximum which is impossible by the preceding article. 

Neither could the equilibrium be unstable for all displace- 
ments; for this would require that ~ be positive for all 


directions and therefore F an absolute minimum at P. 


Oor. 2. If the potential has any given constant value F at 
all poinU of a closed surface S, which does not contain any of 
the extracting moss, it has the same value V at all points of the 
space enclosed hy & 



far a gimn PotefUud S88 

For if not, tbore must be some point inside S at which tbe 
potential is either greater, or less, than at any other point within 
S, ie. there must be some point at which the potential is either 
a maximum or a minimum. But this is impossible by the 
preceding proposition. 

320. If the potential of a distribution is given throughout 
all space, we can determine the corresponding distribution. 
For, V being known, we can find for every point of space. 
Wherever it is zero, the corresponding density of the distribution 
is zero by Poisson's equation, t.e. there is no attracting mass at 
all such points; wherever it is not zero, the corresponding 

density of the distribution is — V*F. 

If the form of the potential function inside any surface jS is 
different from its form outside, and if there be an abrupt change 
dV 

in the value of ^ as we pass across this surface, then the 

surface distribution <r on S is given by Art. 282. For if F, be 
the potential just inside S, and Fa the potential just outside S, 
and Sn be an element of the outward drawn normal, the result 
of Art. 282 may be written in the form 



where <r is the superficial density of the stratum on S. 
Ex. What distribution of matter wUl 'produce a potential 



according as r (« ^ or greater than a? 

Let Vi be the potential inside the sphere of radius a, and Ff the 
potential outside, so that 



Hence, if and pa are the densities within and without the sphere, we 
have, by equation (2) of Art. 307, on performing the differentiations, 
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ftnd ps"” 0 , 

80 that titiere is no distribution within or without tho spherical surface of 
radius a* 

Also, from the previous article, if o* is the density of the distribution 
on this spherical surface, we have 

yH ( oos<^8infl\ 1 , 2oo8^sinfi^ 

'‘'a\ 3 a Jta* J 

(1 —008 <j> sin 6), 


sothato-^(l-g , giving the distribution of matter on the spherical 
surface. 


821. If 8 he a closed equipotential surface^ of potential 
V, which includes a mass M of the attracting matter, and 
if a thin stratum of attracting matter be placed on 8, whose 


1 dV 

density p at amy point P is equal to , wltere ^ is an 


element of the outward 
drawn normal at P, 
tiien the potential of the 
stratum at all points ex- 
ternal to 8 is equal to that 
of M, and the swm of the 
potentials of the stratum 
amd that of M* is constant 
throughout 8 a/nd equal 
to V, where M' is the part of the attracting mass external to 8. 

Let UB find the density p of a stratum at P such that its 
potential together with that of M' shall » F at each point of 8» 

Now the potential of M and M' together (which make up 
the whole attracting mass) =* F at each point of 8. 

Hence the potential of the whole stratum «= the potential of 
M at each point of 8, 

If therefore we change the sign of p (is. we change tihe 
stratum into a repulsive instead of an attractive system), the 




iMyetB 


ms 


potential of M and the atratum, of density - /> at P* ia eqnal to 
zero all over a surface 8i just outside & 

But the potential of M and the stratum (— p) is also zero all 
over a sphere of infinite radius. 

Hence, by Art. 319, Oor. 2 (since in the space bounded by 
Si and this infinite sphere there is none of the mass M or of the 
stratum), the potential of M and the stratum ( — p) is zero 
throughout all the space between 8i and the infinite sphere, 
t*s. throughout all space external to Si, 

i,e, the potential of Jlf = that of the stratum of density p 

throughout all space external to 8, in the limit (1). 

Again, by the same corollary to Art. 319, since the potentials 
of the stratum and M' are together equal to F at all points of a 
surface 8^ inside 8, and indefinitely close to 8, it follows that 
the sum of their potentials inside 8^ is constant and equal to V 
throughout the interior of the surface 8^ (since 8^ contains none 
of the attracting system, consisting of the stratum and M*), and 
hence, in the limit, throughout the interior of the surface 5... (2). 

Let N and AT be the normal attractions, both measured 
outwards, of the whole stratum at points just within and just 
without the surface at P. 

Then, by Art. 282, 

^iryp^N-N' .( 8 ). 

Now, from (2), it follows that 

N + the normal attraction of Af ' at P = 0. 

And, from (1), it follows that 

N' the normal attraction of M at P. 


Hence (3) gives 

— ^iryp « normal attraction of M' at P + normal attraction of 
M at P, both measured outwards 
outward normal attraction of the whole attracting 
mass at P 


so that the density p of the stratum at P 


JL.^. 

4'Tr7 dn 


Oor. 1 . Since the potentials of the stratum and the mass M 
are equal at all points external to fif, they are equal at infimty. 
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It that the mass of the stratum >■ M. 

OthemUie thug. The mass of the stratum 

s* — X surface integral of normal attraction taken over S 

— the maste inside 8, by Art. 303, = M. 

Cor. 2. Let there be no attracting mass external to 8, ie, 
let M' be zero ; then at each point of space external to 8 the 
potential of the stratum = that of if, and within 8 the potential 
of the stratum « F = the potential of M at the surface of 8. 


Hence 


322. As a simple example of the previous article, let if be 
a particle 0, and M' be zero. Then iS is a sphere, whose centre 
is at 0 and whose radius is any quantity r. 

1 dV^ 1 d /yM\ 

^ 4i7ry dr Aiirydr \ r J 
M 

*"47rr«' 

Hence, outside 8, the potential of this stratum equals that 
of the particle 

^ distance from 0 distance from O 

inside 8, the potential of this stratum is constant and — the 

potential of if at the surface of the sphere = , 

These are the results of Art. 300. 


323. Ex. If If be the metes of a hotTUigeneoVrS thin straight bar of 
length 2c, and 2a he the major aans of om of its eqwipotential curves^ then a 

distrilmtion of tnass on, the equipotmtial curve equal to ^ at a 
^ ^ 47r a(a*-c2) 

point Py where p is the perpemUoular from the middle point of the bar 

ttpon the tangent at P, will have the same potential as the bar at all points 

in external spouse. 

Let AB be the rod and AP=»ri, 2?P=»ra, and y=»the perpendicular from 
P on AB* 

dV l: tfxl. J -X APB 


Then - 


dm 


t attraction of the rod at Pa 


sm - 


(Art. 277) 


APB 

2y^p.2c8in -y- 
rxr^mnAPjB * 


nr, COB 



ExcmpleB 


m7 


Now oos*-j-»sin*aPJ', where PT ie the tangent et P to the 
equipotentiel oorve^ 

and •>/ Ti r* “ eemi-diameter coiyugate to CP — — = 

P P 

, _*iY y3fp 

“ “ a!»“a(«»-c»)''o(a»-o*)' 

Henco the density of the stratum . 

4«ra(a2-c2) 

Outside the equipotential curve, the stratum and the bar have equal 
potentials at all points. 

Inside the equipotential curve, by Cor. 2 of Art 321, the potential of 
the stratum is the same at all points and is equal to the potential of the 
bar at all points of the equipotential curve, it 

" (Art. 298) 

3f , <x +<? 


EXAMPLES 

1, The values of V at any point at a distance r from a fixed point 0 
are 

V=^^7ryp (a® — if r <C J 

F=2iTyp^a*~^ if ft<r<a; 

O T 

Shew that the attracting system is a spherical shell of density p, whose 
boundaries are spheres of centre 0 and radii a and 

2, Find whether any distribution of matter will give rise to the 
following potentials : 

Y j when r > a ; 

Y^ , when r <a^ where 

' or 

9A 

[Inside the sphere r «a, the density is g— ^ ; outside, it is aero ; upon 
its surface, the surface density is J 0 


, when r < a, where 

j lA.— x, •ji_ ix 
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& Th^ poteutial of a certain distribution of matter at a point ia 

4y fitr o* , 4y^»r «*) 

T6 ^ * 

or 

according $m r[-»\^47*+y®+**] is greater or less than a ; find the distribu* 
tion. 

[The surface density on the surface of the sphere r^a is fuc^; inside 
and outside there is no matter.] 

4. The potential outside a certain cylindrical boundaiy, whose edges 
are parallel to the axis of «, is zero ; inside, it is F— ap®- 
Find the distribution of matter. 

5* Find the distribution of matter which will produce the following 
potentials : 

r-l within the eUipsoid^ + -^ + I; 

1 r ^ V* a?* V* f* 

V •« L ^ ^ ^ * c* J above ellipsoid and Js + ^ 1 » 

•27® V® 

F«*0 outride the elliijsoid^ + p + 

0. If the potential of a given attracting mass at a point (^, m) is 

y ■ ® d®“®» V - ^ ®“® 

of the equipotential surfaces will produce at all external points the same 
potential as the original mass. 

7, Find the distribution throughout a sphere, of radius a, and on its 
surface, which, for a point distant r from its centre, gives potential 

ct^ 

X(2a®-r®) for internal points, and potential X— for external points, 
j^psa^i!! within the sphere ; pwO outside it ; ir on its surface.^ 



CHAPTER XVI 

EQUILIBRIUM OF SLIQHTLr ELASTIC BEAMS 

324. Ip we want to find the form of a thin rod or beam, 
loaded in any way, we must have some relation between the 
Bending Moment and the shape. 

We shall here assume that the Bending Moment is propot. 

K 

tional to the curvature, ie. that the Bending Moment = — 

P 

where p is the radius of curvature of the beam. E is called 
the fiexural rigidity. 

If the beam before being loaded were of curvature — at the 

pi 

point considered, then this Bending Moment would be 



This assumption, originally due to Bernoulli and Euler, 
may be looked upon as established by experiment as Hrue 
approximately in the case of ordinary beams whose lengths are 
great compared with their transverse dimensions. 

A proof, involving some assumptions which are not in the 
strict sense correct, is given in the next article. 

325. A rectangular beam is bent, vnthmt tension; to shew 
thai the bending momeni at any point varies as the eurvatwre. 

When a beam naturally straight is bent into the form in the 
figure, it is clear that the fibres at the upper part near E are 
in a state of tension, and those at the lower part near F va. a 
state of compression. The line GGP which separates the fibres, 
which ore respectively in tension and compression, is called the 
neutral line. 
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As an . approximation to the truth, we shall assume that any 
plane section of the beam perpendicular to its continues 


to be a plane section after the 
bending. 

Let the normals at two con- 
secutive points of the neutral 
line QO^ meet in 0, and let 
OO^p. 

Consider any fibre PP' in 
the plane of the paper on the 
side of OG' towards E. 

If E be Hooke’s Modulus 
of Elasticity for this fibre, its 
tension per unit of area 

QW~ 

9 P 

where GP == «?• 

Hence, if SA be the area 
of the cross section of the fibre 

at P, its tension = — . SAs 
P 



pfp be on the side of G towards P, x is negative, and this 
tension becomes a compression.] 

Since the beam has no tension, the sum of the tensions 
exerted by the fibres perpendicular to OE is zero. 

Ex 

Hence % — . SLd « 0^ the summation being taken over the 

whole section R88'P! at O perpen- 
dicular to the plane of the paper. 

Hence «« 0. 

It follows, by the formulae 
giving the position of the centroid 
of any area, that the line through 
G perpendicular to the plane of 
the paper must pass through the centroid of the section R88'R*\ 
tibus, if the plane of the paper be a B 3 mimetrical section of the 
beam, Q must be the centroid of the section RSS'R^ 
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By taking moments about the line OT perpemdionlar to the 
plane of the paper, the resultant couple about it 

«2— .8^x« = -.Xa;'S4. 

P P 

[It Is clear that the tensions above 0 combine with those 
below 0 to produce a couple.] 

But is the moment of inertia of the section JtSS'B' 

about the line QT, and is usually denoted by L 

Hence the resultant couple, i.e. the bending moment, is equal 

ffj f ^ 

to , where E is Hookers Modulus of Elasticity, p is the radius 

of curvature of the neutral line, and I is the moment of inertia 
of the cross section of the beam about a line through its centroid 
perpendicular to the length of the beam. 


326. When the beam is only slightly flexible, is. when 
the quantity El is large, the expression — can be simplifledL 


For 


1 

P 


da^ 


hit))’ 


dy 


If the beam differs only a little from a straight line, then ^ 

is small, if x be measured horizontally and y vertically. 

d*t/ 1 

In this case ± ^ is an approximatiau to the value of so 

that ± El ^ is the bending moment The ambiguity in sign 

must be determined by the sign of 


327. liJx. A uniform dightly flexiHt rod A <7, of length 2a, U supported 
at its two endsy and also at its middle point B; tha supports being in the earns 
horizontal lim, fond ths thrusts on them and the equation to the curve in which 
the rod rests. 



£ t 



34-2 
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Let P he any point in AB \ then the bending moment at it on the 

BI 

part to the left of P is equal to — in the sense Also, if the axis of y 
be vertically dovrnwards, ^ is decreasing at P and hence ^ is negative, 

so that i is equal to - ^ approximately. 

If A be the reaction at A and w be the weight of the rod per unit of 
length we have, by taking moments about P for the portion PA, 

('>• 

... » 

But, by symmetry, ™ »0 when jF«a. 

••• 

... ..(Sk 

the constant being zero since x and ^ vanish together. 

Also when 

, iffa* (wa^ Ra^ 

3 3 

Hence i^be whole weight 

“ 10 

Hence S, the thrust of the central support, ^ of the whole weight. 

o 

Substituting the value of P in (1), (2) and (3), we have 

(‘x 

c). 

“< » 

From (4), it follows that there is a point of contrary flexure when 

J7W A ; that the bending moment is a maximum when 

a a o 

and that it is then ^ ; at P the bending moment is in the 

opposite direction ; hence the beam would rupture first at B, 

From (5), we see that the greatest sag of the rod is given by 
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The point* of inflexion of n beam are often called its « hinges*^ or 
« virtual joints." For, since there is no bending moment at these points, 
hin^ or joints could be introduced at them without altering the 
equilibrium of the beam. 


328. In Art. 129 it was shewn that 

Load “ ^ [Shearing Force] 


and Shearing Force =* ^ [Bending Moment], 

and from Art. 326 we have, in the case of slightly elastic beams, 
Bending Moment x ^ [Slope] 

and Slope = ^ [Deflection]. 


Hence the Load Curve, the Shearing Force Curve and the 
Bending Moment Curve bear to one another the same relations 
as the Bending Moment Curve, the Slope Curve and the 
Deflection Curve. 

Hence we shall have a theorem similar to that of Art. 138, 
VIZ- that Any two tangents to the Deflection Curve intersect in a. 
point which is vertically below the centre of gravity of the corre- 
sponding part of the Bending Moment Curve, 

We can verify this directly in the case of the example of 
the last article. 

For the Bending Moment Curve here, for the part AB, is 

wVi^ax 

-^J 

and the Deflection Curve is 


2EI _ aa^ a*x 
nr 24 


( 2 ). 


The tangent to (2) at the point (a?i, 3/1) is easily seen to be 
2EIy fiCi* — 

This intersects the tangent at (a?„ y^) where 

6 [(^a* - Ofi*) - d 

“ 8 (a?8* - - 9a * 
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Also the abscissa of the centre of gravity of the ooiTe8p(auiing 
part of the curve (1) is given by 


J 

Bl 

ydx.m 1 

*1 

f (8 gwp* — 4^) dm 


J 

rx, 

(SoiC — 4;r®) dm 


Y (®.* - <ei') - 1 («!.* - «i*) 

Hence the result given* 


6 [(^ 8 * - ^ a {cDf^ mi*)] 

8 (a?a* — — 9a — a^) 


EXAMPLES 


1. If a slightly elastic rod rests with its two ends on two supports at 
the same levels prove that the deflection at a distance s from one end' is 

Vf 

-*){a*+a*-**}, 


where E is the flexural rigidity, a the length, and wa the total weight. 

2. A uniform bridge, of weight W\ formed of a single plank, is 
supported at its ends ; a man, of weight stands on the bridge at a point 
whose distances from the ends are a and 6. Shew that the deflection just 

under the man is ^ — ct ' rtir , — ri^ • 

24i?/(a+6) 


3. An elastic rod, clamped at one end so that it is horizontal there, is 

bent by its own weight ; shew that the deflection of its extremity is ^rtbs 

of what it would be if the deflection were caused by a weight equal to its 
own weight hung on at its extremity. 

4. A uniform beam AB, of length ^ is supported at its ends and 
loaded with a weight IT at a point where AQ^a. If the weight of the 
beam be neglected, shew that the equation of A Q is 

and that of is 


l^ew iBdso that the deflection at any point P when the load is at Q is 
equal to the deflection at Q when the same load is at P, 

A heavy uniform rod rests horizontally on two pegs, one of which 
is at one end. Shew that the second peg must be placed at a distance 
from this end equal to two-thiids of the length of the rod, if the bending 
moment at the middle point is to be zero. 



m 


Eqvatwn of the three moments 

6. A slightly elastio beam AB^ of weight W and length fids, u anpported 
at ite enda and at its middle point €. It the thrusts on the supports are 

equal, shew that the depth of C below AB is equal to 

*7 

of the depth of C below AB when the ends only are supported. 

7. A uniform beam is supported at its two points A, B of trisecticm/ 
AB being horizontal; shew that the height of the middle point of the 
beam above AB is to the depth of each end of the beam below AB 
as 19:128. 

8 . A thin uniform slightly flexible rod is of length 4a, has a weight W 
attached to its middle point, and is supported at two points at equal 
distances a on each side of the middle point. If the tangents at the 
points of support are horizontal, shew tlmt W must be one-sixth of the 
weight of the rod. 

9. A concentrated load travels from one end of a beam to the other. 
Shew that the ratio of the slopes of the deflection curve at the two ends 

commences with the value 2, and is equal to 5 when the weight is at one- 

third the span. 

10. A single-line railway bridge is carried by two main girders, each 
of 40 feet span. The total weight of a locomotive standing on the bridge 
is 68 tons distributed upon 4 axles, the loading axle carrying 8 tons and 
each of the others 20 tons. The distances of the leading axle and of the 
other axles from one end of the bridge are 6 ft., 13J ft,, 21 ft and 29 ft 
respectively. Shew how to find the maximum deflection of the girder, and 
where it occurs, 

329. Clapeyron's Equation of the three momente. 

J/ Ml, and Mt are the bending moments of a uniform 
loaded beam at three swiceesive points of support, Ai, and At 
which are in a horizontal line, to shew that 

A/I 

oMi + 2 (o + 6) ilf, + 4 (a» + 6*), 

where w is Ihs load per tmit of length, AiA % » a, and ft. 



Let Si be the shearing force just to the right of A^ and 
and St the shearing forces just to the left and right of 
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Tak^ Jit as origin, AiA^A^ as the axis of x and let the axis 
of y be drawn vertically downwards. 

Then for a point P in AiA^ distant x from Ai we have, by 
taking moments for the part to the left of P, as in Art 327, 

(1> 

Also, by taking moments about A^ for the part JiA*, 

ATa « — S^a -h (2). 

Eliminating S/, we have 

w 

Hence 

— -dv w /aa^ / a^\ ^ 

+ W' 

and 

- -S/J = s - jf. (f - 6^) - if. + C. + a. 

Now y = 0 when a? = 0 or a. 

Hence P = 0, and 


Hence, from (4), 


njr ^ . rnr ^ 


at the point = C- Jl/,| + 

I 

El at the point J., = — o* - (ifj + Jlf,) | + (7 


8^ “ ir o 

'24-"-g-^'3 


So, from the equilibrium of the part A^t, the result 
to (6) would be found to be 

['" S] I ~ ^ 

Since there is no change of direction at the point A,, the 
results (7) and (8) must be the same. 

Equating them, we have 

Mta + 2Mt (a + 6) + Jf,6 ^ (a* + 6^), 
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[It will be noted that in the preceding the moments Jlfi, 
and are measured positively in the opposite direction finm 
the cases of Arts. 129 and 332.] 

Reaction at any support in ter'ms of the bending moments M\, 
Mn, and M,. 

From the equilibrium of we have 
S,'-8,^wa, 

so that, from (2), 

„ _Mj, — M, wa 
a 2 * 

From an equation similar to (2) for the part A^At, we have 

— T-' 

Hence the reaction at the support A, 
if _wia+b) 

-A, = 2 a — ^ — 6 — * 

330. If A,, instead of being on the same level with Ai and 
is at distances yi and y, below them respectively, the equation 

of the three moments is easily seen to be 

if.a + 2M, (o + 6) + M^b * | (a* + b>) - 6EI + 1*) . 

331. Ex. 1. Aasume that in the question of Art. 329 the beam ends 

at Ajy ^ have a beam supported at Ai, Ag, where 

Ai Aj=a and A* Ag*^. 

Then and Jf|*» ~ (a^-a^ + 6*), 

if the beam be of uniform load w per \init of length. 

Let Ri , iZj, TZg be the reactions at Ai, Ag, A#. Taking moments about 
Aft we have 

Af Pn 

-«*=» “2 — a, 

and therefore 8 a * 

So also gl g » 

and jB,«ir(a+6)-i2i-JR8*“ f 

Suppose a>b. Then is negative if 

t.aifa>|(l + V18), 
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t.«. if a > ft X 2*3 approximately. In this case the end would have to 
be weighted if it is to be kept iu contact with its support. 

Again, the bending moment if ^ at any point distant x from 
n 3a*+aft-“6* was^ 

— §5 T-* 


It is thus a maximum when x 


2 8a 

, 3a*-fa6-ft* 

ben 4?» s 

8a 

w/3a*-|-a5-5*\* 

2 \ ^ 


, and its value then 


Also the bending moment at ^2 ^ ^ 2 ^ *-g (a* - aft + ft*). 
The bending moment at At is thus greater than ( 1 ) if 



16a* (a*-a6+b*)> (3a* + afc - 6*)*, 

is. if 

(lla»+a6-6*)*<128a«, 

i.e. if 

a6 - 6* < (8 - 11) o* < -SlSea*, 

t.s. if 



Hence, if the beam rupture, it will do so at Aj. 

[The results found above for Ru R%t and R^ can be verified by 
experiment for difierent values of a and ft. We thus have a test of the 
accuracy of the assumption of Art. 324.] 

Ex 2. A uniform rod A^Ai%$ supported at its ends A| axd A 4 and at 
points A 3 , As which divide Aj A 4 into three equal parts; the supports being 
at the same horizontod levels find the thrusts on tfvem and the bending 
moments at them in terms of the weight W, 

Lot the length of the rod be l(^3a) so that W=^w.3a, Applying the 
formula of Art. 329 to the supports Aj, A 2 , Ag and then to the supports 
Af, As, A 4 , we have, since clearly and M 4 are both zero at the free ends, 


4Jf2 + Jf9= 


and J /3 + 4i/g=*“ 


Also, if be the reaction at A^, we have, by taking moments about 
As for the part A| As, 

Ars**5*<^*-^iO» 


so that 


2 2 

s - wa-e ~ i? 4 , by symmetry. 


Hence Rf and Rs must each be . 

mU 

If we take Af as origin and the axis of y vertically downwards, the 
equation to the middle segment As As is easily seen to be 




s*+Jlt(s-a)+Jli», 


aottMt 




Hkw+llo^. 
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On integrating, since y—O when 4f«»a or So, 

(«-2a) (&r*-16air+lla*). 

Hence both y *wpe aero when 

The middle segment has thus two points of inflexion which both He on 
the line joining the points of support 

Ex. 3. A vmform straight rod ABO it dxmjped iU its mAs A^ 0 ito 
thcU thB tOtTig^fits oZ th€36 ^Tidt WTt hd^nzoTitcd ctfid ii supported cU ct potfU B / 
if Ay By and O are in a horizontal linSy ami AB^Uy BC*«^hy find the 
reactions and bending 
moments at Ay By and O 
Let Mxy M^y and 
ifg be the bonding 
moments, and R^y R^y and R^ the reactions, at the points A, By and C. 

The theorem of Art. 329 may be applied to this case. For the clamping 
at A may be suxiposed to be done by the fixing of two points at it 
indefinitely close to A, Hence the formula of Art. 829 wiU apply if we 
put AjAjasO and Aj|As*^AB«a, and it gives 

( 1 ), 

For the three points of support A, By C we have 

i/j a + 2i/ii (a + 6) -f ifg 6 ~ i w (a* + 5») (2). 

Similarly for the clamping at (7, which may be supposed to be done by 
fixing two points at 0 indefinitely close to C ; the formula then gives 

jr,6+2JI/s6+0-~t3 .(3). 

Solring (1), (2), and (3), we have 

i^i= ^(2a*+aJ-6*)« ^(a+6)(2a-t), 

and jr,-g(26»+a6-a*)-^(a+6)(26-aX 

Again, taking moments about B for the part ABy we have 



2 

so that 


r ^ hn 

4c6 + ^ 

So also 


46 +a- 
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If tbfi axis of y be drawn vertically downwards, then by taking 
moments about the section at P, distant x from we have, for the 

On substitution, we easily have the equation to the ourve dP, and the 
inclination at P to the horizon. 

332. General eqvolions of equilibrium of a rod, bent in one 
plane. 




Let PQ be an element of the rod, OP =* s where 0 is a fixed 
point on the rod, PQ =® Ss, and let the tangents at P, Q be in- 
clined at angles and yjt + to the axis of a?. 

Let T be the tension at P, T + ST that at Q, 

Let N be the shearing stress at P on the element PQ measured 
along the inward-drawn normal at P, JV-l- SN that at Q on the 
same element which is therefore along the normal at Q measured 
outwards. 

Let M be the bending moment, or stress-couple, at P on 
the element PQ and M -I- SM that at Q on the same element in 
the directions as marked. 

Let F and G be the tangential and normal impressed forces 
on PQ per unit of length. Resolving along the tangent and 
normal at P, we have 


P-f- (P + SP) cos Si/r 4- (JV' + 8N) sin Syjr -f FS$ = 0, 
and iV — (J\r + SN) cos S^|r■\'{T+ ST) sin Syjt + OSs = 0. 
In the limit when dyjr is indefinitely small, these give 



^+^+^■-0 

as p 

(1), 

and 

^ r-n 
as p 

(2)1 
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Also, taking moments about P for tbe element PQ, we have 
Jlf - (Jlf + Sif) + (iV+ &iV) S»- G8«. - 0. 


or, in the limits 



0 


.(3). 


The equation states that the shear at any point is equal to 
the differential coefBcient of the bending moment with regard 
to the arc. 

If p0 be the radius of curvature of P of the rod when 
unstrained, we have, in addition, the equation 


M^K 



( 4 ), 


where K is the flexural rigidity of the rod. 

These four equations give T, N, M and the equation of the 
curve in which the rod liea 


EXAMPLES 

1. A uniform slightly elastic rod, of length rests on three 

supports in a horizontal line, situated at its ends A, B and at a point C 
disi^t a from A ; shew that the points of inflexion I and J on the rod 
are situated in the segments AC and CB respectively, and are such that 

a . /C- h . {pfl^ah + 6»). 

2. A beam, of 40 feet span and carrying a load of 2 tons per foot run, 

is supported at a distance of 8 feet from one end by a column and at the 
other end it is built horizontally into a brick pier. Determine the bending 
moments at the supports, and draw the shearing force and bending moment 
diagrams to scale. [224 and 64 ft. -tone.] 

3. A uniform girder AB^ of weight W and length ?, is built in firmly 
at A so as to be horizontal, and the other end B rests on a support in the 
same horizontal line as A. Shew that the bending moment and the 

Wl fSW 

shearing stress at A are and -g- respectively, and draw diagrams for 

the bending moment and shearing stress for the whole beam, proving that 

the points of zero and maximum bending moment are at distances ^fuad 

6^ - . 

•g from A. 

Shew also that the beam rests in the form of the curve whose equation 
is 4BEIyl^ TTsi* - ^r) (3/ - 
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4. A beam AB^ of length is loaded with a weight IT at a point Q 
where A^^a^ and the weight of the beam is neglected. If its ends are 
built in so that they are horizontal, shew that the equation to A Q is 

iJ/ya. ii?* [32a -Sica -ilia?], 

and that of QB is 

Wa^ 

ETy^ (2— ^)*^[32ar~2«jF--a2], 

6, A slightly flexible rod, of length 2a, has one end clamped horizon- 
tally ; a support is placed under the middle point of the rod so that the 
free end is in the same horizontal line as the fixed end. Shew that the 

11 Wa^ 

height of the middle point above the end is ^ flexural 

constant and W is the weight of the rod. Shew also that the pressure on 
the support is - 

6. A continuous girder, 22 feet long, is supported on three piers at 
equal distances, dividing it into two equal spans. The central pier is of 
metal and has a vertical motion, due to change of temperature, equal to 
a feet above and below the horizontal level of the two end piers. Calculate 
the variation of normal stress, above and below that which occurs when 
the piers are in line, at a section immediately over the middle pier. 

7. A uniform slightly elastic beam, of weight W and length 2, has its 
ends built in so that it is horizontal at both ends. Find its bending 
moment at any point, and shew that the value at the ends is twice that 
at the middle point, and that there are points of inflexion at distances 
*2112 from each end. 

8. If a uniform slightly elastic rod be clamped horizontally at each 
end, and the middle point be pulled upwards by a force through a distance d 
above the level of the ends, shew that the magnitude of the force is 

24jrd . W 
<»» 2 ’ 

QKd 1 

and that the bending couples at the ends are equal to — j- — ^ TTa, where 
2a is the length of the rod, W its weight, and K the flexural rigidity. 

9. A beam of uniform section, with equal flanges and of span 2, is 
built into walls so that its ends are horizontal and at the same level. One 
of the walls settles a distance 8 without disturbing the horizon tali ty of 
the ends of the h&axa. Show that due to settling the maximum stress 

8E(i8 

induced is , where d is the depth of the girder and E is Young’s 
Modulus. 

10. A continuous girder, of uniform secti on, rests upon four supports at 

the same level, forming thre« equal spans of 100 feet. The girder carries 
a load of 2 tons per foot uniformly distributed. Draw to scale the bending 
moment diagram for the whole |^er, and calculate the loads carried by 
each support. [60, 220, 220 and 80 tons wtw] 
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V uniform elastic rod rests on four rigid aupporta in a 

TO j *" ** *** extremities and two at points equidistant fi«m 

them. Fmd the pressures on the supports when the rod is slightly 
deflected by its own weight, and shew that the rod ceases to press on the 
terminal supports when the distance of an intermediate support from the 
nearer extremity is less than about -214 of the total length. 

12* A ooDtinuous boAizi rost/s on four supports in tho sitmo borisontAl 
line, the width of the middle span being 15 feet and that of each of the 
side spans 10 feet. The beam carries a uniformly distributed load ®f 
200 pounds per foot. Draw the diagrams of bending moment, and of 
Bhearing force and the curve of dedections. 


13. A uniform rod (length 6a, weight 6atp, flexural rigidity K) is 
supported symmetrically at the ends A, D and at the points of trisection 
C in such a way that the pressures on the four suppoii® are all equal, and 
the rod is clamped at A and I) so that the tangents at those points are 


horizontal. 


Shew that A and I) are at a height 


2tra* 

zT 


above B and 




that the middle points of AB and CD are points of inflexion, and that 
the curvature vanishes at B and G without changing sign. 


14. A heavy uniform slightly elastic rod rests on five points of 
support which are all in a horizontal lino. Two of the supports are 
at the ends of the rod, one is at the middle point, and two bisect the 
distances bctw^eon the middle point and the ends. Shew that the vertical 
thrusts on the points of support are in the ratio 11 : 26 ; 32. 

Prove also that the bending moments at the centre and at each of the 
Wl 3 Wl 

supports next it are “ and where W is the weight and 4^ the length 
of the rod. 


15. A wire, of uniform circular section and originally straight, rests 
with its ends on two propa Shew that, if 2^ be the maximum fibre- 

tension at any section, then the bending couple is ~ wr® T, and further, if 
2a be the span, then at a distance x from the centre of the wire 


T^W 


tt* — d!* 


where W is what the weight of the wire would have been had its cross 
section been of unit area. 


16. A uniform slightly elastic rod, of weight If, rests with its middle 
point on a prop ; the ends of a uniform string, of weight If', are then 
tied to its ends so that the string hangs in a catenary; prove that the 
deflection at each end of the rod is thereby increased in the ratio 

8 If' 
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17. A tbree-binged arch, haTing the hinges at the springings and the 
crown, is of semi-circular shape, the span being 60 feet and the rise 26 feet. 
It carries a load of 25 tons distributed uniformly (horisontally) over the 
right-hand half span. Shew how to draw the curves cf bending moment 
on the two halves of the arch. 


18. A series of small pegs are fixed into a horisontal floor in a straight 
line at equal distances, a, apart and a thin uniform rod, naturally straight, 
is bent in and out between them ; shew that, if ... are the pressures 

between the rod and successive pegs, then 

where c is the thickness of a peg, E is Young’s Modulus and I the moment 
of inertia of the area of the cross section of the rod about the vertical 
through the centre of the section. 


19* A uniform heavy slightly elastic beam AB^ of length 2c, is 
supported on three props ; shew that it will be strongest, that it will be 
least likely to break anywhere, if one prop be placed at the centre and the 


other two at points distant 


6-^/0 

6 


c from the centra 


20. A brittle circular hoop is standing on the ground at rest with its 
plane vertical Shew that the breaking moment, due to the weight of the 
hoop, is greatest at a point whose angular distance B from the top of the 
hoop is given by tan 


333. Work done against the stress couples in bending a rod 
or wire. 

Let PP' be an arc Ss of the rod, yfr the angle between the 
tangents at its ends in its final bent position, so that the stress 

, ^ j, m FI , 

couple at P 

For any intermediate position between the straight and final 
bent form, let the angle between the tangents at the end of the 
same arc Ss be so that the corresponding stress couple is 

As ^ increases to ^ the work done against this couple 
El 

» 0 [Art. 97]. Hence the whole work done on this arc 
as 0 increases from zero to « I . ^S(f > « J J — . Ss, 

r 

The whole work done on the rod thus » I i — dtf, the 
integral being taken over its whole length. 
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If the rod, instead of being onginally stnught, was ot 
curvature — at P, where - » ^ , 

pi Pi & 

JSI 

the stress couple = *^1), 

and the whole work 

EXAMPLES 

1. The naJtwral form of a rod, of leiigth a, u an arc of a eatmary, ^ 
of 'parameter a, having one extremity at the vertex. It is bent into the form 
of a circvlar are of radius a; shew that the work done against the stress 

couples is (10 - 3tr), where K is the coefficient of flexural rigidity at every 
point of the rod. 

In a catenary s«^a tan so that Pi** ^ « sec* ^iiL , 

Also p^a. 

Hence the work done 

« 

on putting tan 

w 

2. A uniform beam, of length 2a and weight W, roats on a smooth 
horizontal table and is raised by< a force applied at its middle cross 
section ; shew that, when its ends leave the plane, its centre is at a 


Wa^ 




height above them and that the work then done is • 

3, A uniform heavy rod, whose length is I and whose weight is W, is 
supported at its two ends so as to be initially horizontal, and bends slightly 
under its own weight. Shew that the work done by gravity in bending 

4, Shew that the work required to bend a straight wire, of length 2»ra, 
W)und the rim of a penny, of radius «, is 

a 

6, Shew that the work done in bending a wire, of length 2^, into the 
form of a catenary, whose jiarameter is c, is ^ ^ton”^ - + ^ 
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6. One end of a heavy slightly flexible wire in the form of a oiroiilar 
quadrant is fixed into a vertioal wall, so that the plane of the wire is 
vertical and the tangent at the fixed ^d is hoiieontaL Assuming that 
the change of curvature at any point is proportional to the moment of 
the bending couple there, shew that the horizontal defiection at the fiee 

end is ^ ^ , where K is the flexural rigidity, w is the weight of a unit 
length, and a is the radius of the circle, 

7. A uniform stiff* wire, of weight nwa and flexural rigidity AT, whose 
natural shape is a semi-circle of radius a, is placed in a vertical plane 
with its ends on a smooth horizontal plane. Shew that the intrinsic 
equation to the form assumed by the wire is approximately 

+ wa*K~ 1 -f- 0 cos ^ — 2 sin , 

« being measured from the highest point. 

8. A stiff* wire, whose natural shape is a semi-circle of radius a, rests 
in a vertical plane with the middle point on a horizontal table. Shew 
that the intrinsic equation to the curve formed is approximately 

-(^^oo8«^+28in«^ - 

where w is the weight per unit of euro, K is the flexural rigidity, and it is 
assumed that^- is very small. 


334. Bending of Long Coltunns. 

Suppose we have a column, or strut, whose length is great 
compared with the dimensions of its cross 


section, and which is of uniform strength 
and was originally straight. 

Iiet it be set up vertically and bear on 
its upper end a load P ; it is required to 
find the shape it assumes, its deflection 
being assumed to be small. 

Take as origin the middle point between 
the ground and the point of application of 
the load, and let Ow be vertical and Oy 
horizontal 

If the weight of the column be small 
compared with the load P, the equation of 
equilibrium is 


El ^ . d?y P 



: A cos 




where A and B are arbitrary constants. 
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By jfynunetiy, ^“0 when «=«0, Hence B* 


> 0 . 


Let the ends of the beam be rounded, so that the tangents 
at the ends may assume any direction. But, siace no couple is 

applied at the ends, , and hence , is zero at each end, 

d*y { 

0 when » ± ^ > if i be the length of the oolnnm. 


A cos 


Hence 


I /T 

2 \/ El 


*tr 


El 2 


, 80 that P 


=*0. 

TT*. El 


.( 2 ). 


This giTes the end-load which is sufficient to keep the 
column bent when the curvature has been produced. 

If P exceeds this value, the column would give way. 

Since I for a circular column varies as the fourth power of 
the diameter, it follows from ( 2 ) that, for columns of the same 
material, the greatest possible end-load varies directly as the 
fourth power of the diameter and inversely as the square of the 
length of the column. 

This is known as Euler's Law for the bending of long Columns 
or Struts. 


335 . In the previous article if the ends A and B are fixed, 
so that the tangents at them are vertical, the 
solution is different. At the end B there must 
act a couple 0 ^ ; the resultant of this couple 
and the load P acting at i} is a parallel force P 
acting as in the figure. Its line of action being 
the axis of x, the equation of equilibrium is as 
in the last article and the solution is the same, 
vit. equation ( 1 ). 

/ 

1 0 or i: 5 . 


In this case 5^ =s 0 when x = 
dx 


Hence JS *= 0, and 0 — A sin 






BO that P 


4ni^EI 

i* 
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The equation to the curve into which the neutral line of the 
column is bent is now 


y — A cos - 


I 


Hence there are points of inflexion where ^ where 

® ~ ± I * These are the points C and D and they lie on the line 

of action of the resultant of the load and the couple at B, 

836. Centrifugal Whirling of Shafts. 

Suppose a thin vertical cylindrical shaft to revolve in 
bearings; it will tend to bend laterally 
under its rotation if the angular velocity 
of the rotation is sufficient. 

Suppose © ^ to be the bending moment, 
and S the horizontal thrust, at the lower 
bearing 0. Then, since the “centrifugal 
force” at any point {x\y') is ira^pco^y' Bx , 
where a is the radius and p the density of 
the shaft, the deflection being assumed to 
be small, and hence Bx' and Bs' very nearly 
the same, the equation of equilibrium is 

El — ira’^pQ)^ j y'dx' (x — a?') . . ,(1), 





Differentiating twice with respect to a?, we have 
El = 7ra*pQ)* J 'j/dx' — S, and El ^ = ira?ptd^y, 

4po>* /A* . . 

- (s). 


d^y ^ Tra^po)* __ 4po>* 

rp 


da^ 


E . Tra* 


The solution of this equation is 

A cos sin ^ cosh + D sinh ^ . . .(3), 

Suppose that the shaft is so supported at 0 and A that the 
ends are compelled to be vertical there, so that when d? « 0 we 

have y 0 and ^ = 0. 

fix 


y SB cos ^ — cosh + B j^sin ~ — sinh ,..(4). 



and 


Centrifugal Whirling of Shafts 

Also, when w^l, y and ^ both vanish. 

0 — A [cos fi — cosh fjL^ + B [sin - sinh 
0 = A [— sin /A — sinh /a] -f -ff [cos fi — cosh 
^ cos fi — cosh fx sin m> 4- sinh /t B 
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.(5). 


sin — sinh /x cosh /x — cos /x A 
/, (cos /X — cosh /x)* + sin® /x - sinh® /a = 0. 

cos fi cosh /X = 1 (6). 

B 

This equation gives /x, and hence, from (5), the value of -j , 

^ tot 

so that the form of the curve (4) is known. 

But, from (2), = j. so that o> - J ^ , o . giving 

the required angular velocity. If a> is greater than this value, 
the shaft bends more and more. 

On tracing the graphs of cos /x and sech /x, we easily see that 

Stt Stt 

the solution of (6) is very nearly , Put then /x=* -^ + X, 
where X is small, and (6) gives, for a second approximation, 


X = - 


= == *018, from the Tables. 


cosh 


37r 55*7 


Stt 

Y 


+ *018 = 4’73, as a second approximation. Substi- 

tuting in (5), we have approximately. From (4), we 

now have the equation to the curve assumed by the shaft. 

For steel, E = about 3 x 10^ lbs. wt. per sq, in., and p « about 
480 lbs. per cubic ft. 

337. In the previous question suppose that the ends of the 
beam are not compelled to be vertical, but that at the ends 

it is freely supported only, so that ^ is not zero there but 

^ does vanish there, since there is no bending moment at either 
of the end& 
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In this case <7 is sero. The equation (2) is as before, and 
its solution is 

y*j4jC08^ + 8iBin^ + (7,cosh^ +Dj sinh 

When «= 0, y = 0 and ^ = 0. 

^i + Ci^O, and — ^ + 

BO that il, as Cl = 0. 

So when « = ?, y = 0 and ^ = 0. 


and 


Hence 


da? 

0 = A sin /M. + Di sinh ^ 

0 = — J?i sin /* + A sinh /u. 
i?, sin sinh /i = 0. 

, f/. = ’ir and 2)i = 0. 

4/)«u* 






^a* * 


IT* / E 

giving ft> = i ® \/ ~ smallest value of a>. 
Also the shape of the curve in this case is 


y « J5| sm y . 


338. A thin uniform column is set up vertically; to find the 
greatest height it can have so that it shall not give way under its 
own weight 

The origin 0 being at the upper end of the column, Ox 
being drawn vertically downwards, and Oy being horizontal, 
the equation of equilibrium is 

where w is the weight of the column per unit of length, and the 
deflection is supposed to be very small. 

Differentiating, and putting « m and ^ JP» gives 



Column bending und&r iU own weight 391 

Fat tt and jp » v^t, and this eqaation becomes 

L 9 9u>J 


S?t 1 dt 


Let 

Then 


4m 4 w , 

5 T“9lf' 


dH 1 di , 
dvi‘^ V dv^ 


/. t a* ilJj (V) + -BJ_ j (V), 
where (t?) is the Bessers function of order n, 

[u4/j + jBjr_ ^ 

Now ^ 0 when w^O, since the bending moment is zero 

at the highest point. 


80 that ^ , when ® = 0, 

and ^ | = 0, when « » Ol 

Hence A = 0, since ^ = 9> when « •* 0. 

.*. p Ba;^ J_^(qx^). 

Bat p = 0 when a = ?, the height of the oolamn, since the 
column is fixed vertically in the ground. 

Hence J'_| (ql^) » 0, an equation to give i. 

This gives 
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An approximate solution of this equation is found to be 

El 

7‘84, so that i® «*= 7*84 x — , giving the greatest height of 
the column. 

If we take a solid steel column of one foot radius, whose 
density is 480 lbs. per cubic foot and for which = 3 x 10’' lbs. 
wt, per square inch, this formula gives I » about 260 feet. 


EXAMPLES 

1. A straight steel rod, of length 20 feet and diameter one inch, is set 
up vertically, and its ends fixed so that the tangents at them are both 
vertical ; shew that the greatest load it will bear is about 1010 lbs. 

2. A straight steel rod, of uniform circular section and 5 feet long, is 
found to defiect one inch under a central load of 20 pounds when tested 
as a beam simply supported at its ends. Determine the critical load for 
the same beam when used as a vertical strut with rounded ends. 

[About 247 lbs.] 

3. A steel spindle, f inch in diameter, is to he supported in bearings 
having spherical Beatings, and is required to rotate 3000 times per minute. 
Calculate the maximum distance permissible between the centres of the 
bearings so that there shall be no whirling of the shaft. [1‘21 ft. nearly.] 

4. A long thin rod A ^ is set up vertically and loaded with a weight W 
at A, the lower end A being compelled to remain vertical. If it be slightly 
elastic and be of length I, shew that the equation of the curve it assumes is 

where A is the origin and yi is the horizontal displacement of B, and 
A7 _ 

FT IT** 

fr%EI 

Shew also that the beam does not bend li W <. -itt- • 

[From this and Art. 335 it follows that a rod, with both ends fixed so 
that it is vertical at both ends, will support a weight sixteen times as great 
as it will if the upper end be free to move sideways and the lower end 
only he fixed in a vertical position.] 

5. If in the question of Art. 334 the lower end is fixed so that the 
tangent at it is vertical, and the upper end is compelled, by a horizontal 
force applied to it, to always remain in the vertical line through the fixed 
end, prove that 

soth*t 

WT El' 

and henoe that P»20'187 x*^^2^045 x approx. 
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0. In iha question of Art. 336, if the shaft hare one end compelled to 
be vertical and the other end freely supported, shew that p. is given by the 
equation tanfi*«tanh^ and hence that it equals 3*93 nearly. 

If the second end be quite free, shew that p is given by the equation 
cos ^ cosh /A— -1, and hence that it equals 1*876 nearly. [In this case 
the shearing force is sero at the second end as well as the ben^ng moment, 

so that both ^ and ^ are zero there.] 


7. If a bow be constructed of uniform material, shew that its intnnsic 

equation when strung is ^\J | - f ^ * 

If the bow be only slightly flexible, and if its length be 2Z and the 
length of the string be 2a, where I and a are nearly equal, shew that the 

equation to the curve it assumes is ^ ^ 

tension of the string is “j^ 2 " ‘ 


8. A horizontal bracket, of length a, is attached to the upper end of 
a vertical pillar, of length f, which has its lower end built in. When 
carrying a load W at the extremity of the bracket, the pillar bends slightly. 
Shew that, on account of the flexure of the pillar, the bonding moment 
at its base is increased, whatever be the length of the bracket, in the 

ratio sec /where E is Young’s Modulus and /is the moment of 

inertia of the cross section of the pillar about the line through its centre 
perpendicular to the plane of bending. 

9. A straight girder, of uniform section, is laid upon a horizontal 1^ 
of compressible material. At a point in the girder where the depression 
is y inches, the pressure between the girder and the bed is found to be 
Ky tons per inch run. If the girder is subjected to a vertical load of 
W tons concentrated at a point equidistant from its ends, shew that the 
distribution of pressure is ^aWe **[costM?-fsinaaf] tons per inch run, 

where « is measured from the loaded section and a** ^ / is the 

moment of inertia of the section of the girder about its neutral axis and 
E is Young’s Modulus for the material. 







